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Abstract In radiative transfer schemes for urban areas it is commappooximate
urban geometry by infinitely long streets of constant widthpther very idealized
forms. It is argued in this paper that for solar and therméhared radiative trans-
fer applications, horizontal urban geometry is describ@duely by the probability
distribution of wall-to-wall separation distances. Ars$yof building layout from
contrasting neighbourhoods in London and Los Angeles ts\his function to be
well fitted by an exponential distribution. Compared to thiénite-street model, this
exponential model of urban geometry is found to lead to afsoggimtly more accurate
description of the rates of exchange of direct and diffusiatéon between the sky,
the walls and the street of an urban canopy.

1 Introduction

With the increasing urbanization of the world’s populat{@imited Nations, 2015)
and the ever higher resolution of weather and climate mode¢se is a need to
improve the fidelity with which urban areas are represemezlich models. This is
a pre-requisite for better prediction of the urban heanslaffect and its impact on
both city inhabitants at street level and the atmospherendo@am (e.g. Grimmond
et al., 2010). The complexity and variety of urban structwi¢h streets of different
widths, intersections, parking areas and parks, preseatsmienge for modelling
both the exchange of solar and thermal-infrared radiatiad,the turbulent transport
of heat, momentum and pollutants. Inevitably the geometngtnbe simplified in
order that processes can be represented efficiently, ancbthplexity needs to be
commensurate with the small number of parameters that pieatly available to
describe variations in urban geometry within regional alotbgl models.
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In the case of urban radiation schemes, a common simplditétito consider an
infinitely long street of fixed width with random azimuthalemtation relative to the
sun (e.g. Masson, 2000; Harman et al., 2004, Li et al., 20@éhe horizontal plane,
the geometry of thigfinite-street modetan be described by just two parameters: the
fraction of built-up area occupied by buildingss, and the street widthy. These are
accompanied by the building heiglti, which is typically assumed constant. From
these parameters, severatiative exchange factor&alled shape factordy Har-
man et al., 2004) can be computed such as the fraction oftditec unscattered)
solar radiation that penetrates down to street level, aadrtzttion of diffuse radi-
ation emitted or scattered by the walls that then intercaptgher wall. Somewhat
more sophisticated descriptions of horizontal urban gepnfeve been proposed,
such as a regular array of square-based blocks with inteasat regular intervals
(Kondo et al., 2005), but in the intercomparison of urban el®@tdy Grimmond et al.
(2010), only 6 of the 33 models described horizontal urbaomuery by something
more sophisticated than an infinite street canyon. A numberoalels now incorpo-
rate radiative interaction with buildings of different gkt (e.g. Martilli et al., 2002;
Schubert et al., 2012) and street trees (Krayenhoff et @L42Redon et al., 2017),
but they are still typically underpinned by the infiniteestt assumption. Clearly there
is a need to test and if necessary improve this assumption.

In this paper an alternativexponential moddbr characterizing horizontal urban
geometry is proposed and evaluated. It uses the same nuihparameters as the
infinite-street model, yet has the potential to describentiveh more complex ge-
ometry of real cities. Section 2 demonstrates that for thrpgaes of radiation, hor-
izontal building layout may be described uniquely by thebataility distribution of
wall-to-wall separation distances, and it is shown how Hukative exchange factors
may be derived from this function. Section 3 describes hairifinite-street model
may be posed in terms of this probability distribution, andferms that the resulting
formulas for the radiative exchange factors match thoséeénliterature. Section 4
introduces the exponential model, and derives altern&iraulas for these factors.
Then in Sect. 5, probability distributions are derived froeal building distributions
in residential and commercial parts of London and Los Argelad used to evaluate
the accuracy of the infinite-street and exponential modeterims of how well they
predict the ‘true’ radiative exchange factors. It is impoittto stress that radiative
exchange factors provide a convenient way of evaluating#fidity of the two as-
sumptions for radiative transfer, but do not themselvesasmt the important effects
of street trees, buildings of different heights or absaptyy air in the urban canopy.
In Sect. 6 we discuss how the exponential model could be jporated into more
sophisticated schemes that do capture these effects.

2 Urban geometry in terms of probability distributions

This section considers how best to describettbazontaldistribution of buildings,
so for simplicity we assume that all buildings are the samegfti¢H) with flat roofs
and vertical walls. Consider diffuse radiation emitted eftected from a thin verti-
cal strip of wall in a particular azimuthal direction. Sinealiation travels in straight
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(a) Wall-to-wall distances (b) Ground-to—wall distances (c) Relationship
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Fig. 1 Plan view of a small section of an urban canopy illustrating definitions of the probability dis-
tributions pww and pgw. (a) The red lines depict wall-to-wall distancesriginating from a small vertical
strip of wall (in blue); the probability distribution of from all such strips is denotegw(X). The thick-
ness of each line is proportional to the angle subtended dtitip in that particular direction. (b) The
green lines depict the ground-to-wall distanegfsom a small facet of the ground (depicted by the blue
square); the probability distribution &ffrom all such facets is denotg®w(x). (c) lllustration of the prop-
erty that a single wall-to-wall distancé (the red line) is associated with ground-to-wall distanciesthe
range 0< x < X (shown by the four green lines), leading to the relationdlgfween the two probability
distributions given by (1). In each panel the buildings draw in light grey and the ground in black.

lines, the probability of it being intercepted by anothetlwather than escaping to
the atmosphere above or striking the ground, is a functioth@fdistance between
the two walls and their height. To work out the fraction offd#fe radiation emit-
ted isotropically fromall the walls in the neighbourhood that intercept another wall,
we need to considepww(X), the probability distribution of wall-to-wall horizontal
separation distances, considering all possible azimuth angles. Thus, a pedestri
walking away from a randomly selected point on a wall in a mandlirection has a
probability puw(x)dx of encountering another wall after walking a distance betwe
x andx+ dx. This is illustrated in Fig. 1a, where the variable thiclses the red
lines highlights that the probability of light being emdté&om the strip in a partic-
ular azimuthal directiorp varies as the cosine of the angle betweeand the wall
normal.

For computing radiative exchanges between the groundr@etytand the walls,
we need insteafgw(X), the probability distribution of ground-to-wall horizaidis-
tances within the urban canopy at all possible azimuth andsiethis case, a pedes-
trian walking in a random direction from a randomly selegieiht at ground level
has a probabilitygw(x)dx of encountering a wall after walking a distance between
andx+ dx, as illustrated in Fig. 1b.

There is a unique relationship betweggy and pgw, since as shown in Fig. 1c,
any single wall-to-wall distancg can be split into many ground-to-wall distances
X, wherex is less than X Therefore, the probability densityyw(x) of a particular
ground-to-wall distance is proportional to the probability of wall-to-wall distaes
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X' beinggreater than xi.e.
Plul) = [ PrulX)
Pow() = P09/ [ Pl @

where the second equation above normalizes the ‘raw’ bligtdn py,, such that the
normalized distributiorpgy integrates to unity.

From these two probability distributions, and assuming@iuan, we may com-
pute radiative exchange factofs;,, which denote the fraction of radiation originat-
ing from source that illuminates destinatiof, where we assign the ground, wall
and ‘sky’ facets the subscripts w ands, respectively. We add an additional possible
source subscript ‘0’ denoting direct solar radiation frdme sky facet, whereas all
other sources are diffuse. Some authors (e.g. Masson, 2060al., 2016) refer to
Fij assky view factorsbut we avoid this term as it is more commonly used in the
literature to refer to the sky fraction viewed by an obsemtea specific point on a
facet (e.g. Johnson and Watson, 1984), rather than ineejoaer all points on a facet
as signified byFj. All the equations for thé;; exchange factors that follow involve
integration over one of the two probability distributionsoae, and may be applied
either analytically to parametric models for the probaiiiistributions (as in Sects.
3 and 4), or numerically to probability distributions dexilfrom real building layouts
(as in Sect. 5).

Consider first direct solar radiation, which travels honiadly a distance be-
tween the top and bottom of the urban canopy given by

Xo = Htan6y, (2)

whereg, is the solar zenith angle. This means that direct radiativ@rang the top of

the canopy at a particular point will only penetrate to grlevel if the nearest wall
in the azimuthal direction of the radiation is at least aatisexy away. Therefore, the
fractionFoq of direct radiation just below canopy top that penetratesrdtm ground

level without being intercepted by a wall is

Fog= | Pow()c ©

Any direct radiation just below canopy top that does not hethe ground must be
intercepted by a wall, sBoy = 1 — Fog.

The fraction of diffuse radiation emitted (or scatterednfrground level that is
intercepted by a wall is

Fow= /O " Paw(X) fau(H /X)dx, 4)

where fgw(H /X) is the fraction of diffuse radiation emitted from a small izontal
area at ground level into the quadrant towards a wall of heigh distancex away,
which is intercepted by the wall. To derive an expressionffar consider the beam
of radiation emitted from poinA in Fig. 2a that intercepts the wall at poiBt If
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(a) Ground-to-wall geometry (b) Wall-to-wall geometry

Fig. 2 Schematic of thin slices through an urban area illustratieggeometry used in Sect. 2 to compute
the fraction of diffuse radiation emitted or scattered fr@nthe ground and (b) a wall, which subsequently
intercepts a wall. If the wall @ has an azimuthal orientation such that the light beam stitle an oblique
azimuthal angle, then note that elemental lengtisdhe horizontal width of the beam, not the horizontal
length of the wall aB that is illuminated by the beam (which could be larger).

the emission is isotropic then the radiative power (in Waltisthis infinitesimally
narrow beam is proportional to the solid angledb, multiplied by co¥ to account
for the dependence df of the angle subtended by the small horizontal area tat
an observer aB. From geometry we haveAd= sin6dy/x, so the radiative power is
proportional to sir cos6 dBdy/x. The fraction of radiative power emitted into the
quadrant &< 6 < 11/2 that intercepts the wall is therefore given by

o ?sin@ cosd do
T72sin6cosfde’

fqw(H /%) = (®)

where the g/x term is not a function 0 so cancels between numerator and denom-
inator. The critical zenith angle beyond which the beantstarintersect the building
is B; = tan1(H /x), so (5) simplifies to

1

fow(H/X) = T e

(6)

The fraction of diffuse radiation emanating from the grotinat escapes to the
sky is simply the fraction not intercepted by the walls, sooas writeFgs = 1 — Fgy,
or equivalently

Fos = /0 Paw(X) fas(H /X)dlx, 7
where
B 1
14+ (H/x)%
Moreover, the symmetry of the problem with respect to thesigthe ground means

that for diffuse radiation emanating from the sky we can &vfdy = Fys andFsy, =

fgs(H/X) = 1— fqw (8)
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The fraction of diffuse radiation emitted (or scatterea)nfra wall that then en-
counters another wall is a function of the wall-to-wall pabiity distribution:

Fu= | Pl fna(H ) ©
40

where fuw(H/X) is the fraction of diffuse radiation emitted from a small thicbf
wall (but all heights up the wall) that intercepts anothel wadistancex given that
the buildings are of heightl. This calculation is more involved as we need to inte-
grate over all emission heights. We def@qg(z/x) as the fraction of diffuse radiation
emitted into the downward quadrant from a small area of wdiledgghtz that inter-
cepts the other wall at distanggerather than the ground. Consider the infinitesimally
narrow beam of radiation emitted from poifain Fig. 2b that arrives at poif. The
radiative power in the beam is again proportional to@da d8, wheref is now the
angle relative a horizontal line emanating from the wallhe direction ofB (not
necessarily the normal to the wall since the wall elements ahd B need not be
azimuthally parallel to each other). This tim# e cos6 dy/x, so the radiative power
is proportional to cas9 d@ dy/x, leading to

6 _1/2

co£0dd 2 z 2 X

Oww(z/X) = 22— == |[tan 1=+ <2+—+—) . (10)
" T2cog0de T X @2

where the critical angle i§; = tan*(z/x). Integratinggww over all heights up the
wall yields

1 /H 2 _4H
f""‘”*ﬁ/o gWWd277—Ttan X (12)

Note that here we have considered only radiation emittedtie downward quadrant
(0 < 8 < /2 in Fig. 2b), but the symmetry of the problem means that thetion
of diffuse radiation emitted from a wall into the equivalemward quadrant that
intercepts another wall is the same, so (11) is valid forataol emitted into either
quadrant.

In assessing different models for urban geometry, we sisallthe equations in
this section to evaluate how well the models predict the amgke factor$og, Fgs and
Fww. The other exchange factors are unigue functions of these;tlve have already
seen thafoy = 1 — Fog, Fgw = 1 — Fgs, Fsg = Fgs and gy = Fgw. Furthermore, the
diffuse radiation emanating from a wall that does not hitthapwall must be evenly
divided between the sky and the groundFag = Fws = (1 — Faw)/2.

3 The infinite street canyon model

To demonstrate how the general approach in terms of pratyadistributions may be
applied to a specific geometry, we consider the case of iafjnlibong street canyons
of width W, a common assumption as discussed in Sect. 1. The wallltals&@nce
in the horizontal plane is then given by

x =W/ cosp, (12)
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whereg is the azimuthal direction from the wall normal such tipat O is the direc-
tion of shortest distance across the street,@rdr/2 is directed along the street. If
the fraction of the urban area occupied by buildingdjshen the distance between
adjacent streets in directiapnis S=W/ [(1— Ap) cosg|. The probability of wall-to-
wall separation distances lying in the range x4 dx is then equal to the probability
of azimuthal angles lying in the rangeto ¢+ dg, i.e.

Pww(X)dX = p(¢)de. (13)

Each azimuthal street orientation is equally likely, imptythatp(¢) should be con-
stant, but from the definition @we see that the distance between streets in direction
@ is proportional to ¥ cosgp, which means that the probability density of streets in
direction @ is actually p(¢) = cosg. Differentiating (12) and substituting into (13)
yields pww = cos @/ (Wsing). Using (12) to express this in terms\&f andx, and
recognizing that this expression is only valid for distasleeger than the street width,
yields

W 0: X<W, 14
Pw(X, W) = %(XZ—W2)71/22X>W. (14)

The probability distribution of ground-to-wall distancssfound by applying (1) to
(14), to obtain

Pgw(X,W) = % (1 1- %W) ) (15)

The radiative exchange factors may now be derived. Apply8jgto (15) we
obtain

C2[Y=x . 4W
Fogn{ W Htan Y], (16)

whereY = max(x3 —W?,0)%/2, This is mathematically equivalent to Eq. 13 of Mas-
son (2000). Similarly we apply (7) and (8) to (15), and (9) &ntl) to (14), to obtain
(after considerable manipulation)

[H2 H
Fos=1/ s +1— 17
gs W2+ Wa ( )
[W2 W

which match the formulas of previous authors for this geoyn@parrow and Cess,
1970; Noilhan, 1981; Masson, 2000; Harman et al., 2004).
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4 The exponential model

In this section an alternative model for horizontal urbaorgetry is proposed in
which the two probability distributions are assumed todwallan exponential distri-
bution:

Puw(X) = Pgw(X) = exp(—x/X) /X, (19)
which satisfies the relationship between the two distramgigiven by (1). This distri-
bution was assumed for the separation of trees in the faadgdtive transfer scheme
of Hogan et al. (2018). The validity of the exponential mddelurban areas is evalu-
ated using real building layouts in the next section. As \higninfinite-street model,
only one parameter is used to characterize the distributighis case the ‘e-folding’
building separatioiX. SinceX is also the mean value of the exponential distribution,
it can be interpreted physically as the mean wall-to-watatice considering all di-
rections (i.e. the mean length of the red lines in Fig. 1aherrhean ground-to-wall
distance (i.e. the mean length of the green lines in Fig. Hibyvever, when fitting
an exponential distribution to the geometry of real citide® method described in
Sect. 5 should be used rather than simply setfirig the observed mean wall-to-wall
separation distance.

The radiative exchange factors may again be derived by aygplige integrals in
Sect. 2. The penetration of direct radiation to ground lelseb has an exponential
form:

Fog = exp(—xo/X), (20)
wherexg is given by (2). This is essentially the Beer-Lambert lavg ardicates that
the penetration of direct radiation through an urban scénaying the exponential
model is the same as the penetration of direct radiationutiira turbid medium with
an extinction coefficient that does not vary with height.

The radiative exchange factors for diffuse radiation haxegae complex form:

Fgs=1+¢ {cosZ (SiZ — g) —sinZCiZ} ; (21)
Faw= 1+ % [cosz (Siz - g) —sin{ Ciz] =1+ n% (Fgs—1),  (22)

where{ = H/X, Si(-) is the Sine Integral and Cj is the Cosine Integral. In an
operational model, these exchange factors could be impitadeefficiently as 1D
look-up tables or Padé approximants.

Figure 3 compares the radiative exchange factors betweénfthite-street model
and the exponential model, as a function of the ratio of taia@l areaA,, to total
ground aredyy. In the case of the infinite street, the ratio is

Aw/Ag=2H /W, (23)

since there are two walls for every street. For the expoabmtbdel, we apply energy
conservation principles: if each surface of the urban aed the same temperature
(including the sky) and has an emissivity of unity then thergg emitted from a
surface equals the energy received. For the walls this leads

AwB = 2AgFguB + AwFunB, (24)
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Fig. 3 Comparison of radiative exchange factors between the tefstreet model and the exponential
model. The wall/ground area ratidy,/Ag, is defined in terms of the parameters of the two models by (23)
and (25), and varies in the range 0.26-1.4 for the scenegzaabin Sect. 5. Panel b showsg, for the
three different solar zenith angles indicated in the legend

whereB is the power emitted per unit area (in W), the term on the left-hand-
side is the total power emitted from the walls, the first temtlee right is the power
received at the walls from the ground and sky (which is theejaand the second
term on the right is the power received from other walls. Cnimlg with (22) and
noting again thakgy = 1 — Fgs, we obtain

Aw/Ag=TH/X. (25)

Equations 23 and 25 enable the two models to be plotted orathe axes in Fig. 3.

These equations imply that the parame¥WrandX could be fitted to real cities from
measurements dhy/Ag, but in practice the wall ared,, is a somewhat ill-defined
guantity in that it depends on the resolution of the measargspand some buildings
have fine-scale details that are not important for radiatixehange. Therefore we
prefer the approach taken in the next section, whi¢mndX are fitted such that one
of the radiative exchange factors is predicted exactlythadalidity of the model is

assessed by how well the other factors are predicted.

5 Analysis of real cities

In this section the wall-to-wall and ground-to-wall proida distribution functions
are computed for real cities, from which the radiative exadefactors are calculated
numerically. This enables us to evaluate the different@gprations to urban geom-
etry described in Sects. 3 and 4. Building outlines and hsilgave been obtained for
London and Los Angeles, and Fig. 4 depicts four33km scenes in which the build-
ings have been rendered on grid with a resolutiodof 2 m. The scenes have been
chosen to be very contrasting: the streets in Central Loh@we an irregular layout
and a range of different widths, the Residential Londons@emsists of a patchwork
of rows of terraced housing, Downtown Los Angeles consift grid layout with
large buildings in each block, and the Residential Los Aegalcene consists of a
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grid layout but with many small detached houses in each blocthe case of Cen-
tral London, the location of the River Thames has been addeuliaily using Google
Maps imagery. The choice o3 km domains is a compromise between the need for
a scene to be large enough to sample streets of differemitatien and to minimize
sampling noise in the probability distributions, but smaibugh that the ‘character’
of the building layout is similar everywhere in a scene. Th&éadets do not contain
information about the location of trees, which are knownéarportant for urban
radiative transfer (Grimmond et al., 2010), but in Sect. 6digeuss how the find-
ings of this section could be incorporated into a more sdighi®d urban radiation
scheme that includes urban vegetation.

Before analyzing the building spacings, a question arisée how to treat large
open areas such as rivers and parks. Most global weatheriamates models treat
each gridbox of the surface by a number of tiles of differgpes, including open
water, grassland and forest, in addition to urban. Whenrgageas are small, such
as gardens and small parks, their associated radiativeuabdlént fluxes are sig-
nificantly affected by nearby buildings and they are bestté as part of the urban
tile. When they are large and most of their area is a long wniigtdrom the nearest
building, it is more appropriate to treat them as a sepailatd-However, there is no
consensus on the size of the green space at which the toarstitbuld take place. We
do not attempt to answer this question in this paper, buerakamine its effect on
the probability distributions.

Contiguous regions of the domain that are at least 0.5 hexfararea and at
least 20 m from the nearest building or river pixel have béeniified automatically.
Google Maps was then used to manually determine whether sadhregion is a
parking area or plaza, a park, or a built-up surface not ®atpd by pedestrians
(such as a railway or major highway). Parking areas and plam assigned to the
same category as streets, while the other two are treatedately as shown in Fig.
4. The rationale of keeping major highways separate is thaid the main purposes
of an urban model is to predict the conditions experiencegdyestrians at street
level, but the impact of this decision is investigated atehéd of this section. The first
three rows of Table 1 list some basic properties of the foenss.

Each gridded scene has been analyzed in four azimuthatidinscas illustrated
in Fig. 5. Considering first the North—South and East—Waesitions in panels a and
b, the scene is analyzed in 1D strips of widtk, and in each strip the transitions
from building-to-street and street-to-building are idfed. From these the contigu-
ous spans of the street category are identified, shown bythiénes. Note that in the
first analysis any spans that include rivers, parks, raisn@aymajor highways are ex-
cluded, but in the second analysis towards the end of thitsaanly those including
rivers are excluded. Thus we may build up the probabilityritistion of wall-to-wall
separation distancepww, at the resolution of the grid (in this case 2 m). A similar
analysis of the diagonal strips (Figs. 5¢c and 5d) producesbapility distribution
with a grid spacing/2 times larger. This is interpolated back on to the 2-m grid an
averaged with the firgh, estimate, using a weighting that accounts for the fact that
each diagonal strip is a factor gf2 times narrower. The probability distribution of
ground-to-wall separation distancgw, is computed by applying (1) numerically to
pww- A small fraction of the street pixels in the scene, partidylin the corners and
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Fig. 4 Building layouts for four contrasting neighbourhoods ofndon and Los Angeles. The axes in
the top two panels are indicated relative to a point 5IM%°E. The axes in the bottom two panels are
indicated relative to a point 3, 118.25W. Panel b shows the Palmers Green area of North London,
while Panel d shows the Panorama City area of Los Angeles.

at the borders of parks, are not sampled by this analysisyiroftine four directions
due to them not lying between two buildings in the directionasidered; these are
shown in dark grey in Fig. 4.

Care should be taken in applying the strip method of Fig. 5adspof some
North American cities if all the streets are preferentialigned along two of the
strip directions. One approach to mitigate potential tsaseuld be to rotate the
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Table 1 Numerical properties of the four scenes depicted in Figl4ban fraction’ is the fraction of
the domain occupied by streets, plazas, parking areasemmuat buildings, and ‘building fraction’ is the
fraction of this urban area that is occupied by buildingse $treet width\(V) of the infinite-street model
and the e-folding separatioX) of the exponential model have each been fitted to ensuréhese models
predict the ground-to-sky factoF{s) exactly. Therefore, the errors presented in the table aifefor the
predicted wall-to-wall factorRw).

Central  Residential Downtown Residential

Property London London Los Angeles  Los Angeles
Mean building heightd (m) 17.0 6.6 19.7 4.8
Urban fraction 0.88 0.83 0.94 0.97
Building fractionAp 0.47 0.20 0.43 0.25
Diffuse ground-to-sky factoFgs 0.60 0.84 0.66 0.88
Diffuse wall-to-wall factorRyy 0.39 0.16 0.37 0.15
Fitted street widttw (m) 32.0 38.8 46.4 36.0
Fitted e-folding separatiok (m) 38.2 52.8 56.9 50.1
Error in Ry from infinite-street model —36% —48% —45% —55%

Error in Ryw from exponential model  +10% +27% +3% +18%

a b c d
Fig. 5 lllustration of how the wall-to-wall probability distriltion, pww(X), is computed numerically from
a digitized building layout, in this case considering anx80-m subset of Fig. 4a at a resolution of 2 m.
The scene is analyzed in four directions: (a) North—SothEast—West, (¢) NE-SW and (d) NW-SE, and
pww(X) is constructed from the valid wall-to-wall distancegepicted by the red lines in each panel. The

dark grey triangles in panels ¢ and d are excluded from cergidn since they are too small to contain
the largerx values so could skew the distribution towards small

building polygon data by several different angles befoseitizing to a grid and
performing the strip analysis. There is some preferencéNfd-SE and NE-SW
street orientation in the Residential Los Angeles sceng. @), but we find below
that the results for this scene are very similar to those fiteenResidential London
scene (Fig. 4b), which has a much more random street orientat

The black lines in Figs. 6a—6h depict the probability dizttions derived from the
four scenes. From these the various radiative exchangerfédeave been calculated
numerically. The black lines in Fig. 6i—6k depke) as a function of cof, while the
diffuse factorsgs andFuw are shown in Table 1. Building height appears to be the
dominant factor controlling radiative exchange, with thwe downtown scenes hav-
ing much lower penetrations of direct and diffuse radiabetween sky and ground
than the two residential areas.

We nextinvestigate how well these distributions are fittgthie infinite-street and
exponential models. The question arises of how best to fitliagacteristic lengths
for the two modelsyv andX. We have chosen to select these lengths such that the
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Fig. 6 (a—d) In black, the wall-to-wall probability distributisnpuw, derived from the locations of the
‘street, plaza, parking area or garden’ category for the$eanes shown in Fig. 4. In red and blue, the fitted
infinite-street and exponential models. (e-h) The cormnegipg ground-to-wall probability distributions,
pgw- (i-) The corresponding direct penetration fractibgy as a function of the cosine of solar zenith
angle.

diffuse ground-to-sky exchange factéys, is predicted exactly. This is achieved by
numerically inverting (17) and (21) to obtain the value®\bndX from the observed
values ofFys andH; the values obtained by this method are shown in Table 1. The
associated analytical probability distributions for thetmodels (Eqgs. 14, 15 and 19)
are shown by the red and blue lines in Figs. 6a—6h. For allescemd for bothpyy
and pgw, the exponential distribution fits much better than the itdistreet model
for building separations between 0 and at least 200 m. Thaiteftreet is a partic-
ularly poor fit for paw(X), predictingpww = 0 for x < W, a delta function ak =W,
and an underestimation by around a factor of twa @200 m. For larger building
separations there is more variability between scenes,rgutahly the infinite-street
model fits a little better.

The red and blue lines in Figs. 6i—6l depict the predicteédisky-to-ground
exchange factofyyg, revealing that the exponential model provides a bettecimtat
the values calculated from the real building distributiémsall solar zenith angles.
This is because the probability distribution of buildingpaeations in the 0-200 m
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Fig. 7 Relationship between the diffuse wall-to-wall exchangetdaFR, and ground-to-sky exchange
factor Fys for the two analytic models (red and blue lines) and the f@@nss depicted in Fig. 4 (black
symbols). The green symbols depict the results from annatiee analysis of the four scenes in which
parks, railways and major highways are added to the ‘stoag¢¢gory.

range, where the exponential model performs best, is moperiant for radiative
exchange than larger building separations; indeed, of319% ofpyw and 1.6—
6.6% of pgw is contained in building separations greater than 200 m.

In the case of diffuse exchange factors, the two models Hevady been fitted to
ensure thakgys is predicted exactly, buF provides an independent point of evalua-
tion. The lowest two rows of Table 1 show that the infiniteestimodel under-predicts
Fww by on average 46%, whereas the exponential model tends tgposgictF,, but
by only 15% on average. This is analyzed in more detail in Figwhich depicts
the unique relationships betwekg andFy predicted by the two analytical models.
The black symbols show the corresponding values for therealiscenes. The poorer
performance of the infinite-street model is dud=g, being particularly sensitive to
pww(X) for smallx, where the two models are most different. Figure 3c also show
much lowerFR,,, for the infinite-street than the exponential model for vgathund
area ratios in the range found in these four scen@26(@ Ay /Ag < 1.4).

We now examine the impact of an alternative analysis of thedoenes, in which
parks, railways and major highways are included in the &treategory when deriv-
ing wall-to-wall and ground-to-wall probability distritions. The results are shown
in Fig. 8, revealing that the probability distributions gheomewhat higher tails for
the larger building separations, but the fitted exponemntiatiel still fits better for
separations of less than 200 m, and also for the direct egehfastor shown in Figs.
8i—8l. The green symbols in Fig. 7 show thg and Fu values for this alternative
analysis, and again it is clear that the exponential modebétter.

If an urban radiation scheme using the exponential modetwebe deployed
in a weather or climate model then naturally the e-foldinggth X would first need
to be estimated from the building layouts of a much larger leinof cities. The
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Fig. 8 As Fig. 6, but with parks, railways and major highways addedtteets before performing the

analysis.

strip method illustrated in Fig. 5 could of course be usedeiove pwy and pgw, but
the inversion of the rather complex formula (21) to find theugeof X that predicts

Fgs (and hencdy, = 1 — Fys) exactly could be regarded as cumbersome. A simpler

approach is to instead find the valueXothat predicts an approximate form&fy in
which fqw in (4) is replaced by an exponential of the foffgy, ~ e ¥/Z, whereZ is a
length scale to be defined. This leads to the following foarial estimating< from
an observed ground-to-wall probability distributipgy:

- 1
X~7Z (/ pgwex/zdx) -1
Jo

(26)

When used with a length scale df= 1.5H, the estimated values &f agree with
those in Table 1 to within 1%. Mean building heidthtcan be a somewhat ill-defined
guantity in real cities, but we have found that using a fixedjth scale oZ = 10 m
also leads to acceptable results, witlestimates then agreeing with those in Table 1

to within 1.2%.
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6 Discussion and conclusions

In this paper it has been demonstrated that treating urkeasars streets of infinite
length and constant width, as done in many weather and dimaidels, leads to
significant errors in modelling the mean rates of exchang®lafr and infrared radi-
ation between the sky, walls and ground. Analysis of the abdhy distributions of
wall-to-wall separation distances from real cities rege¢hat an exponential distribu-
tion is a good fit, and leads to a significantly better predictf radiative exchange
factors. Naturally, if this ‘exponential model’ of urbardiation were combined with
an existing treatment of turbulent fluxes to create a fulburbxchange scheme, care
would need to be taken to ensure a consistent assumptiohtaleareas of walls and
ground. The exponential model for urban geometry could ladsaseful for other ap-
plications sensitive to building layout, such as blockafymobile telephone signals
(Bai et al., 2014).

While the radiative exchange formulas presented in thi€pape a straightfor-
ward replacement for those in ‘simple’ existing urban réidiaschemes (such as
that described by Harman et al., 2004), an important quesibow to incorporate
the exponential model into more sophisticated schemes $etwibert et al., 2012;
Krayenhoff et al., 2014; Redon et al., 2017) that represegetation and buildings
of different height, yet are still underpinned by the infngitreet assumption. One
approach could be to explore a useful property of the expitalenodel, which is
that streams of radiation with a particular zenith anglennugban canopy are at-
tenuated according to the Beer-Lambert law, in the same wdiglat propagating
through a turbid atmosphere. Equation 20 demonstratefotitrect solar radiation,
but it is applicable to the entire radiation field if diffussdiation is represented by a
set of discrete zenith angles (e.g. Stamnes et al., 198&pjaroach that underpins
almost all 1D multi-layer atmospheric radiative transfelmemes. This suggests that
the infrastructure of such schemes could be adapted to H@yroblem, enabling
the prediction of the vertical profile of radiation within amban canopy contain-
ing buildings of different heights, as well as the treatmargttmospheric absorption,
emission and scattering. Note that it is ubiquitous forearurban radiation schemes
to treat the space between buildings as a vacuum, but thidubiaus assumption in
the thermal infrared.

Interms of vegetation, Hogan et al. (2018) used ideas frorathidspheric radia-
tion schemes to develop an accurate multi-layer model éattimg radiation in forest
canopies, embedded within which is the assumption that thizdntal separation
of obstacles (which could be trees or buildings) follows gpamential distribution.
This would therefore be an appropriate starting point fooaertomprehensive urban
radiation scheme that could accommodate street treessphmarc effects and mul-
tiple building heights. Naturally a crucial step is to ewatkiany new urban radiation
scheme using calculations on real urban geometry by ekgliziradiation models
(e.g. Krayenhoff and Voogt, 2007; Gastellu-Etchegorr&0.indberg et al., 2008).
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