Chapter 1

Differentiation

1.1 Fundamental definition of the derivative

Suppose you are recording the distance you have travelled on a journey; each distance s
is recorded with the time ¢t at which the distance was reached. So s is a function of time,
s (t). We estimate our speed, v, as follows:
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Figure 1.1: Calculating the rate of change.
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Note the three different, but equivalent, expressions. They represent an estimate of the
mean speed over the time range ¢; to ts.
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We can make a better estimate of the speed at ¢; by moving ¢, closer to t; (Fig. 1.2).
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Figure 1.2: Calculating the rate of change more accurately.

As ty gets closer and closer to t;, we can say that the estimated speed is a better and
better estimate of the speed exactly at t;. Eventually, the two points are so close together
that the line through them does not cut the curve, but becomes tangential to it at ¢; (Fig.
1.3).

Thus, the speed at t; is the slope of the tangent at t;, which we can calculate by taking
the slope of two points separated by At in the limit that At tends to zero.

We define the gradient at t; by:

_ds . s(ti+6t) —s(t)
v =g =T

(1.2)

This is known as the ‘first deriviative’ or just the ‘derivative’ of s. The choice of letters in
this definition is irrelevant, and you may be more familiar with:

dy oyl -y
dz  sz—0 ox

(1.3)

Note the slight change of notation: we have used a small increment of dt — conventionally,
we use 0 to signify our intention to take the limit to zero, while A signifies a finite increment.
However, this is not a hard and fast rule, and, moreover, some texts use d rather than §.
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Not all functions are differentiable, and some are not differentiable everywhere. For
example, the function

+1; x>0 (1.4)

cannot be differentiated at x = 0 - the limit becomes 2/dx. We often say that the derivative
is infinite, which can be useful. Other functions are even less well-behaved - e.g. y = 271,
We often need to make it clear that a derivative is evaluated at a particular value of

the independent variable, say x = z;. In this case we write, for example

dy

= (1.5)

r=x1

or, more succinctly
dy

- (1.6)

1

1.1.1 Approximation of functions

From the definition of the first derivative, a simple rearrangement gives us:

y(z+dox)=y(z)+ j—z&v + O (62%) (1.7)
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Figure 1.3: Calculating the rate of change at point 1.
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1.2 Calculation of the derivative of analytic functions

Of course, if we just have a graph on paper, we can only estimate this approximately, but
if we have a formula (or ‘analytic function’, we can often derive a formula for the first
derivative. For example, suppose s = kt? where k is a constant. Then

s (t + 0t) =k (t + 6t)°

=k (t* + 2tot + 6t%) (1.8)
so, in the above definition
ds . s(t+dt)—s(t)
dt 550 5t
, [k (2 + 2t6t + 6t?) — ktT
= lim
5t—0 ot
{21@552& + kétQ]
=lim |[———
6t—0 ot
= lim [2kt + kot]
6t—0
=2kt (1.9)

We thus conclude (setting k& = 1) that the first derivative of s = > with respect to ¢ is
ds

= =21

dt

Similarly, suppose y = max + ¢ (a straight line), then

dy . yle+on) -y ()

dz  se-0 oz
[m(:c—l—éx)—irc— (mx + )

ox
) {méw}
= lim |—
dx—0 (5&]

= lim m
ox—0

—m (1.10)

which is just the gradient of the straight line. Thus (setting m = 1) , the first derivative of
y = x with respect to z is just 1 and the first derivative of a constant is zero, as expected.

4
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Finally, suppose y = 27!, then

by o y(etin) —y()

dx 0 ] ox
b (z+0x)"" — x_1]
520 ox
:x—(x—l-ém)
. (z+dz)x
=1 CaslICE
5230 ox ]
- 2—690
— lim (z +J:(5x)]
520 ox
| i —1
= lim
52—0 | (22 + xdx)
—1
=— = 2 (1.11)

Note that, while the process of taking the limit dx — 0 may seem difficult, in practice
it is very straightforward.

1.2.1 Derivatives of trigonometric functions

To derive the derivatives of trigonometric functions we need to use some trigonometric
identities:

sin (A + B) =sin Acos B + cos Asin B (1.12)

cos (A + B) = cos Acos B — sin Asin B (1.13)

plus the facts that lim,_,osinx = z and lim,_,gcosz = 1
Using these, if y () = sinz, then

dy oy —y @
dz sz—0 ox
. [sin(z+ dx) — sinx]
= lim
520 | ox
. [sinzcosdx + coszsindr — Sinx]
= lim
dz—0 L 51‘
. [cos x&n}
= lim
ox—0 L 51’
=coszw (1.14)
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and if y (z) = cosx, then

dy _ . y (v +dx) —y(z)

dr 620 ox
. [cos(z+dx) — cosx}
= lim
520 | ox
. _cosxcos&c—sinxsiném—cosx}
= lim
520 | ox
. [—sin x5m}
= lim | ———
dxz—0 L (51‘
= —sinzx (1.15)

1.2.2 Notation

We have derived the derivative, e.g. %, given y as a function of x. However, we often cut

corners by not identifying the function explicity, for example by writing:

d 2
% - (1.16)
or d
o (@ Fdr+3) =20+4 (1.17)

1.3 Repeated differentiation

The first derivative is a function itself. So we can write the second derivative as

j—x (j—i) (1.18)

and so on. This notation is somewhat cumbersome, and a more compact notation is used:

d?y d [dy
—=— | 1.1
dz?2  dz ( dx) (1.19)

Note the position of the superscripts - think of this as the operator g—m applied twice. In
general, we write g%}f as the nth derivative.

1.3.1 More notation

Sometimes even SZ—E{ is long-winded, and the first derivative is just written 3/, the second
y" ete.. Alternatively y™M, y@ ...y, When using these notations, it should be made very
clear what is intended.

A special example, because it appears so frequently, is the derivative with respect to
time, which is often writen g. Likewise the second derivative wrt time is written g.
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1.4 Some essential rules

1.4.1 The product rule

Suppose we have the product of two functions, y () = u (x) v (x), then, using eq. (1.7)

y(x+o0x) =u(z+dz)v(x+ ox)

= |u(z) + %ém +0 (5m2)] {v (x) + d—;éx + 0 (627)

dz d
()0 (@) + ) o+ v (2) b+ O (022) (1.20)
=u () v (@) +u(z) oz +v () oo x .
Hence
oyl o)y ()
5z—0 ox
o [u(z)v(z) +u(z) oz + v (z) Loz + O (022) — u(z) v (z)]
_55210 ox
dv du 2
. [u(z) oz + v (x) oz + O (627))
= lim 2 L
5z—0 ox
. dv du
:al:ir—{lo u(x)a—i—v(x)@ + O (o)
dv du
=u (x) FPa (x) e (1.21)

Hence the product rule:
duv dv du

—_— =Uu— — 1.22
dx udx de ( )
An example is y = 3. This can be written as u = 22, v = z, so
de?  ,dz  dz?
—_— = — r—
dx dx dx
=2? + 2 x 2z
=377 (1.23)
This suggests a general rule that if y = 2"
d
£ = na"! (1.24)

n+1

Let us assume this is true and examine the derivative of £"**. This can be written as
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u=2x" u=ua, S0

dz"tt  dz N dz™
=x"—+zx
dx dx dx
" da™
=x" +r——
dx
=z" + 1 x na""!
=(n+1)z" (1.25)
where we have used our proposed formula in the last but one line. Note that our postulated
formula is true for n =2 (and n =1, n = 0 (since 2° = 1) and n = —1) so it is generally
true.

1.4.2 The chain rule

Going back to our original example, suppose we have information about temperature, T,
as a function of distance along the path, T (s). We are interested in the rate of change of
temperature with time. This is illustrated in Fig. 1.4. The first thing to do is chose our

s(t) A T(s) A

Figure 1.4: The Chain Rule: the derivative of a function of a function.

two times, t; and t5. From this we can read off corresponding distances, s; and s,. The
rate of change of distance with time is as above,

&_52—81 _S(tl—l-At)—S(tl)
At ty—t; At

(1.26)

We can then use s; and s, to read off corresponding temperatures, T} and 75. The rate of
change of T" with s is just

AT Tp—=T, T (s1+As)—T(s1) (1.27)
As Sy — 51 As |
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We want the rate of change of 7" with ¢. This is just

AT  T,—T,
At ty—1

(1.28)

However, we cannot write this in the form T(tl*i_ﬂtl), because T is not a function of t.

We can, however, write

AT Ty —Tysy—s1  T(s1+As)—T(s1)As

= = — 1.29
At S9 — 81 tz — tl As At ( )
We can now take the limit as before:
dT . T(s1+As)—T(s;)As dT'ds
— =1 — = 1.
dt a0 As At~ ds dt (1.30)
Clearly, as At — 0, so does As.
This leads to the Chain Rule:
d df dg
- =27 1.31
o) = 2 (131)
so, in our example:
d dT ds
1.4.3 Examples of the chain rule
asin%: = 2sinz cosx (1.33)
f=¢? g=-sinux.
4 secr = 4 (cosz) ' = —[cosx] ? (—sinz) = sec x tan = (1.34)
dz Cdz B B '
f=g"', g=cosz. Chain rule and product rule:
d d
P tanz e sin (cos )
—cosz (cosz) ™" +sinz [sinz (cos x)_Q]
=1+ tan’x
=sec’ x (1.35)
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1.4.4 More notation

A notation which is highly frowned on by mathematicians is, nevertheless, often used. It
is useful shorthand if used carefully! Effectively we multiply by the infinitesimal increment
in our dependent variable. Thus, for example, if

dy
= =2 1.36
1 = 22 (1.36)
then we write
dy = 2zdx (1.37)

This is very poor notation as it really has no meaning; in practice we are effectively stating
the chain rule by saying that to obtain a derivative with respect to any variable, say &, we
just divide both sides by d¢ thus:

dy dx

—= =2r— 1.38

e~ “Mde (1.38)
or, combined with the notation discussed above

dz? dx

— =2r— 1.39

a e (1.39)

This is also useful when we come to integration.
We use this notation a lot in thermodynamics. For example, if ¢ is the heat absorbed
by unit mass of a fluid, we write:

dg = C,dT + pda (1.40)

where C, is the specific heat capacity at constant volume, 7" is the temperature, p the
pressure and « the specific volume. See the total derivative, Sec. 1.6 below, for further
discussion.

1.5 Partial derivatives

We often deal with functions of more than one variable. In meteorology, for example,
the temperature, T' may be a function of three spatial dimensions, and also time, i.e.
T = T(z,y,2,t). The partial derivative is simply the derivative with respect to one
variable. However, to distinguish this from the total derivative, below, it has a special
notation using a lower case d in a special font, 0 (\partial in WTEX). Thus:

T T(zx+0 ) —T /
OT _ pypy L@+ 02y,2,8) ~ T (2,9, 21) (1.41)
ox 52—0 o

or .. T(v,y+0y,zt)—T(v,y,z1)
m

— 1.42
dy  y—0 oy ( )

10
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etc..

The important point is that all the other variables are held at a fixed value. The rules
above are equally valid so long as care is taken to all the other variables fixed (i.e. treat
them as constants). For example, suppose T' = sin x cos y, then

or
Gy = CosTCosy (1.43)
oT
o = —sinzsiny (1.44)

It is often helpful to remind ourselves what variables are being held constant. This is
particularly true in meteorology, where we often use the same variable to denote a field
representign a physical quantity (e.g. 7T') irrespective of what coordinate system we are
using. Thus, we might write T (¢, x,y, z) and T (¢, A\, ¢, p), the former being in terms of 3D
Cartesian coordinates, the latter in terms of longitude, latitude and hydrostatic pressure.
Both represent the same field, though they may be very different functions expressed in
the two coordinate systems. In this case, it is often useful to write partial derivatives as

follows:
oT

o (1.45)

Ly,z

to make it clear that the derivative is on surfaces of constant y and z and at constant t.

1.6 The total derivative

Suppose we have some function of many variables. Suppose, for example, we have terrain
height h as a function of horizontal position x and y. We may have some path defined, say
in terms of positions x and y as a function of ¢ (say time). Then the Total Derivative is
defined as

dh (00, (4 60) b (1), (1) "
dt 5t—0 ot

The numerator of the ratio we are taking the limit of can be expanded using partial
derivatives:

h(x(t+6t),yt+6t) —h(z(t),yt)) :h(x(t),y(t+5t))—l—%5334—0(5932) —h(z(t),y(t))

=h(x(t),y(t+dt)) + %593 + 0 (62*) = h(z(t),y (1))

=h(z(t),y(t))+ %(51’ + O (62%)

+ g—Zdy +0(0y°) = h(z(t),y (1))
Oh

_on 2y, Oh 2
—axc?x + O (62%) + 8y5y + 0 (6¢7) (1.47)

11
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where 0x = x (t + 0t) — z (t) and dy = y (t + 6t) — y (¢).
Thus oh oh
dh _ . 500+ O (02%) + 5,0y + O (0y*)  Ohdx  Ohdy

= l1m

o - o 1.4
dt  st—0 ot Ox dt Oy dt (1.48)

Figure 1.5: Contours of height, h, equally spaced in h (black). The rate of change of h
following a path (red) depends upon the component of the slope, the direction of which is
shown by green arrows, along the path. Initially the slope has no uphill component, so the
rate of change of height along the path is zero. Towards the end, the path is aligned with
the slope so the rate of change of height along the path is large.

1.6.1 The gradient operator

The above suggests that, in Cartesian coordinates, we can separate the total derivative into

two parts. One is a vector which is a function of the field h only, <%, g—Z). The second is

a function of the path, (fl—f, %), which is just the vector velocity, v, along the path.
The first of these is so important, we define the operator grad. In Cartesian coordinates,
gradh is the vector
oh Oh
radh = —,— | =Vh 1.49
gradn = (5. 51) (1.49)
where we have defined the operator V = (%, g—y) (in two dimensions - equivalents may be

defined in more dimensions).

12
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Note that grad means the vector gradient in any coordinate system. It only equals
the V operator in Cartesian coordinates, and my look very different in another coordinate
system.

With these definitions, using the vector dot product:

dh
E:gradh-v:v-gradh:Vh-V:v~Vh (1.50)
Furthermore, if we recognise that the velocity is just the rate of change of distance,
with a vector increment dl = (dx,dy), then an infinitesimal change in height along the
path is given by
dh = gradh -dl = Vh-dl (1.51)

This is illustrated in Fig. 1.5.

1.7 The Lagrangian or Material derivative

In fluid mechanics, the laws of physics are most easily expressed and understood in terms of
the properties of specific (infinitesimally small) elements or parcels of fluid. If such a parcel
has a property, such as temperature, T', we can define a derivative of that temperature with
respect to, say, time T. To make it clear that this derivative is following a fluid parcel, we
give it a special notation, but the definition is precisely as usual:

E — lim Tparcel (t + 6t> — Tparcel (t)
Dt ot—0 ot

(1.52)

If we label each parcel somehow (e.g. with it’s position at some reference time, to, i.e.
Xo), then knowing the position of each parcel, Xparcer (£,X0) tells us the entire fluid flow.
This is known as a Lagrangian formulation of fluid mechanics, and the derivative above is
known as the Lagrangian or material derivative. Using this makes writing down Newton’s

second law very simple:

Du 1

— =-F 1.53
where p is the density of and F is the nett force on the parcel and

D
u= Dy Kparcel (1.54)

However, in practice, this approach his some difficulties - for example deriving the pres-
sure field. Instead, we use fields of, say, temperature or velocity as functions of spatial
coordinates, i.e. T (t,z,y,z) or T (t,x), u(t,z,y,z) or u(t,x). We call this an Fulerian
representation.

The material derivative is really just the total derivative defined above in the special
case that the path followed is that of the fluid parcels. It can be calculated in terms of

13
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partial derivatives of the Eulerian fields following the same reasoning, bearing in mind that
the path is a function of ¢ and the fields may also be varying as a function of . Thus

DI 9T 0T'Dx 0T'Dy JT Dz

or ot ofDe 01y O 155
Dt ~ 0t  0xDt 9y Dt | 9z Di (1.55)

We note that %—f is just the x component of the fluid velocity, u, and similarly for the other
components, so the above can be written:

DT oT
— =—+4u-VT 1.56
Di ot (1.56)

Note that the two ‘1" variables are strictly not the same functions. On the left T is
a function of parcel label and time. On the right, T is a function of fixed space location
and time. We use the same letter to signify that, as physical quantities, the two must be
equal where the parcel position coincides with a given point in space, i.e. Tpureer (t,X0) =

T (t7 Xparcel (ta XO))
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