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Abstract This paper describes a new approach for modelling the ictieraof solar
and thermal-infrared radiation with complex multi-layeban canopies. It uses the
discrete-ordinate method for describing the behaviouhefradiation field in terms
of a set of coupled ordinary differential equations thatsoleed exactly. The rate at
which radiation intercepts building walls and is exchanig¢grally between clear-air
and vegetated parts of the urban canopy is described &altist Key features in-
clude the ability to represent realistic urban geometryt{hmrizontal and vertical),
atmospheric effects (absorption, emission, and scatfgrand spectral coupling to
an atmospheric radiation scheme. In the simple case of &sinigan layer in a vac-
uum, the new scheme matches the established matrix-iomargethod very closely
when eight or more streams are used, but with the four-stefiguration being
of adequate accuracy in an operational context. Explicéfyresenting gaseous ab-
sorption and emission in the urban canopy is found to havgrafisiant effect on net
fluxes in the thermal infrared. Indeed, we calculate thatlermid-latitude summer
standard atmosphere at mean sea level, 37% of thermaladfesergy is associated
with a mean-free-path of less than 50 m, which is the typiaahmline-of-sight dis-
tance between walls in an urban area. The interaction of ssdéation with trees has
been validated by comparison to Monte Carlo benchmark tzlons for an open
forest canopy over both bare soil and snow.
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1 Introduction

There is a growing need to represent urban areas accuratelgather and climate
models, in order to improve predictions of both the condii@xperienced by city
residents and the interaction with the atmosphere abovidgBav et al., 2018). In
the case of radiative transfer, the complexity of urbanasig$ presents a significant
computational challenge. The fastest 1D urban canopytiadischemes make many
assumptions, typically assuming a single infinitely lormgeat canyon of fixed height
and width, in vacuum (e.g. Masson, 2000; Harman et al., 2@G4he other extreme
are 3D models that represent an explicit urban geometryayianacing, with the
capability to treat urban vegetation and atmospheric &ffgcg. Gastellu-Etchegorry,
2008; Lindberg et al., 2008). Three-dimensional modelstznsed to evaluate 1D
schemes, but are far too slow and memory-hungry to incotpanéo a weather or
climate model.

Given the importance of urban vegetation for the neighboodrenergy balance
(Grimmond et al., 2010) and the need to represent heighdti@mis within the urban
canopy (Yang and Li, 2015), intermediate-complexity medeve been developed
that represent buildings of different height (Schubert.ef@12), street trees (Redon
et al., 2017) or both (Krayenhoff et al., 2014). Howeversitjuestionable whether
they have struck the right balance between complexity amadpctational cost: all
three models mentioned above still make the poor assumpfian infinitely long
street canyon (see Hogan, 2019), while one (Krayenhoff.g@ll4) uses the com-
putationally expensive ray-tracing approach.

In this paper we propose a new framework to represent sodaedfier ‘short-
wave’) and thermal-infrared (hereafter ‘longwave’) rdidia transfer in complex ur-
ban canopies. It is underpinned by the 1D discrete-ordimagthod (e.g. Stamnes
et al., 1988), in which a set of coupled ordinary differeindiquations is written for
2N streams of radiation travelling at different zenith anglgdas one for the direct
solar beam in the shortwave. The equations are solved gXacth multi-layer de-
scription of the urban canopy. Virtually all atmospheridiegion schemes used in
weather and climate models are based on the 2-stream éisindihate method (i.e.
one upwelling and one downwelling irradiance).

To represent buildings and vegetation, we use the SPARTASPgedy Algo-
rithm for Radiative TrAnsfer through CloUd Sides) approaghich has previously
been used to represent 3D radiative effects associate@Miids (Hogan et al., 2016)
and forests (Hogan et al., 2018). The new ‘SPARTACUS-Urlsaheme divides each
layer of the urban canopy into a clear-air and vegetate@negind terms are added
to the differential equations to represent the rates ofdatexchange of radiation
between regions, and the rate at which radiation interdaytding walls. Previous
SPARTACUS implementations used only two streams but inghjger we improve
the accuracy by generalizing ttNstreams. Our approach has the following advan-
tages over previous 1D urban radiation schemes:

o Realistic urban geometry. Rather than explicitly solving for a specific urban ge-
ometry, which is only tractable for very simplistic buildifayouts, we take a
more statistical approach. Hogan (2019) found that theadyitiby distribution of
horizontal wall-to-wall separations in real cities is witled by an exponential
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distribution, which leads to much better predictions ofiatide exchange than
the infinite street canyon. This result is perfectly suitednicorporation into a
discrete-ordinate model, since it predicts that radiatiamelling at a particular
zenith angle will be attenuated by buildings according @ Beer-Lambert law,
in the same way as radiation propagating in a turbid atmasphe

e Complex vegetation. Hogan et al. (2018) have already validated the SPARTACUS
approach for representing 3D solar radiation interactidah trees, including the
capability to represent crown heterogeneity. The presgrgrae can be thought
of as an extension of that proposed by Hogan et al. (2018)tade buildings.

e Atmospheric absorption, emission, and scattering. It is ubiquitous in current ur-
ban radiation models to treat the space between buildingsvasuum, but this
is a poor assumption in a significant fraction of the longwssectrum where the
mean free path of the radiation can be less than the buildipgration. We quan-
tify the importance of longwave absorption and emission bypting the new
scheme to the gas-optics model of an atmospheric radiatide.c

e Coupling to the free atmosphere. Care has been taken to formulate the scheme to
enable it to be coupled consistently with an atmospheriatiaeh scheme, specif-
ically ‘ecRad’ (Hogan and Bozzo, 2018). This coupling canlbee to ensure ex-
actly the same spectral intervals are used in the urban gamthe atmosphere
above, if required.

Sections 2 and 3 provide a detailed description of the meihdde shortwave
and longwave, respectively. In Sect. 4 various aspectseottheme are evaluated
against existing methods for canopies with a simplistidigal structure. In Sect.
5 the importance of longwave atmospheric effects in urbarogies is quantified
using the new model. Finally, Sect. 6 discusses how the seltenid be extended in
future, for example to represent pitched roofs. Note thatuation against fully 3D
calculations for real urban scenes with complex vertiqaicstire will be the subject
of a future paper.

2 Shortwave M ethod

This section defines numerous symbols; for conveniencsettitat appear in more
than one equation are listed in Appendix 1.

2.1 Definition of Regions and Streams

The treatment of radiation in vegetated urban areas takés agarting point the
SPARTACUS approach for treating 3D structures that hasipuely been used for
clouds and forests. As illustrated in Fig. 1, we divide theagay vertically into lay-
ers and horizontally into regions. Radiation is modelledtlear-air regiona and
vegetated regiow, while building regiorb is impermeable to radiation. It is straight-
forward to extend this to more regions, for example to regmegegetation of differ-
ent densities (Hogan et al., 2018), or alternatively to eetgVegetation completely.
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SPARTACUS then assumes that the rate of radiation exchatgebn permeable re-
gions, and the rate at which radiation intercepts buildilag/syis proportional to the
area of the vertical interface between these regions. AssiroFig. 1a, all surfaces
are currently assumed to be either horizontal or vertiaatl the statistical descrip-
tion in SPARTACUS can accommodate different parts of theeshuilding having
different heights, and individual tree crowns whose widdhies with height.

In the shortwave part of the spectrum, the ‘direct’ (i.e.aaitered) radiation at a
particular height in the urban canopy is described by a vexintaining one irradi-
ance component for each permeable region:

~(2)

where these are irradiances into a plane oriented perpgdadto the sun. To convert
into a horizontal plane they should be multiplied fay, the cosine of the solar zenith
angle6y. Note that irradiances here are for one particular speicttedval and multi-
ple calculations would be required to integrate over thesjpéctrum to account for
spectral variations in surface and atmospheric properties

To describe the diffuse radiation field, previous SPARTACIOfplementations
used the 2-stream method in which one number (the irradiartoea horizontal
plane) was used to describe the diffuse radiation in eachidpd@re. As will be
shown in Sect. 4, we have found that two streams is insuffi¢@oapture the ex-
change of diffuse radiation between the street, walls, &pdtan urban area, so we
generalize SPARTACUS toN2 streams such that the diffuse radiation field in each
hemisphere is described by radiation travellindlidiscrete directions. Thus, the up-
welling diffuse radiation at a particular height in the unb@anopy is described by
a vector, which for the four-stream(= 2) case is given by = (U3 w3 uj u})T,
Whereuik is the irradiance component in regibdue to radiation travelling in discrete
directionk. The mean upwelling irradiance is obtained simply by sungntire ele-
ments ofu. An analogous vectar describes downwelling diffuse radiation. The blue
arrows in Fig. 1b depict the one direct and four diffuse strea regiorain the case
of N=2.

Following Sykes (1951) and Stamnes et al. (1988), and indeed multi-stream
radiation schemes, we choose the discrete angles usinpl&l@auss’ quadrature,
in which the cosine of the zenith angle, is discretized using Gaussian quadrature
separately in the rangesl < u < 0 (upwelling streams) and€Q u < 1 (downwelling
streams). For al®-stream scheme the discrete zenith angles in one hemisatere
written as6; to By, and their cosines g# to uy. In the equations in this paper, all
Lk terms are treated as positive in both the upwelling and daslimg hemispheres.
Each quadrature point is assigned a weight dictated by the rules of Gaussian
guadrature, with the weights summing to unity. In Sect. 4 wam@ne how the error
decreases ds is increased.
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Fig. 1: lllustration of how the features of a real urban nbigilirhood can be represented in SPARTACUS-
Urban. (a) Buildings and trees in a 1 ki km area of London centred on 51.509 0.123W. The
buildings are shown with vertical walls and flat roofs, cetent with the assumptions in the current ver-
sion of the scheme. SPARTACUS-Urban approximates the dwatiaz building layout statistically by the
exponential model of Hogan (2019). (b) lllustration of hdwe neighbourhood could be divided into lay-
ers and regions within SPARTACUS. Radiation is allowed togteate into the clear (white) and vegetated
(green) regions, but not the buildings (red). Consistetth wiost atmospheric radiation schemes, we use
a depth coordinate increasing down from canopy top, anevige index the layers starting at 1 in the
uppermost layer, because it is then a little easier to ensumeerical stability with sunlight originating at
canopy top £= 0) and decreasing exponentially with increasm@he blue arrows indicate the discrete
radiation directions used in a four-stream shortwave sehevhile the black arrows labellet® and f&"
denote the rate at which clear-air radiation interceptkling walls, and passes into the vegetation region,
respectively. Symbols are defined in Appendix 1.
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2.2 Formulation of Differential Equations

SPARTACUS formulates the 1D shortwave radiative transfebjgm as a set of cou-
pled ordinary differential equations written in matrix foHogan et al., 2016):

d u u

wherez is defined as height measurddwn from the top of the canopy as shown
by the vertical axis in Fig. 1b. In this convention, which otes that in most atmo-
spheric radiation schemes, sunlight originates from tpeofdhe canopyZ = 0) and
decreases with increasirgThe exchange matrik may be written in terms of five
component matrices:

- —r-r3
r= M, L r,|. 3)
Mo

The subscripts of the component matrices follow those o&tredogousy—y, coeffi-
cients used in conventional 2-stream radiation schemeadbteand Weaver, 1980),
rather than the indices of zenith angl&s

The g matrix describes the rate at which direct downwelling ridrachanges
along its path and may be expressed as the sum of two compmaémntes (Hogan

etal., 2018):
(R, (&
o= (e )+ (%) @

The first component matrix represents exchange of radiatmeen regions. Thlgl{J

coefficients express the rate at which radiation in the aimglexedk (wherek = 0
indicates direct radiation) is transferred from regicdie regionj, per unit vertical
distance travelled, and is given by

fij . Lij|tan9k|
I

(5)

wherec is the fractional area of the domain covered by redjandL'! is the nor-
malized perimeter length, i.e. the length of the interfageveen regionsand j per
unit area of the horizontal domain. The modulus of the tahigerequired to ensure
that fi'(J is positive for upwelling streams (whefly > 90°). The second component
matrix in (4) represents extinction of the direct beam dusctittering and absorption
by the air, leaves or building walls, and its elements aremglyy

& =—0'/u— fiM(1—a"p"), (6)

whered' is the volume extinction coefficient of regiomepresenting scattering and
absorption by the air and/or leaves, aiﬁﬂ represents the rate of radiation intercep-
tion by the building walls, which may be represented in theedorm as (5) but
with L'V being the building perimeter length surrounding regiper unit area of the
domain. If reflection from the building walls has a speculamponent, appropriate
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for buildings with a glass facade, then the specularly redlétight would retain its
original zenith angle and is therefore best treated as r@ntgin the same stream, i.e.
not being scattered at all. Thus (6) reduces the buildirerdeption term by a factor
1—a%p®, wherea" is the albedo of the wall ang” the fraction of that reflection
that is specular.

If we neglect vegetated regions for the moment, then the siediace value of 2"
may be derived from building polygon data: if a horizontada# of a city contains
buildings with a total perimeter lengththenL®¥ = L/A. At a particular height in
the urban canopy we consider only the perimeter of buildofgs least that height,
so bothL andL®" decrease with height. Other length scales have been uséd in t
literature to characterize building horizontal scale aepasation, and can be used
to estimate.@¥. Most common is the typical street widt/: under the assumption
that the urban canopy is composed of infinite streets all dftwiV, the total length
of street in a domain of horizontal aréais Lsyeet= (1 — c°)A/W, wherec” is the
fractional horizontal area of the domain occupied by buidi (denoted ad, by
Grimmond and Oke, 1999). Since each street has two waHs2l siree; and hence

LA = 2(1—cP)/W. 7)

(A small modification is needed if a certain known fractioritoé vegetation perime-
ter is in contact with building walls, or close enough thay aadiation emerging
from the vegetation immediately strikes a wall.) Hogan @0dhowed that for the
purposes of radiative transfer, the infinite-street assiompas a poor fit to real
cities; he found that the distribution of wall-to-wall hpointal separation distances in
real cities (considering all azimuth angles) was well agpnated by an exponential
distribution, and described a method to estimate the @rgldeparation distance,
X, from building polygon data. If the distribution is a perfexponential therx is
also the mean wall-to-wall horizontal separation dista@@mbining his equations
23 and 25 leads t&/ = 2X/m, and hence

L3 = 77(1—cP)/X. (8)

As shown in Sect. 4.1, the Hogan (2019) exponential modellofimu geometry is
fully consistent with SPARTACUS-Urban since solutions 2 [gredict the intensity
of radiation propagating in a particular direction to vaxpenentially with distance.

Thel'1 matrix in (3) represents the rate at which diffuse radiatibanges along
its path and is given by three component matrices:

e &
_faV +fVa

Hy ¢

r1: +f1av

The fi'(J terms again represent exchange between regions and arelyiv®). The
€, terms in the second component matrix again represent lassodscattering and
absorption by the air, leaves or building walls, and aremive (6). The third com-
ponent matrix describes the rate at which diffuse radiasa@tattered, either by the
air in the canopy or the walls, into other diffuse streamsvdf assume that, after
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accounting for specular reflection from the walls, the seaty is isotropic, then this
term is equal for radiation scattered into the upward andraeavd streams, so is
equal tol; in (3) and is given by

z;i‘l &1
ro=| %%, | (10)
e\lll %Vl
€2 €2
where thee{(I terms express the rate at which radiation in regi@md streank is
scattered into strealfrin either the same or the opposite hemisphere, given by

(N W~ W W

d, :w|20w Jrv|fk av(1-p )'
Hk 2

The two terms mirror those in (6): the first represents igotr@cattering by the
air or leaves, where)' is the single scattering albedo of regiprwhile the second
represents non-specular scattering by walls (thep!’ term removing the specular
fraction). Both terms are divided by two since radiationdswaned to scatter equally
into the two hemispheres. The second term uses a weightprgpaate for vertical
surfaces given by

(11)

N
Vi =W, sin9|/ Z w; sing;. (12)
=1

This weighting assumes that non-specular scattering bywtidis is Lambertian,
which leads to the siff dependence since the radiation emitted by a small element
of a vertical plane towards a viewer is proportional to thglarsubtended by the
element at the viewer, which varies as @&inThe summation on the denominator
ensures energy conservation. The final two matrices i @ndrl 4, represent scat-
tering from the direct beam into the upward and downwardstiee respectively. In

the case of isotropic scattering by air and leaves they araleond given by

MF3=T4=Lo &2 , (13)

where the elements are given by (11).

2.3 Solving the Equations for a Single Layer

Figure 2 depicts the steps in the SPARTACUS-Urban solvee.firht step is to solve
(2) for each individual layef, computing the following matrices froin:

e Rj is the diffuse reflectance matrix such that if the layer isnilnated from
above by diffuse radiatiom;_1, only, then the reflected radiation due to scat-
tering within the layer isu;_; > = Rjvj_1/,. As shown in Figs. 1b and 2, half
indices indicate properties defined at the interface betaeers.
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Fig. 2: The main steps in the SPARTACUS-Urban shortwave angwave solvers in the case of a two-
layer representation of the urban canopy, where the shaalegslindicate the main variable or variables
involved, and the numbered steps are referred to in the text.

e Tj is the diffuse transmittance matrix such that diffuse ilination from above
leads to the transmitted radiation exiting the base of therldeingv;, 1/, =
Tjijl/Z-

e Ej is the direct transmittance matrix such that if the layedligrinated from
above by direct radiatios,_1 , only, then the direct radiation emerging from the
base issj ;1> = Ejsj_1/2.

. ST ande* describe the scattering of the direct beam such that forimeglirect-
only illumination from abovey;_;,, = stj,l/z is the upward diffuse radiation
emgrging from the top of the layer anag, ;> = Sisj-1/2 is the downward diffuse
radiation emerging from the base.

There are generally three methods for computing theseceeatThe doubling method
(e.g., Thomas and Stamnes, 1999) is conceptually straigbeafd and numerically

stable, but computationally expensive. The matrix-exptiaemethod (e.g., Flatau

and Stephens, 1988; Hogan et al., 2016) is computatioreshef but becomes nu-
merically unstable if the optical depth of the layer along ahthe discrete angles is
too large. We therefore prefer the eigendecomposition atkfl.g., Stamnes et al.,
1988), which is both fast and numerically stable. Appendige®cribes how this

method is used to derive the matrices above.

2.4 Computing the Albedo Profile

Here we describe steps 2—4 of Fig. 2 in which we pass up thrtheglttayers of
the canopy computing the albedo of the entire scene belotvlager interface. Al-
though this is similar to Sect. 2.6 of Hogan et al. (2018)sitomplicated by the
use of more than two streams and the variation of buildingvagetation cover with
height. We define matrik . 1> as the albedo to diffuse downwelling radiation (i.e.
the white-sky albedo) of the scene below interfgce 1/2 (including the surface
contribution), and matri®;, 1/, as the corresponding albedo to direct radiation (i.e.
black-sky albedo). They are defined such that the upweltiiggliances at this inter-
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face are equal to the sum of the reflected downwelling difusdirect irradiances:

Ujs1/2 = Ajr1/2Vjr1/2+ Djg1/2Si41/2- (14)

At the surface (interface+ 1/2 for ann-layer description of the canopy), these
matrices have the following forms (fof = 2 and two regions; step 2 of Fig. 2):

Uahl aahl
a?hy a®h
An+l/2 - 2 2 avh, a'hy ; (15)
(Jvhz (Jvhz
Uahl
ah
Dn+l/2 = HO 2 avhj_ B (16)
(Jvhz

wherea' is the surface albedo beneath regidallowing for the possibility to repre-
sent trees being planted over a different surface type)isaweighted by an equiva-
lent term to (12) but for Lambertian reflection by a horizdstaface:

N
h =w M/ _ZleIJj- (17)
J:

The zero entries in (15) and (16) simply represent the faadtlight incident on the
surface beneath clear-sky is not reflected up into the veggktagion, but note that at
higher levels in the canopy these these entries are not nertodateral exchange of
radiation between regions.

To compute the albedo matrices at the top of a layer (indgxetl/2) given the
albedos at the base (indexgd 1/2) and the properties of the layer, we apply Egs.
33 and 34 of Hogan et al. (2018):

Aj_12=Rj+TB A 1Tj; (18)
Dj 1/2=Sf +TiB™(Djs1/26 +Aj11/25 ). (19)
whereB =1 —Aj,1,2R;j. This is a form of the ‘Adding Method’ and accounts for

multiple internal reflections between laypand the layers below (step 3, Fig. 2). If
the definition of the regions was the same in each layer, theelcould repeat this
process immediately for the layers above until we reacheddp of the canopy.
However, both tree area and building area tend to decredéeight (see Fig. 1b),
accompanied by a corresponding increase in clear-sky areaefore, we need to
map from the albedo defined using the regions just below tiegface Apeiowj—1/2;

to the albedo defined in the regions just above the interfaggye—1/2, and similarly
for D. Following Hogan et al. (2016) for clouds, ‘directional okegp matrices’ are
used. For downwelling radiation, overlap matriseéandW are defined such that

Vbelow = VVapove (20)
Shelow = WSabove (21)
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where subscripts ‘above’ and ‘below’ denote irradiancesdtbove and below a layer
interface. Similarly, overlap matrid is defined such thatypove= UUpeiow- This leads
to Eg. 31 of Hogan et al. (2016) mapping the diffuse albedossctayer interface
j —1/2, and an equivalent expression for direct albedo (stepgd i

Aabovej—1/2 = Uj_1/2Abelowj—1/2V j—1/2; (22)
Dabovej—1/2 = Uj_1/2Dbelowj—1/2Wj_1/2- (23)

A complication arises because we do not simulate radiatarester inside build-
ings, so the horizontal domain of the radiation simulatitve (vhite and green regions
in Fig. 1b) varies with height. This means that some of tharetky region in layer
j — 1 overlies a roof, and will ‘see’ the roof albeda®. To represent this, we intro-
duce a pseudo region in the lower layer for the exposed r@&a By expanding the
albedo matrices as follows:

Aj-1/2 b b
Abelowj—1/2 = a’hy a®hy | ; (24)
abhg abhz
Dj_1/2
Doelowj—1/2 = poa®hy | . (25)
Hoa®hy

The overlap matrices allow for arbitrary overlapping ofltings, vegetation, and
clear-air in adjacent layers, but if we were to make the agsiom that there are no
overhanging trees or buildings, and no trees on top of mgkli then the overlap
matrix for direct downwelling radiation has the form

C?/C?fl
Wi_1p= (C\J!_C\é—l)/c?—l 1], (26)
(C?*Cj—l)/c?—l

Wherecij is the fractional area of regiann layer j, andcﬁ’ represents the fractional
area of buildings in layej. The three elements in the left column of (26) describe the
fraction of clear-air radiation in layer— 1 that enters the clear-air, vegetation, and
flat-roof regions in layelj; they sum to 1. The single non-zero element in the right
column of (26) states that all radiation in the vegetatedbregf layerj — 1 enters
the vegetated region of laygr Equation 26 can represent tree crowns over a clear
region near the surface by setting the extinction coefftaiéthe ‘vegetated’ region
to zero in the lowest layers, as illustrated in the bottogitrbdf Fig. 1b. To represent
trees overhanging buildings, the third element in the rightmn of (26) may be set
to the fraction of the vegetated region in layjer 1 that overlies a roof in layey,
with a corresponding reduction in the second element.

The overlap matrices for diffuse radiation have more eldmsimce we have
N streams in the upward and downward hemispheres for eaabnidgit radiation
remains in the same stream as it passes through an inteofttoematrices are sparse.
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Thus, the matrix for downwelling diffuse radiation is thereaas for direct, but with
each element replicated for each stream:

Ief/cy
Vi12= |(CE* C\é—l)/cz—l L, (27)
(e —c]_1)/c 1
wherel is theNxN identity matrix. Similarly, the matrix for upwelling diffse radi-
ation is given by
—c /Y
Uj_1/2= [I | (vl C\Jfl/cj) I] : (28)
|CJ>1/CJ

The middle column distributes upwelling radiation in theyetated region of layer
j into the clear-air and vegetated regions of layer1 according to the vegetation
cover in each layer. The other two columns indicate thataMelling radiation from
the clear-air and flat-roof regions in laypr 1 ends up in the clear-air region of layer

].

2.5 Computing the Irradiance Profile

We now have a profile of albedo matrices just above and justbebch layer in-
terface. If SPARTACUS-Urban is to be coupled to an atmodphadiation scheme
then at this point the scalar direct and diffuse albedos mbpgatop (interface 12)
need to be computed (step 5, Fig. 2). Applying (22) and (28yides the albedo
matrices just above interfacg 2, where the overlap matrices (Eqs. 26—28) are de-
fined assuming a pseudo-layer 0 representing the free alramspbove the urban
canopy; here there are no buildings or treesi$e- c§ = 0 andc = 1. The scalar
albedo of the scene to direct radiatia@nr sceneis then simply the top-left element
of Dapove 12 The scalar albedo to diffuse radiatiani scene is COmputed assuming
that the downwelling diffuse radiation at the top of the urlzanopy is isotropic so
the streams are weighted according to (17).

As illustrated in Fig. 1 of Hogan and Bozzo (2018), an atmesjchradiation
scheme takes the direct and diffuse albedos as a boundatifioarand computes the
full profile of irradiances through the atmosphere. Thediamd diffuse downwelling
irradiances at the base of the lowest atmospheric layert.the top of the urban
canopy, are passed back into SPARTACUS-Urban. The urbaatiau calculations
can be performed either at the same spectral resolutioreastiosphere above, or
using a coarser spectral resolution according to the dibitijeof data on the spectral
dependence of material properties within the urban canopy.

The downwelling irradiances from the atmospheric radiatioheme are inserted
into the clear-sky region of the irradiance vectors justv@anopy topsapove y2 and
Vabove 12 (Step 6, Fig. 2), with the diffuse irradiance again beingrdtisted isotropi-
cally into the streams using the weighting in (17). Thesetimmeslated into the irra-
diances just below the canopy top using (20) and (21); stepFig. 2. Note that the
final elements 08,ei0w1/2 @NdVpeiowy2 CONtain the irradiances incident on the flat
roofs of the buildings in layer 1. Knowing the roof albedo vemctherefore compute
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the net irradiance into this surface and pass it to an enestanbe model for the
roof. The roof irradiances are removed from these vectadslaen Egs. 39, 40, and
42 of Hogan et al. (2018), the downward part of the Adding Mdthare applied to
obtain the irradiances just above the base of the layer &tEjy. 2). This process is
repeated down to the surface to obtain the full irradianoéilpr
In an atmospheric radiation scheme, the heating rate of ke is propor-

tional to the convergence of net irradiance across the layleich is easy to com-
pute from the irradiances at layer interfaces. In an urbaopgawe wish to compute
the net radiation absorbed separately by each facet anahréstiep 9, Fig. 2). The
treatment of flat roofs was described above. For the othersteve define vector
nj = (n® n' n)T as the net power absorbed by the air, vegetation, and walls in

i
layer j, per unit area of the entire domain. It is computed from

nj= N?iﬁ (O +9))+ N?iréj, (29)
where(j, U, and§; are the irradiance components vertically integrated actios
layer (in W nT1), expressions for which are given in Appendix 2. THenatrices

represent the rate (in M) at which radiation in each diffuse and direct stream is
absorbed by each facet:

diff Nla Nza v Ny -
Nt — NY NY | (30)
VU WG W W5
a
NI = " Ny (31)
= v
Vg W

The rate at which radiation in streanis absorbed in regionis N, = o' (1— w') / ,

which is like the first term on the right-hand side of (6) exciat rather than rep-
resenting loss by extinction, it represents gain by abgmpSimilarly, the rate at
which radiation in region in streamk is absorbed by walls 8y = f{¥(1— a%),

which is the absorption analogue of the second term on the-hignd side of (6).
Some urban energy balance models treat the sunlit and sleddeavts of the walls
separately (e.g. Oleson et al., 2008), which could be acamstated by computing
the direct solar heating of walls (associated with\tgterms in Eq. 31) separately.

3 Longwave M ethod

The longwave implementation of SPARTACUS-Urban follows tfeneral structure
described by Hogan et al. (2016), which is similar to the shave but with the
direct solar beam removed and thermal emission added. Heigen(2016) allowed
for a variation in temperature with height within model lagiebut to simplify the
problem we assume that although the temperatures of weligtation, and clear-air
are different from each other, they are each constant witthha individual layers.
Thus the coupled differential equations may be written inrindorm as

z(v) () (e) &
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wherel is as in (3) but without the bottom row and right column of subtrices, and
b represents the rate of thermal emission into each streamheight. The negative
sign on the firsb entry is because this is for upwelling radiation aridcreases in a
downward direction. The elements of the andl"» sub-matrices oF are as defined
in (9) and (10) except using optical properties in the lomngeyaart of the spectrum.
ForN =2 we haveb = (b2 b3 by b%)T, where the rate of emission into streamof
regioni is

. heda (1- )BT wlW(1—a%)B(TY)
by = ™ + > .

(33)

The first term on the right-hand side of (33) represents eanigsy the air or veg-
etation, wherel' is the temperature of the emitters in regigandB is the Planck
function integrated across the spectral interval beingukited. In Sect. 5, multiple
guasi-monochromatic SPARTACUS-Urban computations anebioed to obtain ir-
radiance profiles for the full longwave spectrum. The sedenah on the right-hand
side represents emission by the walls at temperaktfteSince the emission is by
a vertical surface, we use tiwg weighting of streams given by (12), but divide by
two since the radiation is split between the two hemisphéres emission rate is
proportional toL'W, the normalized perimeter length of wall in contact withiceg.

In real cities, the temperatuie” of the various walls at a given height can vary sub-
stantially depending on whether a wall is sunlit or in shacawd indeed this affects
the longwave radiation field (Krayenhoff and Voogt, 2016;rkikon et al., 2018). To
interface SPARTACUS-Urban with urban energy balance neoithelt simulate more
than one wall temperatur®(T"Y) in (33) should be the Planck function averaged
over all the walls in a given layer.

The eigendecomposition method in the longwave case isibdesdn Appendix
3, but note that computation of the diffuse reflectance aanusimittance matrices for
each layerRj andTj, from 'y andl, is exactly as in the shortwave case. Appendix
3 also describes the computation of the layer-wise emissiotorp; containing the
upwelling irradiance at layer top due entirely to emissiathim the layer. Since tem-
perature is assumed constant through the depth of the thigis equal to the irradi-
ance emitted downwards at the base of the layer. Hogan &X(dl6] described how
to treat a vertical variation in temperature within the layehich leads to different
layer-wise emission vectors at the top and base of the layer.

The solution to the longwave problem follows exactly the sasequence as
shown in Fig. 2, but with some different calculations beimgfprmed at each step.
In the upward pass through the layers, the makriis propagated using the same
equations as in the shortwave. In addition, we propagatetrg containing the
upwelling irradiances in each region and stream at a péati¢aterface associated
with radiation that originates from thermal emission belbwat interface (possibly
involving scattering in its journey up to that interface}.the surface its elements are
Gabover+1/2 = (98 03 Y d%)7, whereg} = hy(1— a')c'B(TJ). HereT, is the sur-
face temperature below regiomllowing for different temperatures beneath vegeta-
tion and clear air, anll — a') is the surface emissivity beneath regiofihe Adding
Method for layerj consists of applying Eq. 28 of Hogan et al. (2016) to obta@ th
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emission just below the interface pt 1/2:

9j—1/2 =Pj+ TiB (Gavovej+1/2 + Aabove+1/2P] ) - (34)

where as beforB = | — Agpovei+1/2R j- We then have the complication of adding the
emission from the area of flat roofs at interfgce 1/2, which by analogy with (24)
is dealt with by adding extra terms to the vector:

Jj-1/2
Obelowj—1/2 = | ha(1— ab)(cE’) - CE—l)B(Tb) , (35)
ha(1— ab)(cj - Cj—l)B(Tb)

whereTP s the roof temperatur¢] — a®) is the roof emissivity, antc? —c?_, ) is the
fractional area of the domain containing roof at interfaeel/2. This is translated
to the regions of the layer above by applying the upward apematrix:

Jabovej—1/2 = Uj_1/20belowj—1/2; (36)

and the procedure is repeated to the top of the urban canapwith walls, if in-
formation is available on the horizontal variation in roefrtperature (e.g. Lindberg
et al., 2015) them(TP) in (35) should be the Planck function averaged over all the
roof area at interfacg— 1/2.

At the top of the canopy, the scalar upward longwave emissioamputed (sim-
ply the sum of the elements gf and, along with the scalar albedo, is presented to the
longwave part of an atmospheric radiation scheme (stepd6,2i As in the short-
wave, the radiation scheme then provides the downwelliffigsdi radiation at canopy
top, which is propagated down through the canopy. Overlégsrare implemented
as in the shortwave, with the final entries of thg,o, 1> vector again containing the
downwelling irradiances into the roof at interfage 1/2. From these, and the roof
emission rates in (35), we compute the net irradiance irdordlof and can pass it
into an energy balance model for the roof. The roof irradésnare removed from
Vbelowy/2 @nd then Egs. 32 and 34 of Hogan et al. (2016), the downwatcdptire
Adding Method in the longwave, are applied to obtain irradis just above the base
of the layer. This process is repeated down to the surface.

We then compute the net radiation into each facet of the usheface analo-
gously to (29), but without the direct solar term and with avrierm that subtracts
the thermal emission by each facet:

qW
where the vertically integrated irradiandgsandv; are computed as in Appendix 3,

and the emission rates by regioand by the walls are the terms on the right-hand
side of (33) but summed over each stream of the two hemisghere

o' =2¢0" (1 w)B(T') TRy hie/ b (38)
q¥=(1—a") (L™ +L'B(TY) SN | W (39)

_ *
nj = NS (0 +7;) — (qv) Az, (37)
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4 Evaluation

In this section we evaluate SPARTACUS-Urban and its und&glassumptions in
simplified scenarios for which existing models are avaédale consider only one or
two canopy layers and assume the air in the canopy to be ctehpteansparent to
radiation. This paves the way for consideration of atmospledfects in Sect. 5 and
more detailed evaluation in complex multi-layer scenesitare research.

4.1 Radiative Exchange Factors

Here we evaluate the discrete-ordinate method underginBPARTACUS-Urban
subject to the assumption that the ‘exponential model’ bargeometry proposed
by Hogan (2019) is correct. Consider an urban canopy in wélichalls are vertical
and all buildings are of heighi. The air in the canopy is transparent to radiation
and vegetation is not included. In such a scenario, radi&kchange is determined
by just three independent variablé& is the fraction of direct solar radiation just
below canopy top that penetrates down to the gro@3éljs the fraction of diffuse
radiation emanating isotropically from the ground thatqteates to the sky, arfed""v
is the fraction of diffuse radiation emanating isotropigdfom a wall that strikes
another wall.

Hogan (2019) derived analytic formulas for these factorafoexponential dis-
tribution of wall-to-wall separation distances with edirlg distanceX. The simplest
was for direct solar radiation:

F% = exp(—to), (40)

wherety is the ratio of the horizontal distance travelled by directiation penetrating
the canopy to the e-folding separation. More generallyddiation travelling with a
zenith anglef it is given byt = |tan(6k)|H /X. SPARTACUS-Urban satisfies (40)
exactly since it is simply a form of the Beer-Lambert law.

The analytic formulas provided by Hogan (2019) Fé¥ andF""' are much more
complicated, involving sine and cosine integrals. Theypdotted as a function of the
wall-to-ground area ratio by the thick grey lines in Fig. 8.d 2N-stream discrete-
ordinate approximation, we perform a weighted sum over @di¢he N streams in
one hemisphere, using (12) or (17) to weight each streanrdiogpto whether the
diffuse radiation is emanating from a horizontal or veitmaface:

N
Fe=3 he (41)
k=1
- N —t
FW—1-% v—. 42
kZl ‘I (42)

Thus it can be seen that (41) is just like averaging (40) blvdiscrete zenith angles.
The slightly more complex form fdF"W arises due to an integration over all possible
emission heights up the walls of the canopy. The grey lindsdn 3 show how the
discrete-ordinate method approaches the exact solutitmiméreasing numbers of
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Fig. 3: (a) The fraction of diffuse radiation emanating iisptcally from the ground of a single-layer
urban canopy in vacuum that penetrates to the sky, and (bfrabgon of diffuse radiation emanating
isotropically from the wall of the same canopy that strikesther wall. The thick grey lines show the
analytic results for an urban canopy that obeys the ‘expialemodel’ of Hogan (2019), and the black
lines show the predictions by the discrete-ordinate methiioly increasing numbers of streams. All lines
are plotted with respect to the ratio of wall-to-ground aesgual tortH /X, whereH is the canopy depth
andX is the e-folding wall-to-wall separation distance.

streams. Hogan (2019) analyzed four real and contrastibgnuscenes with wall-

ground area ratios in the range 0.26—1.4; over this rangaloés it would appear that
4 or 8 streams is adequate to represent diffuse radiatimefea Two streams would
appear to be insufficient, but this needs to be tested in cesiasios, particularly in

the shortwave where direct radiative transfer is often dami. In practice the choice
of the number of streams is a trade-off between accuracy amgatational cost; the
cost of anN-stream scheme is approximately proportiona\ifo

4.2 Comparison to the Matrix-Inversion Method

To investigate the consequences of the findings in Sect. @ largwave radiation,
we compare SPARTACUS-Urban to the matrix-inversion teghaiof Harman et al.
(2004) for the same idealized single-layer canopy. Thethogcomputes the radia-
tive power into the ground and wall facetd,andv", by solving the following 2« 2
matrix problem:

< 1 ngaW) <v9) B (Fsgvs+ FWOEwW > 43)
—F™a9 1-FWaW J\ W ) \ FIWS+ FWEW  FOWEY |

wherea? and a" are the albedos of the ground and wall facefsis the down-
welling longwave power from the ‘sky’ facet at canopy topdd = A'(1—a')oT?

is the broadband emitted radiation from fa¢eds a function of its total ared,
emissivity 1— a', and temperatur&. The symmetry of the urban geometry leads
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Fig. 4: The net outward longwave flux from the ground and wediets of an idealized single-layer ur-
ban canopy containing air transparent to radiation, as etiim of the depth of the canopy. Results are
shown for the matrix-inversion technique of Harman et 0@, and the 2-, 4-, and 8-stream versions
of SPARTACUS-Urban. The wall and ground facets are assuméthte a skin temperature of 31
and an emissivity of 0.95, the sky facet has an effective siorigtemperature of 128 and the e-folding
building separation i¥X = 50 m. Net flux here is the radiative power per unit area of tloeigd facet,
which excludes buildings.

to the following relationships between radiative exchafiagéors (e.g. Hogan, 2019):
FMW=1—F% FIY=F% FW=F% andF"9 =F" = (1-F")/2.

Figure 4 compares the net outward fluxes from the ground atidfacets (i.e.
EY9—v9 andEY — vW) between SPARTACUS-Urban and the matrix-inversion method
both assuming the exponential model of urban geometry with-#olding building
separation ofX = 50 m, a representative value from the real scenes analyzed by
Hogan (2019). The other properties of the scene are deddrilibe caption of Fig.

4, and match those in Sect. 5. We see that as in Fig. 3, the@rsttonfiguration is not
very accurate, while 4 and 8 streams are much closer to thixaratersion method.
This gives us confidence that SPARTACUS-Urban represemiadmdal building ge-
ometry accurately, enabling atmospheric effects to bestiyated in Sect. 5, some-
thing not possible using the matrix-inversion technique.

4.3 Comparison to Monte-Carlo Simulations in Forests

Hogan etal. (2018) developed ‘SPARTACUS-Vegetation’ srgam radiation scheme
targeted at forests, and evaluated it against Monte Caftwlegions in the visible
and near-infrared. While it was shown to be a significant mapment over existing
schemes, some errors were present when simulating scethesww on the ground.
Since SPARTACUS-Urban without buildings can be thoughtsoftee same scheme
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Fig. 5: Comparison of normalized irradiances versus sdaitlz angle for the ‘open forest canopy’ sce-
nario of Widlowski et al (2011) with a tree cover of 0.5 andicgit properties appropriate for visible

radiation, over surfaces with an albedo of (a) 0.122 and @34 The Monte Carlo calculations are from
Widlowski et al (2011) at solar zenith angles of2B0° and 83. Absorptance is the fraction of the in-

coming solar radiation absorbed by the vegetation whilestrattance is the ratio of the downward solar
radiation at the surface to the incoming radiation at theotfifhe canopy.

but extended tol9 streams, it is interesting to investigate the accuracyeghby the
use of additional streams.

The circles in Fig. 5 show the Monte Carlo calculations of Myieski et al (2011)
for their ‘open forest canopy’ scenario, in which tree crevame treated as homoge-
neous spheres of diameter 10 m, 4 m above the ground, witteahcverage of 0.5,
a domain-average leaf-area index of 2.5 and a single-sicati@bedo ofw’ = 0.13.
Following Hogan et al. (2018), these have been represent8®ARTACUS-Urban
using two layers with the upper layer containing cylindefsy@getation similar to
those shown in Fig. 1, but with a central core of higher optiegth to approximate
the distribution of zenith optical depth of spheres. Regmandv in the lower layer
have the same area as in the upper layer, but are both transparadiation (also
illustrated in layer 8 of Fig. 1b).

The dot-dashed lines in Fig. 5 show the 2-stream simulatignSPARTACUS-
Urban, which agree well with Monte Carlo calculations oveleak surface, but tend
to underestimate reflectance and overestimate absorpdaeca light surface illu-
minated by high sun. Virtually identical behaviour can berséor SPARTACUS-
Vegetation in Fig. 2f of Hogan et al. (2018). One slight diffiece between the two
schemes is that SPARTACUS-Urban treats leaves as isotsmgitterers whereas
SPARTACUS-Vegetation can represent anisotropic scagehbut in practice this has
a barely perceptible impact on fluxes.

Physically, the problem with the 2-stream scheme is thatctlisolar radiation
incident on the snow-covered surface is reflected up at a fireith angle of 60
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(since the double-Gauss quadrature scheme representstiifeution of 1 by a sin-
gle valuep; = 0.5), too much of which intercepts a tree crown before escattiag
canopy. This is also evident in Fig. 3a, which shows that tts&r@am scheme un-
derestimates the diffuse ground-to-sky factor. The dasimeldsolid lines in Fig. 5b
show that the additional angles used by the 4- and 8-streafigooations largely
remove the reflectance and absorptance bias. This givesifideace in the underly-
ing ability of SPARTACUS-Urban to represent the radiatiffees of trees, although
an important part of a future paper will be to validate it ireses containing both
buildings and trees.

5 Importance of L ongwave Atmospheric Absor ption

One key advantage of SPARTACUS-Urban in the longwave ishtbtyto repre-
sent absorption and emission by gases in the canopy, nedlecalmost all previ-
ous urban radiation schemes. The need to account for atraosiffects in thermal
imaging cameras is recognized (Meier et al., 2011), yetetloagneras operate in
the infrared atmospheric window part of the spectrum whareapheric effects are
weakest; significant parts of the longwave spectrum havechrauger absorption.
Before performing longwave urban simulations with SPARTA:Urban, we
examine the range of absorption coefficients predicted byRRTM-G gas-optics
model of Mlawer et al. (1997), which underpins the radiattmihemes of many
weather and climate models. Figure 6 shows the cumulatiwkgility of absorp-
tion mean free path (the reciprocal of the volume absorptioefficient) for the
near-surface conditions of three of the standard atmosplieym McClatchey et al.
(1972). The contributions from water vapour, carbon diex@zone, methane, nitrous
oxide, CFC-11, and CFC-12 have been included. Each of thefddéral intervals in
RRTM-G has been weighted according to its contribution édtfack-body spectrum
at the near-surface temperature of the standard atmosptegan (2019) reported
e-folding wall-to-wall distances in the range~ 38-57 m for real cities. Figure 6
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Fig. 7: The net outward flux from the ground and wall facets sihgle-layer urban canopy, along with the
net emission by the air within the canopy, computed usingBts&eam version of SPARTACUS-Urban
coupled to the RRTM-G gas-optics model. The urban canoplaied beneath the mid-latitude summer
standard atmosphere, the air temperature 20 m above the cabapy iSTapove= 21.1°C, and the wall
and ground facets have a skin temperature of ¥L.TThese conditions match those in Fig. 4, but with
the addition of atmospheric absorption and emission. Timelpashow results for air temperature in the
urban canopyTir, of (a) 21.2C and (b) 26.1C. In the 20 m above the urban canopy, air temperature is
assumed to vary linearly betwe@g, andTapove This leads to a slight difference in downwelling fluxes at
the canopy top, and hence a difference in the net flux at thengréor a building height of 0 m between
panels a and b. The dashed lines show the results where gaptats and emission within the canopy
have been neglected.

shows that in the case of the MLS standard atmosphere, 37&tgiviave emission
at the surface is associated with an atmospheric mean ftheoptess than 50 m,
highlighting that simulations neglecting atmospherieef in the longwave are un-
likely to be accurate. In the MLS standard atmosphere, if aiesier the parts of
the spectrum with a mean free path of less than 50 m, then Zwdd4his energy is
associated with wavelengths longer than 122, 22.01% with wavelengths shorter
than 8.5um, and only 0.05% with wavelengths in the infrared atmosisheindow
between.

To estimate the impact of atmospheric absorption on netiareces, SPARTACUS-
Urban calculations have been performed for the 140 spdateaivals of RRTM-G
using the urban scenario considered in Sect. 4.2 and Figit4yith the clear-sky
MLS standard atmosphere above. The atmospheric opticpépies are different in
each spectral interval, and by summing the narrow-bandiarees in each interval
we obtain broadband irradiances. The near-surface airdetype is 21.9C for this
standard atmosphere, and to represent typical daytimeteamrswe assume the skin
temperature of the ground and walls to b&8@@varmer than this. Atmospheric radia-
tion calculations by the ecRad radiation scheme of HogarBaxado (2018) provide
downwelling longwave irradiance at the top of the canopyanhespectral interval.
The dashed lines in Fig. 7a depict 8-stream calculatiortg@spectral resolution but
neglecting absorption and emission in the urban canopl.iBeese results match
Fig. 4 closely, which used a single band for the whole longnspectrum.
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The solid lines in Fig. 7a show the corresponding resultsnadtenospheric ab-
sorption in the canopy is included, using the RRTM-G schemeompute atmo-
spheric extinction coefficients in each spectral intergithg gas concentrations from
the MLS standard atmosphere. Here we have assumed the gieratre in the
canopy, Tair, to be equal to the air temperature above the cantpywe The pres-
ence of atmospheric absorption significantly modifies therggnbalance of the ur-
ban canopy, and its impact increases with building heightesthe air is 10C cooler
than the surrounding ground and walls, it absorbs moretiadithan it emits, the net
absorption rising to 75 W r? for 50-m high buildings. This is accompanied by an in-
crease in net emission by the ground and walls compared to aithgospheric effects
are neglected. These results highlight the need to incatpatmospheric effects into
longwave radiation calculations in urban canopies.

In reality the temperature of the air in the canopy will beedligtined by both tur-
bulent and radiative exchanges with the urban surface anditrabove the canopy,
and so in principle could be warmer than the air above themartgure 7b depicts
the results for calculations in whichy; is 5 K warmer thamapove SO half way be-
tween the temperature of the air above and the skin temperafuhe ground and
walls. This changes the net irradiances significantly.

6 Discussion and Conclusions

A flexible and efficient urban radiation scheme ‘SPARTACU®&h’ has been de-
scribed that can represent realistic building layoutsatimns in building height, the
specular component of reflection from building walls, urlbegetation, atmospheric
effects between buildings, and spectral coupling to theoaphere above. The level
of complexity is configurable, specifically the number ofdes; streams, regions, and
spectral intervals. This makes it suitable both for simotatietailed scenes in which
an accurate vertical profile is required, and for use in lacge weather and climate
models where speed is more important and the number of mlagibal variables
describing an urban area may be limited.

To evaluate the scheme, simple one- and two-layer sceneshich existing
schemes or 3D Monte Carlo calculations are available haga bheed. While a 2-
stream representation of the diffuse radiation field is adésjfor representing trees
over dark surfaces (Hogan et al., 2018), we find that 4 or &stseare needed to
represent radiative exchange between the horizontal aridalesurfaces of an ur-
ban area, and for representing trees over snow-coveregtgestf\Work is in progress
to test the scheme against explicit 3D calculations in moarmaglex multi-layered
scenes from real cities, and will be reported in a future pape

The new scheme has been coupled to a comprehensive gas+foptiel and used
to demonstrate the importance of longwave absorption ansis@n by air between
buildings, something that has been ignored by almost allipus schemes. The net
absorption by the air is strongly dependent on its tempegatuhich is determined
by turbulent as well as radiative heat fluxes. It would therebe necessary to couple
SPARTACUS-Urban to an urban energy balance scheme to fudlipate the impor-
tance of atmospheric radiative effects in urban canopies.
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There are several interesting possibilities for the futlegelopment of SPAR-
TACUS-Urban. As with most urban radiation schemes, it qutyerepresents only
perfectly vertical or perfectly horizontal surfaces, wigbtropic emission or scatter-
ing by these surfaces being represented by the weightingseadifferent streams
given by (12) or (17). Emission or scattering by inclinedfaces could, in princi-
ple, be represented by using a different weighting betwé&eaims according to the
angle of the inclination, which should improve the accuratgimulations in urban
areas with a large area of pitched roofs. However, this woeled to be weighed
against the increase in complexity and computational tosf: matrix in (3) would
no longer have repeated elements, breaking the symmetlyiedin the eigende-
composition (Appendix 2) and leading to the reflectance eamsmittance matrices
being different for upwelling and downwelling radiation.

One particularly challenging aspect in modelling realesitis that neighbour-
hoods of quite different character can lie adjacent to orcghear and therefore in-
teract radiatively; for example, clusters of tall buildingre often separated by low-
rise areas and small parks. With just one clear-air and ogeta&d region we must
either perform separate radiation calculations for eaéghi@urhood, thereby ne-
glecting radiative interactions, or homogenize the buoijdand vegetation statistics
into a single calculation, thereby neglecting the diffeesnbetween neighbourhoods.
However, SPATACUS-Urban is quite flexible in how the regi@ms specified; we
just need to know their fractional area and the length of therface with all other
regions. Therefore, a third option would be to introduceasefe clear-air and veg-
etated regions for each type of neighbourhood, with sommtiad exchange per-
mitted between the clear-air regions of different neighboods. Such an approach
would allow buildings of different albedo and temperaturéé used in the different
neighbourhoods, while still interacting radiatively. $hiould facilitate forecasts of
the variation in intensity of the urban heat island effegbas the different neigh-
bourhoods of a city.

Acknowledgments Sue Grimmond is thanked for valuable comments on the maiptiscrd Valéry Mas-
son, Robert Schoetter, William Morrison, and Meg Strettomthanked for useful discussions. Jean-Luc
Widlowski provided the Monte Carlo simulations shown in.FsgThe building geometry for London used
in Fig. 1 was obtained from Emu Analytics, whose data combirilling outlines from Ordnance Survey
Open Map with building height from lidar data collected inl20and 2015. The tree locations and sizes
used in the same figure were released by the London Borouglamfién under the Open Government
License v3.0.

Appendix 1: List of Symbols

The following list includes symbols used in more than oneatign in Sect. 2.

Aabovej—1/2 albedo to diffuse downwelling radiation of entire sceneheiterface
j—1/2, with matrix elements configured for regions in the lagtsove
the interface (layej — 1)
cij fraction of layerj occupied by region, which may be clear-aira,
vegetationy) or building (©)
Dabovej—1/2  aSAanove—1/2 but for direct radiation
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0T
n

Vi_i2

Wi
Wi_1/2
X

al

rate at which radiation in regiarand streank is extinguished by scat-
tering or absorption, per unit vertical distance trave(ied?)

rate at which radiation in regianand streank is scattered into stream
| of the same or the opposite hemisphere {n

transmission matrix for direct radiation in laygr

rate at which radiation in the angle indexedasses from regiointo |
per unit vertical distance travelled (m); if j is ‘W’ then interception
by the wall is indicated

weighting of streank as the contribution to an irradiance into a hori-
zontal surface

length of interface between regionand j normalized by the area of
the domain (m?); if j is ‘w then the normalized length of the building
walls is indicated

fraction of the reflection from the walls that is specular

diffuse reflectance matrix of laygr

element of vectos: the direct irradiance in regianW m—2)

vector of downwelling direct irradiances in each region absticular
height, where subscrigt— 1/2 would indicate irradiances at interface
j—1/2, and subscripts ‘above’ or ‘below’ indicate irradianceshe
regions just above or below an interface (W

matrix describing the fraction of direct solar radiatiortexing each
region at the top of layef that is scattered back up out of each region
matrix describing the fraction of direct solar radiationtexing each
region at the top of layey that is scattered out of each region at the
base of that layer

diffuse transmittance matrix of layér

element of vectou: the irradiance in regionand streank (W m~—2)
vector of upwelling irradiances in each region and streaapatrticular
height (W nT2; subscripts as fos)

upward overlap matrix expressing how upwelling irradianicaegions
just below interfacg — 1/2 are transported into regions just above
weighting of streank as the contribution to an irradiance into a vertical
surface

element of vectov: the irradiance in regionand streank (W m—2)
vector of downwelling diffuse irradiances in each regiod atream at
a particular height (W m?; subscripts as fos)

downward overlap matrix expressing how downwelling difusadi-
ances in regions just above interfgce1/2 are transported into regions
just below

weighting of streank according to Gaussian quadrature

asV_y, but for downwelling direct irradiances

e-folding separation distance in an exponential fit to tistrithution of
wall-to-wall separation distances (m); see Hogan (2019)

depth into the canopy measured from the top of the talle &dibgi (m)
albedo of facet, which may be wall\{), roof (b), ground beneath clear-
air (a) or ground beneath vegetatiow) (
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I matrix expressing the rates of radiation exchange betweadiance
components in each stream and each regiortfm
Mo---F4 sub-matrices oF representing specific interactions (M)
6« zenith angle of streaiky wherek = 0 indicates the solar zenith angle
Uk cosine of6
o' extinction coefficient of region(m=1)
w'  single scattering albedo of region

Appendix 2: The Eigendecomposition Method in the Shortwave

This appendix describes how the matrices listed in Sectag3erived from the
mx m matrix " in (3) for a layer of thicknesaz The first step is to decompo§e
into eigenvaluedy and corresponding eigenvectagjs(for k from 1 tom), such that
solutions to (2) have the form

u m
v =5 cgkexp[A(z—2z 1)), (44)
S k=1

z

where theg; coefficients are determined by the boundary conditions ritigre of the
matrices in radiative transfer problems is such that thereiglues and eigenvectors
are always real, making this decomposition more efficietdr(hes et al., 1988).

Due to the zero elements and block structurd” pthe eigenvalues and eigen-
vectors can be computed efficiently by building them up frageedecompositions
of the smaller sub-matrices. If matr® is defined such that iteth column contains
eigenvectogy then it has the following form:

Gy G, G
G=|(G,G1G, |. (45)
Go

The sub-matrixGg, and its corresponding eigenvalues, are computed by perfor
ing an eigendecomposition of just thg sub-matrix of (3). The direct transmission
matrix E is simply the matrix exponential dfg (Hogan et al., 2016), which can be
computed directly from the eigendecomposition.

Stamnes et al. (1988) showed titandG, could be computed by manipulating
the result of an eigendecomposition(®f — ) (1 +T»). If [ andG; are of size
n x n, then the firsin eigenvalues of5 are positive, and the secomdare negative
with Ax.n = —Ak. This latter property is exploited in the computation of tifuse
reflectance and transmittance matrideggndT. These can be considered to be the
irradiances exiting each side of the layer in response th ebmnent of the down-
welling irradiance at the top;;_1 />, being set to one in turn, while all elements of the
upwelling irradiance at the base;,, 1>, are set to zero. The direct irradiance is also
zero, so we may simplify the problem by excluding the eigetmes corresponding
to direct radiation held in the right column of sub-matrige$45). Thus we seek
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sets ofcy coefficients from (44), one set for each elementpf, ,. Packing these
coefficients into a @ x n matrix C leads to the following:

<g;Dl giD) c— <?> (46)

whereD is a diagonal matrix with exp-AcAz) on thekth diagonal, and hend® ! is
likewise but with exp+AAz) on thekth diagonal. Each row of (46) expresses (44)
for one of the boundary conditions. The top half (i.e. the najpws) expresses the
condition that the upwelling irradiances at the base of #yel are all zero, while
the bottom half expresses that the downwelling irradiaatése top are setto one in
turn.

The problem with solving (46) computationally is that foryeptically thick
layers, exp+AjAz) can overflow, even in double precision. Therefore, we foliber
stabilization procedure of Stamnes et al. (1988) and soistead for a scaled set of

coefficientsC’ defined as »
C/:c(D |)- (47)

Gi GD\. (O
(G;DGi )C(|)' (48)

This can be solved efficiently by exploiting the block-syntritestructure of the ma-
trix on the left-hand side, which enables its inverse to hi#tevr in terms of the Schur
complement. The presence of zeros on the right hand sidentleams that not all
parts of the inverted matrix need to be computed.

Once we haveC’, we evaluate the upwelling part of (44) at the top of the layer
and the downwelling part at the base of the layer, which areletp the diffuse
reflectance and transmittance matrices:

RY (G1 Gy _ (GiD Gy /
(T)_(GleGlD)C_(GZ G,:D C. (49)

The absence dd—! in (48) and (49) shows that, via the use of the scaled set of co-
efficientsC’, we can comput® andT without computing any positive exponentials.
The matricesS™ andS~, which describe the fraction of incoming direct radiation
scattered into the upwelling and downwelling diffuse stneamay be computed us-
ing a similar procedure tB andT but instead deriving a set of coefficients consistent
with the each element of the direct irradiance at the top efdlger being set to one
in turn.

Section 2.5 computes the net radiation absorbed at eachifatayer j from
the vertically integrated irradiances across the layereldee describe how to com-

pute the vertically integrated shortwave irradiancf@\sjn terms of the irradiances
at a given heightf(z). These vectors are simply the concatenation of the indalidu

irradiance vectors:
Gj u(z)
\7,-] and f(z) = [v(z)]. (50)
5

s(2)

Thus (46) becomes
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The vertical integral of(z) is
~ Z;
f = / T2 2)dz, (51)
Zj—1/2

which may be evaluated by writing the solution to (2) in tewha matrix exponen-
tial:

f(2) = exp[F x (z—2z_12)] fj_1/2, (52)
wheref;_,, is the irradiance vector at the top of the layer, which hasaaly been
computed. Substituting into (51) and integrating yields

fi = exp(FAz) —1]f; 1 (53)

whereAzj = 7,1/, — zj_1, is the thickness of the layer. Substituting in (52pat
Zj+l/2 ylelds

fi =P (firy2—fio1j2). (54)
Thus we may compute the vertically integrated irradiancesss a layer fronii and
the known irradiances at the top and base of the layer.

Appendix 3: The Eigendecomposition Method in the Longwave

In the longwave, solutions to (32) have the form

<3) ) kickgkex'“["k@— Z2)] -1 <E> ’ (55)

where the first term on the right-hand side is the homogengantisf the solution and
is expressed in terms of eigenvalues and eigenvectorsgirstiae shortwave solution
(Eg. 44). The reflectance and transmittance matrices ar@aiath exactly as in the
shortwave case described in Appendix 2. We also regpyitiee irradiance upwelling
from the top or downwelling from the base of the layer due dalgmission within
the layer, which may be found by setting boundary conditibias the downwelling
radiation at the top and the upwelling radiation at the bdsbeolayer are zero. As
in Appendix 2, we need to solve a system of equations to oh@rcorresponding
scaled set of coefficients:

G1 GD\, ~.1(-Db
(GZDG:L )Cb_r ( b/’ (56)
where now we only need one set of coefficients contained itoveg, and the inho-
mogeneous term from (55) now appears on the right-hand@idee the coefficients

have been computed, the upwelling irradiance at the topefayper is equal t,
given by the top half of (55) in matrix form:

p=(GiD Gz)c,+I b, (57)

where as in Appendix 2 we account for the fact that the coefitsiinc;, are scaled.
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Finally we compute the layer-integrated longwave irradesneeded in (37). We
integrate (55) with height across the layer of thicknésto obtain

( ) g (oXs) kexp)\kfz) —r- (E)Az

G<Zz)c’r1<_E)Az, (58)

where the first term on the second line has been written ingeyfra vector of
scaled coefficientg’, andZ is a diagonal matrix whoskth diagonal element is
[1— exp(—AkAZ)]/Ak. The coefficient’ are the sum of the contribution from ra-
diation emitted within the layer,, radiation entering from abov€/v;_1,, and ra-
diation entering from belovZ'u;, 1/, (the latter being prefixed by a term to swap the
elements ofZ’ since the coefficients in this matrix were derived for radiaentering
from above):

<€)J =G (Z z) {C'le/va (I I)C’uj+1/z+04 -r1 <_E)Az. (59)

References

Baklanov A, Grimmond CSB, Carlson D, Terblanche D, Tang Xu&wt V, Lee B, Langendijk G, Kolli
RK, Hovsepyan A (2018) From urban meteorology, climate aitenment research to integrated city
services. Urban Clim 23:330-341

Flatau PJ, Stephens GL (1998) On the fundamental solutitimeafadiative transfer equation. J Geophys
Res 93:11037-11050

Gastellu-Etchegorry JP (2008) 3D modeling of satellitecip¢images, radiation budget and energy bud-
get of urban landscapes. Meteorol Atmos Phys 102:187-207

Grimmond CS, Oke TR (1999) Aerodynamic properties of urb@as derived from analysis of surface
form. J Appl Meteorol 38:1262—-1292

Grimmond CS, Blackett M, Best MJ, Barlow J, Baik J, Belcher, BBhnenstengel S|, Calmet I, Chen F,
Dandou A, Fortuniak K, Gouvea ML, Hamdi R, Hendry M, Kawai Tawamoto Y, Kondo H, Krayen-
hoff ES, Lee S, Loridan T, Martilli A, Masson V, Miao S, Oles#) Pigeon G, Porson A, Ryu Y,
Salamanca F, Shashua-Bar L, Steeneveld G, Tombrou M, Vo¥guig D, Zhang N (2010) The inter-
national urban energy balance models comparison projestréisults from phase 1. J Appl Meteorol
Climatol 49:1268-1292

Harman IN, Best MJ, Belcher SE (2004) Radiative exchangeiarban street canyon. Boundary-Layer
Meteorol 110:301-316

Hogan RJ (2019) An exponential model of urban geometry fer insradiative transfer applications.
Boundary-Layer Meteorol 170:357-372

Hogan RJ, Bozzo A (2018) A flexible and efficient radiationestle for the ECMWF model. J Adv Mod-
eling Earth Sys 10:1990-2008

Hogan RJ, Schafer SAK, Klinger C, Chiu J-C, Mayer B (2016piRsenting 3D cloud-radiation effects in
two-stream schemes: 2. Matrix formulation and broadbaitliation. J Geophys Res 121:8583-8599

Hogan RJ, Quaife T, Braghiere R (2018) Fast matrix treatno€r®-D radiative transfer in vegetation
canopies: SPARTACUS-Vegetation 1.1. Geosci Model Dev3%:350

Krayenhoff ES, Voogt JA (2016) Daytime thermal anisotroffyudban neighbourhoods: Morphological
causation. Remote Sensing 8:108

Krayenhoff ES, Christen A, Martilli A, Oke TR (2014) A muliiyer radiation model for urban neighbour-
hoods with trees. Boundary-Layer Meteorol 151:139-178

Lindberg F, Holmer B, Thorsson S (2008) SOLWEIG 1.0 — Modellspatial variations of 3D radiant
fluxes and mean radiant temperature in complex urban settingJ Biometeorol 52:697-713



Flexible Treatment of Radiative Transfer in Complex Urbam@pies 29

Lindberg F, Grimmond CSB, Matrtilli A (2015) Sunlit fractisron urban facets — Impact of spatial resolu-
tion and approach. Urban Clim 12:65-84

Masson V (2000) A physically-based scheme for the urbanggnbudget in atmospheric models.
Boundary-Layer Meteorol 94:357-397

McClatchey RA, Fenn RW, Selby JEA, Volz FE, Garing JS (197@)i€l properties of the atmosphere,
3rd ed., Air Force Cambridge Research Laboratories, RepANGRL72-0497, L. G. Hanscom Field

Meador WE, Weaver WR (1980) Two-stream approximations thatae transefer in planetary atmo-
spheres: a unified description of existing methods and a mgwovement. J Atmos Sci 37:630-643

Meier F, Scherer D, Richters J, Christen A (2011) Atmospgheoirection of thermal-infrared imagery of
the 3-D urban environment acquired in oblique viewing geiyné&tm Meas Techniques 4:909—922

Mlawer EJ, Taubman SJ, Brown PD, lacono MJ, Clough SA (199%ji&ive transfer for inhomoge-
neous atmospheres: RRTM, a validated correlated-k modehé&longwave. J Geophys Res Atmos
102:16 663-16 682

Morrison W, Kotthaus S, Grimmond CSB, Inagaki A, Tin T, Gélet&tchegorry J-P, Kanda M, Merchant
CJ (2018) A novel method to obtain three-dimensional urhafase temperature from ground-based
thermography. Rem Sens Env 215:268-283

Oleson KW, Bonan GB, Feddema J, Vertenstein M, Grimmond ©O88PAnN urban parameterization for a
global climate model — 1. Formulation and evaluation for titees. J Appl Meteor Climatol 47:1038—
1060

Redon EC, Lemonsu A, Masson V, Morille B, Musy M (2017) Impkartation of street trees within the
solar radiative exchange parameterization of TEB in SURNBX. Geosci Model Dev 10:385-411

Schubert S, Grossman-Clarke S, Martilli, A (2012) A doutdeyon radiation scheme for multi-layer
urban canopy models. Boundary-Layer Meteorol 145:439-468

Stamnes K, Tsay SC, Wiscombe W, Jayaweera K (1988) Numigrisible algorithm for discrete-
ordinate-method radiative transfer in multiple scatgriand emitting layered media. Appl Opt
27:2502-2509

Sykes J (1951) Approximate integration of the equationaridfer. Mon Not Roy Astron Soc 11:377-386

Thomas GE, Stamnes K (1999) Radiative transfer in the athesepand ocean. Cambridge, 517 pp

Widlowski J-L, Pinty B, Clerici M, Dai Y, De Kauwe M, de Riddét, Kallel A, Kobayashi H, Lavergne
T, Ni-Meister W, Olchev A, Quaife T, Wang S, Yang W, Yang Y, Yull (2011) RAMI4PILPS: An
intercomparison of formulations for the partitioning ofaraadiation in land surface models. J Geophys
Res Biogeosci 116 G02019 doi:10.1029/2010JG001511

Yang X, Li Y (2015) The impact of building density and buildifmeight heterogeneity on average urban
albedo and street surface temperature. Build Environ $9:1496



