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1. VECTORS AND MATRICES

1.1. Vector representation of information (n elements).

U1
v = Vs y Ui = (V)z
Un
1.2. Matrix (m x n elements).
Ny -+~ Ny --- Ny,
N = Nyt -+ Ny -+ Ny |, Nij=(N)
Npi -+ Ny - Nom

1.3. Matrix (m x n) acting on a vector.

n
vP = Nv?, v}’ = ZNijv?, 1 <4 < m as below:
j=1
U]f N11 Nlj Nln sz Nll’l}%—‘r...—‘rNljU?—F...—FNln’U%
’U,Lb = Nil Nij Nzn ’U? = N11U%+-.-+Nij1}?+--.+NinUTaL
vb Npmi -+ Npj o+ N v Np103 + ... 4 Npjv? + ... 4 Ny 03,
1.4. Identity /unit matrix (p x p elements).
10 --- 0
01 --- 0 1 =
L= . . . .| @y=d= o
R 0 i#J
0O 0 --- 1

1.5. Matrix addition (m x n elements).
N =N*+NP N;; = N3+ N} as below:
Nfl N?n N})l N%)n Nlal—’_Nfl Nlan—’_NPn
. . . 4 . . _ . . .

Nia o Nin Npa - Nog Noa+ Ny - Np 4+ Nop
1
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1.6. Matrix multiplication (m x n elements - an m X p matrix multiplied by an p x n

matrix).
P
N =N°N", N;; => NjNp; as below:
k=1
Ny N{, NP Ny, Nle?1+~~~+prNz?1 N{y Ny, +
Nia N Ny Npn NpaNPL+ o+ NG Ny Npa Ny, +

In general, matrices are non-commutative N*INP # NPN#,

1.7. Matrix transpose (N has m x n elements, N® has n x m elements).

If N° = NaT,

b __ a .
Nz = N3, eg:
a a a Na Na
N2 — < Nll N12 NlS > Nb _ Nlal N2a1
- N& N2 N2 ’ - 12 22
21 22 23 Niag Nﬁdg

If N® = N°T then matrix N® is symmetric (only square matrices (m = n) can be symmetric).
1.8. Transpose of a product of matrices.
(N*NP)T = NP TNAT
1.9. Matrix inversion (n x n elements). Let N be a square (n x n) non-singular matrix.
If vP = Nv?, then v* = N~ !vP.
In general (N™1);; # (N);:'.
Ni1 Nig

ij
1
N=—F-7-
Na1 Nao )’ det(N) <

If N is singular then it has a zero determinant and the inverse cannot be found in general.

For n = 2, N:(

1.10. Moore-Penrose generalized inverse.

NT =NT(NNT)"! N eR™*",

n>m.

..+ NEND,

...+ N2 NP

) s det(N) = N11N22_N12N21~

1.11. Diagonal matrix (n X n elements). A matrix is diagonal if N;; = 0if ¢ # j. N may be

written:
A O 0
0 A 0
N = diag(A1, A2, ..., A\p) = . .
0 0 An
The inverse of a square diagonal matrix is (N~');; = (N);;*, (N71);; = 0 for i # j:
Ny 0 - /Ny 0
— 0

0 N22 1/N22

1.12. Gramian matrix. A Gramian matrix is symmetric and has the form NTN:

NTN c }Rnxn7 N € IRan7 NT c Rnxm.
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1.13. Euclidean vector inner product (scalar product/dot product) (n elements). Two
different vectors:

: b
v} v v
YY) ey [
a b _ b _ b a, b a_ b
V5 V; = V; =] + -t v + + v, v,,.
a b b
The same vector:
n
2
b=v-v=viv=(v,v)= E v? = ||v||® as below:
i=1
U1 U1 U1
( U1 Vi Un )
v |- v | = Vi | =011+ 00+ e+ U Up.
Un Un vn

1.14. Non-Euclidean vector inner product. Two different vectors (m elements and n elements):

m n
a=v" (Cv?) =v*TCvh = <Va,vb>c = va Z Cijv;? as below:
=1 j=1
Cy - Cyi - C P
a a a J 1In 1
(of vy o) . . . . .
b
Czl Cij Czn Uj
le o ij e Cmn 'UZ
The same vector (n elements):
n n
2
b=v-(Cv)=vICv=(v,v)g= Zvi ZCZ-jvj =||v||¢ as below:
i=1  j=1
Cun - Ciy - Cuy U1
Czl CZ] Czn Uy
C’n,l Cn] Cnn Un,

1.15. Vector outer product (m x n elements).

T
N=viv", N;= 'U?U? as below:
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a,,b a,,b a,,b
'U% b b b vlvl vlvj e vlvn
. ( U1 Yj Un )
e = vioP .. U?U}) R K
vd, v2ob .. vf}lv;? coe 2P
1.16. Schur (or Hadamard) product. For matrices (m x n elements):
_ a b _ a nrb .
N =N"oN", N;; = N;zN;> as below:
a a b b a b a b
Nll Nln Nll Nln N11N11 Nlann
: . : o : : = : :
a a b b a b a b
le Nmn le Nmn lele NmnNmn

For vectors (n elements)

v=viovP v =0 as below:

vi vi’ v%v‘f
o) = .
v vP v2ob

1.17. Orthogonal matrix. If V is orthogonal then:
Viv=I, VeR™" n<m.
If n =m then VT =V~

1.18. The trace of a matrix (n x n elements). The trace of a square matrix N, tr(IN), is the

sum of the diagonal elements:
n

1.19. The Sherman-Morrison-Woodbury formula.
(A+CDT) '=A'—A'C(I+DTA'C) ' DTAL,
Replacing C — CB and then setting C = D = H and A = R, the following useful formula results:
(B'+H'R'H)BH" =H'R ' (R + HBH").

2. FUNCTIONS

2.1. Scalar valued function of a vector (n elements) and its derivative.
af /Ovy
T af/ov
. 1 v = () =]
af /ovy,

2.2. Generalised chain rule.
Consider f(v"), where Vi f(v") is known, feR, vP Vf(vP) eR™.

If v® = Nv?, then Vyaf(v®) = NTV,. f(VP), v Vyaf(v®) €R", N R™™,
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2.3. Generalised Taylor series for f. Let f(v) be a linear or non-linear function. The Taylor
series of f(v) about v is:

B of 1. 10%f ,
fv+ov)=f(v)+ adv + §6v de + higher order terms,
2 2 2
feR, v, % eR", % € R™ "™ is the Hessian matrix, (gd;)w = azaj;j.

2.4. Vector valued function of a vector.
f(v), feR™ veR™
2.5. Generalised Tayor series for f. Let f(v) be a linear or non-linear function. The Taylor
series of f(v) about v is:
f(v +0v) =f(v) + Fov + higher order terms,
_of O
Coov|, Y o

F is the Jacobian of f(v) about v and 0f;/0v; are called Fréchet derivatives.

F , feR™ veR" FeR™".

v

3. MATRIX DECOMPOSITIONS

3.1. Eigenvectors and eigenvalues. The kth eigenvector (v;) and eigenvalue (A\;) of matrix N
satisfies:
Nvi = Mg, NGR”XTL7 v €R™ A eR, 1<Ek<n.

Let V= (vi,va,---vy) = | w1 vo || v |, A=diag(A1, A, M),

NV =VA, N,V,AecR™",

If N is Hermitian (if a real matrix then this is equivalent to N being symmetric) then V (the matrix
of eigenvectors) is orthogonal (see below), and A (the matrix of eigenvalues) is real.
For a general 2 x 2 matrix:

N — Ni1 Ny vo [ am o2 A= Nu%l\fzrﬁ 0
Noy Noo )7 o s ’ 0 M-‘rff\w )

B= \/N121 — 2N11Nog + 4N12Noy + N3y,

:N11—N22—ﬁ :Nn—N22+/5 o 1 1
n 2Ny, R 2N ’ !

B i+1 @ B+l
3.2. Singular vectors and singular values.
NV =UA, N'U=VA, U'U=1, V'V=IL,
NeR™" VR, UeR™P AecRXP p=rank of N.

V is the matrix of right singular vectors of N, U is the matrix of left singular vectors of N, and A
is the matrix of singular values of N. The following eigenvalue equations exist for V and U:

NTNV = VA, NNTU=UA.

3.3. The rank of a matrix. The rank of N is the number of independent rows or columns of
N (consider, e.g. the ith column of N as vector n;). A column (or row) is dependent if it can
be written as a linear combination of the other columns (or rows). The rank of a matrix is also
the number of non-zero singular values of N. The rank of a square matrix is also the number of
non-zero eigenvalues.




MATHS PRIMER FOR COURSE ON DA METHODS (NERC/NCEO/DARC/UOR) 6

4. MEAN, (CO)VARIANCE, CORRELATION AND (GAUSSIAN STATISTICS

4.1. The variance, standard deviation and mean of a scalar. Consider a population of N
scalars, s', 1 <1 < N. The following are for the variance, var(s), standard deviation, o, and mean,
(s) (common notations are given)!:

i

=1

var(s) = ((s — (s))®) = (s —5)2 =& ((s —

os = /var(s), (s)=8§=

”MZ -

4.2. The covariance between two scalars. Consider two populations, each of N scalars, s, ¢/,
1 <1< N. The following is for the covariance, cov(s,t) (common notations are given)*:

cov(s,t) = ((s = (s))(t = (1)) = (s = 8)(t =) = E((s = £(s))(t = E(1))) = % D (s = ()t = (1)).

1=1
The covariance between two scalars can be negative, zero or positive.

4.3. The correlation between two scalars.

cov(s,t
cor(s,t) = %t), —1<cor(s,t) <1, cor(s,s)=cor(t,t)=1.
S

4.4. The covariance matrix between two vectors (one with m elements, another with n
elements). Consider two populations, each of N vectors, u', v!, 1 <1 < N. The following is for
the covariance matrix, cov(u, v), which uses the outer product (common notations are given):

cov(,v) = ((u—()(v—(v)")=u-0)(v-9T=£(u-Em)v-EW)T),

L
(cov(u,v)),; =~ ~ Z (ui — (uq)) (vé —(v;)),
(ui = (u)) (v = (v1)) o (uh =) (= (vg)) o (uh = () (v], = (vn)

1
N

] =

cov(u,v) =

(= ) (o — (o)) o ) (0 (o)) (= {us)) (oh — (o)

Il
-

(= Cum)) (vf = (v1)) - (uny = (um)) (0 = (v3)) o (g = (um)) (05, = (vn))
If u = v, then cov(v, v) is the auto-covariance matrix of v. Diagonal elements are variances of each
element of v, i.e. (cov(v,v)),; = var(v;):

(v — (0))” (= (o)) (= (o)) e () = (on)) (9 — (va)

cov(v,v) =

=
WE

I
—

@=@) =) o )T (e ) (e )

(v = (on)) (v1 = (V1)) - (v = {on)) (v = (vi)) -+ (vh, = (on)*

lgample variance and sample mean are those (approximate expressions) given in terms of a finite population (a
sample). In the formula for the sample variance, N = N if (s) is taken to be the ezact mean, but N = N — 1 if (s)
is taken to be the sample mean.

2Sample covariance and sample mean are those (approximate expressions) given in terms of a finite population
(a sa mple) In the formula for the sample covariance, N = N if (s) and (t) are taken to be the exact means, but

N — 1if (s) and (¢) are taken to be the sample means.
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Auto-covariance matrices are symmetric.

4.5. The correlation matrix between two vectors.

cor(u,v) = X cov(u,v)E;!, B, = diag(ou,, 0uy, 0w, ),
ol 0 0 (cov(u,v));;  (cov(u,v));,
0 o) 0 (cov(u,v))y;  (cov(u,v))y
cor(u,v) = .
0 0 ot (cov(u,v)),,; (cov(u,v)), .,
(cov(u,v)),,

Le. (cor(u,v));; = pp L,
Ui~ V5

If u = v then cor(v, v) is the auto-correlation matrix of v:

cor(v,v) = X7 'cov(v,v)E; ! as below:

3, =diag(oy,,00,, -

o0 0 0 (cov(v,v))y;  (cov(v,v))yy
0 o, - 0 (cov(v,v))y;  (cov(v,V))sy
cor(v,v) = i
0 0o - av’nl (cov(v,v)),, (cov(v,v)),,
1 (cor(v,v)) ;s (cor(v,v))y,,

(cor(v,v))y,

(cor(v', V)1

1

(COI"(V', V) o

ie. (cor(v,v))

Auto-correlation matrices are symmetric.

)

(cov(v,v)),

(cor(v,v))ay,

1

i
O, O,

4.6. Gaussian/normal probability density function. For n-variables:

exp [—1 (x— () TP (x -

(x) !
X)= ————
P (27)" det(P) 2
For n = 1:
(2) = ——— exp |-
PR = V2mo? P 202
For n = 2:
x) = p(x1,22) =
p(x) = p(z1,72) (0702

(cov(u,v)),,
(cov(u,v)),,

(cov(u,v)),.n
U;ll 0

~1
0 o,

(cov(v,v))y,,
(cov(v,v))ay,

(COV(V7 V))nn
-1

Toy (21
0 o,
0 0

<X>)} , P =cov(x,x).

) ()]

0y, ) as below:

Un
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5. FOURIER ANALYSIS

5.1. The Fourier transform. The real-to-spectral space transform in 1-D (1-D Fourier trans-
form):

f(k) = \/% /f(x) exp(—ikx)dr, i=+/—1.

The spectral-to-real transform in 1-D (1-D inverse Fourier transform):

1 7 .
flx)= ﬁ/f(k)exp(zkzx)dk.

The real-to-spectral space transform in d dimensions:

flk) = (27T1)d/2///f(x) exp(—ik - x)dx.

The spectral-to-real transform in d dimensions:

169 = i [ ] [ 7oeexptinc xja

The Fourier transforms rely on the orthogonality relationships:
///exp(ik'x) exp(—ik’ - x)dx = (2m)%(k —k'),
///exp(ik -x)exp(—ik - x)dk = (2m)%(x —x'),

and satisfies the convolution theorem:

/g(ac —2')f(2')dz’ has Fourier transform 27g(k)f(k).

5.2. Fourier series. Fourier series are the discrete versions of the Fourier transforms (real and
spectral spaces comprising N discrete points). In 1-D:

_ 1 Y _ N-—
f(ki) = N ;f(l“j) exp(—ik;x;), f(z;) \/T go ) exp(ik;x;),

N N-1
Zexp(ikixj) exp(iky ;) = Nogy, Z exp(tk;z;) exp(ik;xj ) = Nojjr.
j=1 =0

Representing f(x;) as the vector f and f(k;) as the vector f allows the discrete Fourier series, its
inverse, and the orthogonality relations to be written compactly via an orthogonal matrix transform:

f=Ff, f=F'f, F'F=1Iy, FF'=1Iy, where matrix elements F; = exp(—ik;x;).

b
VN

6. VARIATIONAL CALCULUS

6.1. Lagrange multipliers. Problem: find the stationary point of f(z1,z2, --an) subject to
the constraint ¢,,(z1,z2,---xn), 1 < m < M. This problem has N degrees of freedom and M
constraints. The constrained variational problem can be written as (f and g,, are implied functions
of xl,xg,...xN):

9 M

where )\, is the Lagrange multiplier associated with the mth constraint. This can be written in
the following matrix form:

Vif+GTA=0, xeRY, NeRM G eRMXN

where x = (21, %2,...2n5)T and Gy = 09 /01y,




