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ABSTRACT

Potential vorticity anomalies in the stratosphere have a direct effect on the circulation in the tro-

posphere through geostrophic and hydrostatic equilibrium. The potential vorticity viewpoint

clarifies the interpretation of typical model experiments of stratosphere–troposphere interac-

tion. The importance of planetary rotation to the strength of the interaction is singled out by

performing inversion experiments on an idealized stratospheric vortex in gradient wind bal-

ance at varying planetary rotation rates. It is argued that the full balanced structure of the

atmosphere has to be taken into account when considering coupling between the stratosphere

and the troposphere.



1. The direct stratosphere–troposphere interaction

In a rotating stratified atmosphere, circulation changes are always associated with potential

vorticity anomalies. Kleinschmidt (1954) calls these anomalies cyclonic “bodies” and he ar-

gues how these cyclonic bodies induce circulation changes, a property which has become

known as invertibility in the later literature (Hoskins et al., 1985). Potential vorticity is ma-

terially conserved in an adiabatic atmosphere while in the presence of diabatic effects a flux

form conservation law for potential vorticity can be formulated (Haynes and McIntyre, 1987).

Because such a conservation law exists we can usefully put the locus of any circulation change

at the inducing potential vorticity anomaly —its cyclonic body. This paper is concerned with

tropospheric circulation changes for which the locus is in the stratosphere. I call this the direct

stratosphere–troposphere interaction. Ambaum and Hoskins (2002, hereafter AH2002) found

this direct effect to be substantial, explaining the main part of the amplitude of the observed

stratosphere–troposphere interaction. Model results by Hartley et al.(1998) and Black (2002)

similarly indicated a strong influence of stratospheric potential vorticity anomalies.

The potential vorticity viewpoint apparently contrasts with the more informal view that a light

stratosphere does not have enough kinetic energy content to modify a heavy troposphere be-

neath; the pressure changes induced by shifting stratospheric circulations are modest when

they are supposed to accelerate and decelerate a much heavier troposphere. The contrast be-

comes particularly salient if one considers the anelastic form of the quasi-geostrophic potential

vorticity where background density is an explicit variable and the usual mid-latitude scalings

are used. In this form the quasi-geostrophic potential vorticityq is:

q = βy +∇2ψ +
f 2

ρ0

∂

∂z

(
ρ0

N2

∂ψ

∂z

)

= βy +∇2ψ − f 2

HN2

∂ψ

∂z
+
f 2

N2

∂2ψ

∂z2
,

with the usual notation for all symbols and withρ0 the background density profile which

is assumed to decay exponentially with density scale heightH. This density scale height

does not vary much over the troposphere and stratosphere (perhaps 6–8km at mid to high
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latitudes). In the second form of the equation it becomes clear that density does not feature

explicitly in the potential vorticity: a potential vorticity anomaly induces the same circulation

anomalies irrespective of whether the anomaly is located in the light stratosphere or the heavy

troposphere; there is vertical symmetry.

In this argument it is assumed that the stratosphere can support equally big potential vorticity

anomalies as the troposphere. The relative vorticity anomaly and the stratification anomaly in

the equations above are usually of similar magnitude; their ratio is called the Burger number

and for most geometrically unconstrained flows the Burger number is close to one. As the

stratosphere has plenty of circulation, it can certainly support large potential vorticity anoma-

lies.2

The lower boundary brings in a vertical asymmetry in the argument outlined above. However,

far enough from the boundary the symmetry is only slightly broken. The symmetry only

refers to where the potential vorticity anomaly is introduced in the atmosphere. Because of

the stratification there is an asymmetry in the upward and downward influence of any potential

vorticity anomaly wherever it is placed. A more complete discussion can be found in AH2002

and Scott and Dritschel (2005a; 2005b) and we will refer to this difference in Section 3 below.

The potential vorticity viewpoint as advocated in AH2002 appears to depend heavily on the as-

sumed geostrophic balance. Would in the absence of geostrophic balance the “light-stratosphere”

argument become more applicable? In this paper we will relax the assumption of geostrophic

balance by spinning down the planet and then see how the direct stratosphere–troposphere is

affected. The theory and experimental set-up are described in the next Section. The results are

discussed in Section 3, followed by a discussion and conclusion.

2The fact that Ertel potential vorticity is large in the stratosphere is not relevant here. The quasigeostrophic

potential vorticityq is not trivially related to Ertel potential vorticityP ; this is discussed in some detail in Charney

and Stern (1962) and Hoskins et al. (1985). In fact,q is more similar toδP/P , which means that the fractional

anomaly of Ertel potential vorticity rather than its absolute value is the dynamically active variable.
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2. A vortex in gradient wind balance

If we approximate the stratospheric vortex as cylindrically symmetric and steady it is in gradi-

ent wind balance irrespective of the rotation rate of the atmosphere. Thus we can explore how

the two viewpoints are connected by changing the rotation rate of the atmosphere. For simplic-

ity we will consider a three layer atmosphere. The lowest layer is a notional troposphere, and

the middle layer is a notional stratosphere, perhaps the lower to middle stratosphere. We then

prescribe a particular vorticity distribution in the stratosphere and ask what the direct effect to

the troposphere is. For low Rossby numbers we expect to reproduce the AH2002 results. We

will further assume that the vortex lives on a polarf -plane. Layers are numbered starting from

1 for the troposphere —see schematic in Fig. 1.

In anN -layer system, hydrostatic balance in each layer relates the geopotential anomalyφi in

layeri to the interface height perturbationshi between layersi andi+1. This relationship can

be succinctly written as:

φi = (1− ni) ghi + ni φi+1, (1)

with ni = ρi+1/ρi, andnN = 0. All fields are assumed to be radially symmetric with radial

coordinater. The azimuthal velocityVi is then in gradient wind balance with the geopotential:

∂φi

∂r
=
V 2

i

r
+ fVi (2)

Each layer has a radially symmetric shallow water potential vorticity fieldPi:

Pi =
f + ξi

Di + hi − hi−1

, (3)

with h0 = 0 and the relative vorticity fieldξi defined as:

ξi =
Vi

r
+
∂Vi

∂r
. (4)

Note that the radial coordinater increases in the opposite direction of the normal direction in

a natural coordinate system.

Next we prescribe a vortex in layer 2 of our 3-layer system by prescribing the velocity/vorticity

field in layer 2. The implied changes in geopotential and potential vorticity fields follow from
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the imposed balance conditions which will be dependent on the planetary vorticityf . By

imposing a vorticity distribution in layer 2 the potential vorticity in layers 1 and 3 does not

change, so we have:
f

Dj

=
f + ξj

Dj + hj − hj−1

, (5)

for bothj = 1 andj = 3. We can now use Eq. 1 to rewrite the interface height differences as

differences in geopotential to find:

ξ1 =
f (φ1 − n1 φ2)

(1− n1) gD1

, and ξ3 =
f (φ3 − φ2)

(1− n2) gD3

. (6)

Taking the radial derivative of these equations and substituting Eq. 2 and Eq. 4 leads to the

final result:
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V 2
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, (7)

and:
∂

∂r

(
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r
+
∂V3

∂r

)
=

f

(1− n2) gD3

(
V 2

3

r
+ fV3 −

(
V 2

2

r
+ fV2

))
. (8)

These are both nonlinear second order equations forV1 andV3 respectively with a source term

given as a function ofV2. The boundary conditions arelimr→∞ Vj = 0 and limr→0 Vj =

0. After finding the velocity field in each layer, Eq. 2 can be integrated to reconstruct the

geopotential in each layer setting the integration constant bylimr→∞ φi = 0. Equation 1 can

then be used to reconstruct the interface heights. The geopotential anomaly can be related to a

pressure anomaly by scaling withρi.

The prescribed velocity profile forV2 can be seen in Fig. 2. It is constructed such that the

coresponding vorticity profileξ2 is proportional tosin(x)/x with x = 2πr/a for r < a and

the vorticity vanishes forr > a. The total vorticity in this profile vanishes so that there are no

winds for r > a. The magnitude of the wind profile is chosen such that the maximum wind

is 40ms−1. The external radiusa is chosen to be 6000km. This profile and its parameters are

representative of the stratospheric winter vortex variability and the vorticity profile resembles

Fig. 2 of AH2002.
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The layer thicknessD1, the thickness of the notional troposphere, is set at 8 km and the strat-

ification parametern1, the density ratio between the notional stratosphere and troposphere, is

set at 0.25. The gravitational accelerationg is set at its usual value. We can now solve Eq. 7

for any value of planetary vorticityf . All calculations have been repeated for a cyclonic vortex

and an anticyclonic vortex. It is interesting to note that the calculations for the tropospheric

winds, layer 1 in our model, is independent of the fact that there is a third layer overlying the

stratosphere. In fact, we can equally think of our model atmosphere to be only composed of

layers 1 and 2. The equation for the third layer velocity is the same as that of the first layer

velocity apart from the stratification factor in front of the source term. This is the discrete layer

version of the different penetration depth above and below the potential vorticity anomaly as

discussed in detail in Scott and Dritschel (2005b).

3. Results

Equation 7 was solved using a relaxation scheme. The results are summarized in Fig. 3.

Figure 3a shows the ratio of the pressure changes at the pole between the troposphere and the

stratosphere. The cusp in the anticyclonic curve is due to the transition from a geostrophi-

cally dominated regime at largerf to a cyclostrophically dominated regime at lowerf . In the

cyclostrophic regime all vortices are associated with a low central pressure. In the transition

towards the geostrophic regime the polar pressure drop in the stratosphere exactly vanishes.

For large planetary rotation the pressure change in the stratosphere is completely communi-

cated to the troposphere. As can be seen in Fig. 3e the interface height perturbations at these

rotation rates vanish so the change in atmospheric column weight in the troposphere at the pole

is completely determined by the pressure change in the stratosphere.

Figure 3b shows the actual absolute value of the polar pressure change in the troposphere. At

high rotation rates the pressure change is proportional to the planetary rotation, as is expected

from geostrophic equilibrium: the pressure force balances the Coriolis force in the prescribed

vortex in the stratosphere, and for high rotation rates this pressure gradient is exactly repro-
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duced in the troposphere. For current planetary rotation rate (relative planet rotation of 1) the

polar pressure change is about 10hPa, which is similar to the AH2002 result.

Figure 3c shows the ratio of the Rossby number between the troposphere and the stratosphere

and Fig. 3d shows that actual Rossby number in the troposphere. The Rossby number is here

defined as the maximum magnitude of the relative vorticity divided by the planetary vortic-

ity f . For high rotation rates, the ratio of the Rossby numbers approachesn1: because for

these rotation rates the pressure change is the same in stratosphere and troposphere, the geopo-

tential ratio, which is the same as the vorticity ratio, scales with the density ratio between

stratosphere and troposphere. The actual tropospheric Rossby number has a maximum around

current planet rotation rates. For very high rotation rates the pressure change in the troposphere

is capped by the pressure change in the stratosphere so the Rossby number in the troposphere

will scale with 1/f . The behaviour for smaller rotation rates is quite complex with smaller

Rossby number for smaller rotation rates because the tropospheric vortex becomes weaker but

increasing Rossby number for the very smallest rotation rates because of the inverse propor-

tionality with f .

Figure 3e shows the change in interface height between layers 1 and 2, the notional tropopause,

at the pole. The values for current planetary rotation rate are remarkably realistic at about 300m

and are the same as the AH2002 result. For very high rotation rates the interface becomes

less and less flexible, as in Eq. 6. For low rotation rates the cyclostrophic balance for both

the cyclonic and anticyclonic vortices prescribe a fixed geopotential structure, independent of

f , with a raised tropopause over the pole. However, due to the smallness off this raised

tropopause only induces a small relative vorticity, proportional tof , through stretching of the

troposphere.

Figure 3f shows the stratospheric Burger number as defined by the vorticity change, scaled by

f , divided by the depth change, scaled byD2, here set to 8km. This number measures the ratio

of the vorticity contribution over the stratification contribution to the potential vorticity in the

stratosphere. At current planetary rotation the Burger number is close to 1 which is realistic in
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the atmosphere and which was also assumed in the scaling arguments of AH2002. At higher

rotation rates the potential vorticity field is most easily realized by a slight stretching of the

column, corresponding to low Burger numbers, while the opposite is true for low rotation rates.

Figure 4 shows the profiles of the stratospheric and tropospheric relative vorticity for a cyclonic

vortex at current planetary rotation. The tropospheric relative vorticity is proportional to the

tropopause height and it compares well with Fig 3c of AH2002. Note that the tropospheric

vorticity profile is broader than that of the inducing stratospheric vorticity with exponential

tails beyondr > a.

4. Discussion and conclusions

A semi-analytical model for a vortex in gradient wind balance has been used to explore the

direct interaction between the stratosphere and troposphere for varying planetary rotation. The

aim was to clarify the apparent contradiction, as explained in the first section, between the the

“light stratosphere” argument and the potential vorticity inversion argument.

The strength of the coupling between the stratospheric and tropospheric layers in our model

depends in a fairly complex way on the planetary rotation rate. Furthermore, this coupling

dependency is very different for different measures of coupling.

Perhaps the most simple and straightforward measure is the pressure change at the pole in the

troposphere (Fig. 3b). This measure would be the one that is typically measured by pattern

indices such as the North Atlantic Oscillation or Annular modes. This measure turns out to

be highly dependent on the planetary rotation with a response largely much proportional to

f in all regimes. Typically used covariance measures between stratospheric and tropospheric

pressure patterns are similar to the measure in Fig. 3a with a nearly perfect coupling at high

rotation rates and weak coupling at low rotation rates.

However, other measures such as given by the Rossby number give a different point of view.

For the specific prescribed vortex structure the tropospheric Rossby number is strongest at cur-
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rent planetary rotation rates, probably because there the Burger number of the chosen vortex is

close to one. However, compared to other measures, the tropospheric Rossby number remains

relatively constant for the rotation rates examined.

These experiments point to weakness in the “light stratosphere” argument. It is clear that

rotation and geostrophic balance is dominant at current rotation rates in determining the di-

rect stratospere–troposphere coupling. But even at low rotation rates, outside the geostrophic

regime, the resulting cyclostrophic balance determines the coupling between the stratosphere

and troposphere. Perhaps counterintuitively, in this regime the coupling also depends strongly

onf with a somewhat crude scale analysis showing that the vorticity perturbation in the tropo-

sphere is proportional tof while the tropospheric pressure perturbation is proportional tof 2.

This means that for vanishing planetary rotation there is no coupling at all. In a steady state the

gradient wind balance condition always plays a role and we cannot refer to the stratospheric

influence on the troposphere without referring to the full balanced structure of the vortex.

Acknowledgments:The author received support of the AGU to present this work at the Chap-

man conference on Jets and Annular Modes.
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Figure captions

FIG. 1. Schematic of 3-layer atmosphere.

FIG. 2. Prescribed stratospheric velocity profile (solid) and corresponding relative vorticity

profile (dashed). Both profiles are normalized with respect to their maximum values and the

radial coordinate is rescaled with the external radiusa.

FIG. 3. Balanced flow parameters as a function of planetary vorticityf scaled with the

Earth’s polar planetary vorticity of1.4× 10−4s−1. See text for further details and discussion.

FIG. 4. Tropospheric (solid) and stratospheric (dashed) relative vorticity profile correspond-

ing to current planetary rotation. Both profiles are normalized with respect to their maximum

values and the radial coordinate is rescaled with the external radiusa.
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FIG. 1. Schematic of 3-layer atmosphere.
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FIG. 2. Prescribed stratospheric velocity profile (solid) and corresponding relative vorticity

profile (dashed). Both profiles are normalized with respect to their maximum values and the

radial coordinate is rescaled with the external radiusa.
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FIG. 3. Balanced flow parameters as a function of planetary vorticityf scaled with the Earth’s

polar planetary vorticity of1.4× 10−4s−1. See text for further details and discussion.
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FIG. 4. Tropospheric (solid) and stratospheric (dashed) relative vorticity profile correspond-

ing to current planetary rotation. Both profiles are normalized with respect to their maximum

values and the radial coordinate is rescaled with the external radiusa.
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