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Introduction

@ Data assimilation in NWP combines a prior forecast (background) with the
latest obs of the atmosphere, to provide the starting point for a weather
forecast;

o Estimation of background and observation error covariance matrices are

needed to weight the observations and the background, and spread
information between variables;

@ NWP centres are currently going through a transition point. The
climatological background-error covariance is gradually being replaced by a
flow-dependent approximation from ensemble forecasts;

@ Advances in computing power have only recently made ensemble DA
affordable.
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Introduction

@ Ensemble covariance still not considered good enough to completely replace
climatological covariance because of

@ Sampling error - only order 10-100 ensembles affordable to sample of the order
10® model gridpoints;
@ Model error - difficult to represent flow-dependent model errors.

@ Most NWP centres therefore prefer hybrid DA methods, which combine
climatological /ensemble covariances;

@ Hybrid 4DVar and hybrid 4DEnVar are two competitive DA methods that are
not yet fully understood;

@ This project aims to improve undestanding of these methods in NWP.
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4DVar

@ 4DVar [Le-Dimet and Talagrand, 1986] provides a least squares fit between
observations and a prior forecast in an assimilation window;

@ Based on the incremental formulation of Courtier et al. [1994];

@ 4D background state (x?) propagated through the window using the forecast
model:

x® = M(x"(to)); (1)

@ Lower resolution increment:

sw(to) = S(x*(t0)) — S(x(t0)); (2)
@ Increment propagated using perturbation forecast model:

ow = Méw(to) (3)
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4DVar cost function

@ 4DVar cost function [Rawlins et al., 2007]:

Jow) = o+ dot e
- %éw(to)TB_ldw(to)

1 — o
+ S -y) Ry -y°)
+ Je (4)
where 3
y = H(x) + How. (5)
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Control variable transform

@ Control variable transform used to pre-condition 4DVar cost function:

dw = Uy, (6)
where UUT = B.
@ J, can then be expressed in terms of v:
1
b = 5vTUT(UuT)—lu\,
= v ™)
@ Cost function gradient:
[%] —v+UTRTATR Yy —y°) (8)
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4DVar-Ben

@ 4DVar-Ben uses 3D P? instead of B;
o At the Met Office, P® currently comes from the ETKF [Bishop et al., 2001];

@ 4DVar-Ben initial increment expressed in terms of alpha control variable
[Lorenc, 2003];

@ Locally weighted linear combination of m ensemble perturbation trajectories:

m-—1

TOEDY \Fawj?(to) oqy, 9)

where a; are the 3D fields of weights for each perturbation, and the fields are
modified by the Gaspari-Cohn localization matrix.
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Control variable transform

e Control variable transform to condition J, (like 4DVar):
o = U for j=1,...,m, (10)

where
(UY)Tu*=cC (11)
and C is the Gaspari-Cohn localization matrix;

@ Sequence of control vectors Vi concatenated to make v,

@ New operator U®® to represent (9) and (10):
dw(ty) = U*Sves (12)
@ Increment then propagated using perturbation forecast model:

ow = Méw(to) (13)
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Cost function

@ Cost function:

1
J(vas) — E(VQS)TVQS+JO+JC (14)

@ Cost function gradient:

[%] — yos + (UaS)TMTHTB_l(X _ XO). (15)
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Hybrid 4DVar

@ Hybrid 4DVar uses linearly weighted combination of climatological (v) and
ensemble (v®®) background terms:

dw(tg) = /BcUv + /B UTvs; (16)
@ Hybrid covariance (Bj,) equivalent to weighting climatological and ensemble
covariances [Wang et al., 2007]: B, = .B + 5ePb.
@ Cost function:

1 1
J(v,v*®) = EVTV + E(v"‘s)Tv"‘S +Jo+ Je (17)

o Cost function gradient calculated by concatenating climatological [4Z] and
971 parts.

Oves

ensemble |
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Diagram of 4DVar
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Strengths and weaknesses

Strengths:
@ Linear model propagation of background-error covariance (M)TB,M) is
accurate provided that M is accurate;

@ Hybrid background-error covariance performs better than pure ensemble or
climatological covariances in NWP (e.g. Clayton et al. [2012]);

Weaknesses:
@ Linear models expensive to maintain in terms of staff/computing;

@ Linear model approximation less accurate than full nonlinear model.
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4DEnVar

@ Least squares fit between ensemble and observations in assimilation window;
@ Uses 4D Eb from ETKEF, unlike 4DVar-Ben, which uses 3D Pb;

@ 4DEnVar equivalent to 4D EnKF, except 4DEnVar correctly localizes in
model space [Fairbairn et al., 2013];

@ Same algorithm as 4DVar-Ben at initial time;

@ Unlike 4DVar-Ben, alpha control variable extended to all timesteps, not just
initial timestep;
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4DEnVar

@ Same algorithm as 4DVar-Ben at initial time;

@ Unlike 4DVar-Ben, alpha control variable extended to all timesteps, not just
initial timestep;

@ Locally weighted linear combination of m ensemble perturbation trajectories:
71
b
ow = E ———=0w/ o ;. (18)

@ Most applications (including the Met Office) assume localization is constant
in time — «; is constant in time. Control variable v* is therefore 3D.
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Control variable transform

e Control variable transform to condition J, (like 4DVar):
a; =U forj=1,...m, (19)

where
us(u)’=c (20)

and C is the same at each timestep.
@ Sequence of control vectors vi concatenated to make v,
o New operator U®® to represent (18) and (19):

Sw = USyes, (21)
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Cost function

@ Cost function:

J(ves) = %(VM)TVQS +J (22)
@ Cost function gradient:
aJ fo as o - o
[6?] = v+ (U™)TH R (y — y°). (23)

No J. term - uses IAU-like initialization instead;

IAU-like initialization adds increments on gradually through window -
prevents fast modes from growing.
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Hybrid 4DEnVar

Hybrid 4DEnVar uses linearly weighted combination of climatological (v) and
ensemble (v®*) background terms:

ow = \/BcUv + /B U v, (24)

Ensemble term is the same as 4DEnVar;

Climatological term equivalent to 3DVar:
uu’ =B, (25)

where B is the same at each timestep.

No flow-dependence in B at the end of the window, unlike 4DVar (MBMT)!

Cost function:

1 1
J(v,v*) = EVTV + E(v"‘s)Tv"‘s + Jo. (26)

Cost function gradient calculated by concatenating climatological [4Z] and

ensemble [24] parts.
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Diagram of 4DEnVar

@ Full nonlinear model propagation of ensemble only;

@ Climatological part of covariance is static through window.

Aaem=m el

Trajectories 6fberturbations from ensemble mean
Full model evolves mean of PDF
Localised trajectories define 4D PDF of possible increments
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Strengths and weaknesses (compared with hybrid 4DVar)

Strengths:
@ 4D P® should be more accurate than 4DVar MPbMT;

@ No need for expensive Linear and adjoint models;

@ Shares many of the same features as 4DVar e.g. minimization algorithm etc...
Weaknesses

@ 4DEnVar uses 3D representation of climatological B, but 4DVar uses 4D
L~ T
representation MBM ;

@ Localization function and Schur product do not commute - Severe localization
can significantly degrade time correlations of PP [Fairbairn et al., 2013]:

CoMP’M7 £ M(CoPP)MT. (27)
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Motivation for this research

@ The Met Office is thinking of moving from hybrid 4DVar to hybrid 4DEnVar;

@ Trial was run in 2012 to compare 44 member hybrid 4DVar against hybrid
4DEnVar (ratio 0.86. : 0.50.);

@ Hybrid 4DEnVar beat hybrid 3DVar, but Hybrid 4DEnVar performed worse
than hybrid 4DVar, particularly in the Southern hemisphere!

@ Single obs experiments can help to explain these results.

Percentage change in RMSE vs. observations
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Single observation experiments

@ Analysis increment for each DA method computed for single observations;

@ Pseudo observation generated from real analysis - large increments added to
obs to increase impact;

@ Two very different extreme weather types selected:

@ Strong midlatitude jet, where ||P®||2 ~ ||B||;
@ Hurricane Sandy, where ||P?||> >> ||B||..

@ This talk focuses on the jet stream case;

Why single obs experiments?
@ Provides test of background-error covariance to spread information;
@ Quick and easy to run (unlike trials, which can take months);

@ Results can help to direct future trials;
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The observation types

@ Single ob located at beginning of window — 4DVar and 4DEnVar should be
equivalent at tp;

N . 2 . . .
@ Localization function exp(%), where Z is the distance and L is length-scale.

@ Met Office currently use L = 1200km. When Z = 1200km,
Localization = 0.61, when Z = 2400km, Localization = 0.14.

Jet observation:
@ - Single Westerly wind (u) observation with increment +10m/s;
@ - Observation located at level 29 (~500hPa), at coordinates 41N,41W.
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Jet: B¢ =1.0, 3. =0.0

4DEnVar (top) and 4DVar (bottom) wind increments at beginning (left), middle
(middle) and end (right) of the assimilation window:

Wind plots (C\'\moto\o%}%%\‘/\oco\izoﬁon:1200)
iddle
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Jet: B =0.0, 8. =1.0, L =500km

Wind plots (Pure ensemble/localization=900)
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Jet: Bc = 0.0, B. = 1.0, L = 1200km

Wind plots (Pure ensemble/localization=1200)
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Jet: Bc =05, B. = 0.5, L = 1200km

Beginning Wind plots (Hybr\déducuhzutmn: 1200)
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“4D" errors

@ The “4D" errors are introduced as a result of the "time” dimension in the
assimilation window:

Mo_5(x2(to) + 6x?(t0)) — Mo_ss(x°(to)) — 6x*(t5) (28)

@ For 4DVar, this measures the errors in the TL hypothesis
(6x2(ts) = Mo—50x%(t0));
@ For 4DEnVar, the “4D” error includes two sources:

© Errors from 3D approximation of climatological B throughout assimilation
window;

@ Errors from the localization not moving with the flow (degrading the time
correlations of P?);

@ Following plots show absolute errors.
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Jet “4D" errors - ¢ = 0.0, 8. = 1.0, L = 1200km
4DEnVar (top) and 4DVar (bottom) showing Mo_5(x®(to) + 6x*(to)) — Mo_5(x"(t0))
(left), 6x7(ts) (middle) and “4D" error (right):

Wind plots (Pure ensemble/localization=1200)
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Jet “4D" errors - B¢ = 0.5, 8. = 0.5, L = 1200km

Wind
(a) M(x(to)+dx(to)) — M(x(to)

plots (Hybrid/localization=1200)
(b) dx(ts) (c) = (a) = (b)
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Relative errors

@ The relative errors are proportional to the size of the increment:

RE — M0_>5(Xb(t0) + 5Xa(to)) — Mo_)5(xb(to)) — 5Xa(t5)
o Mo—s5(x?(to) + 0x°(to)) — Mo—5(x>(to))

@ Global averaged relative errors calculated as RMS of gridpoints;
@ With a pure ensemble, 4DVar R.E. = 0.54, 4DEnVar R.E. = 0.51;
o With a 50:50 hybrid, 4DVar R.E. = 0.66, 4DEnVar R.E. = 0.78.

(29)
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Conclusion

Single observation experiments used to compare 4DVar with 4DEnVar;
Jet stream used as example;
Methods differ only in their “4D" assimilation of observations;

With a pure ensemble covariance, 4DVar and 4DEnVar have similar errors;
With a hybrid covariance, 4DVar performs much better than 4DEnVar;

Superior performance of hybrid 4DVar based on 4D representation of
climatological B;

°
°
°
@ Calculation of “4D" errors used to compare the methods;
°
°
°

e 4D B important for jet because ||P?||, ~ ||B||» and fast flow.

@ Jet stream case fairly typical and effects a large area — it could explain the
trials, but more evidence is needed!
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Limitations

@ Only 2 case studies selected,;

@ Results do not show the effect of multiple observations, which would cause
further sampling error issues for the ensemble covariance;

@ Trials are needed to gain statistically significant results.
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Future work

@ Run trial of pure ensemble 4DVar vs pure ensemble 4DEnVar. If the results
are similar, then this would suggest that the 3D climatological covariance is
the main problem for 4DEnVar;

@ Investigate ways to reduce the dependence of these methods on the
climatological B. Some possible ways:

@ Increase ensemble size (44 members is not enough!);
@ Ensemble of 4DEnVars [Fairbairn et al., 2013];
© Improve flow-dependent representation of model error in ensemble (e.g.

stochastic physics);
© Waveband localization (More severe localization of high frequency waves than
low frequency waves).
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Sandy observation

@ - Single Southerly wind (v) observation with increment +10m/s;

@ - Observation located at level 1 (surface), at coordinates 18N,79W.
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Sandy: B¢ =1.0, 8. = 0.0
4DEnVar (top) and 4DVar (bottom) wind increments at beginning, middle and end of
the assimilation window:

Wind plots (CHmuta\u%cu\/\ucu\\'zuﬁun: 1200)
iddle
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Sandy: B¢ = 0.0, 8. = 1.0, L = 500km

Beginning

Wind plots (Pure ensemble/localization=500)
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Sandy: B¢ = 0.0, . = 1.0, L = 1200km

Beginning

Wind plots (Pure ensemble/localization=1200)
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0.5, Be = 0.5, L = 1200km

Beginning

Wind plots (Hybr\'dé\ucu\\'zuﬁun: 1200)
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Wind
(to)) — M(x(t

o,

plots (Pure ensemble/localization=1200)
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Sandy “4D" errors - ¢ = 0.0, B = 1.0, L = 1200km
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Sandy “4D" errors - ¢ = 0.5, B = 0.5, L = 1200km
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Sandy “4D" errors - ¢ = 0.5, B = 0.5, L = 1200km

Wind
(a) M(x(to)+dx(to)) — M(x(to)

plots (Hybrid/localization=1200)
(b) dx(ts) () = (a) = (b)

700 60W BOW  70W  60W 70W

0246 8101214161820 0246 8101214161820 0123456782910
COTo0R RO S78 To Too &7

(a) M(x(to)+dx(to)) — M(x(to)

(b) dx(ts) (c)

90W  BOW  7OW  6OW

90W  BOW  7OW  6OW 90W  BOW  7OW  6OW

0246 8101214161820 0246 B101214161820 D 123456782910

et Office) 26th June 2013

42 / 44



Relative errors

The relative errors are proportional to the size of the increment:

_ Mos5(x°(to) + 0%(t0)) — Mo-,5(x°(to)) — 0%°(ts)
Mo—5(x"(to) + dx3(to))

R.E. (30)
Global averaged relative errors calculated as RMS of gridpoints;

With a pure ensemble, 4DVar R.E. = 0.57, 4DEnVar R.E. = 0.69;

With a 50:50 hybrid, 4DVar R.E. = 0.66, 4DEnVar R.E. = 0.75;

Hurricane Sandy case important but much more localized/more rare than jet
stream case.
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