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3 VARIA TIONAL DATA ASSIMILA TION

Variational data assimilation (Var.) for the atmosphereis the procedureof combining obsenations with
dynamical knowledge of atmospheric behaviour. The objective is to produce an atmospheric state that
is optimally consistert with all of the information. The costfunction J, below, is a measureof the mis t
between(i) a state vector, x (to be determined), and the prior knowledgein the form of the background,
*g , and (ii) the real obsenations, ¥, and the obsenations predicted by x through the forward model,
H . The cost function is [1],
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which is minimized at ¥ = x,. This state is called the analysis. In Eq. 1, primed quartities are
perturbation quarties, e.g. x°= x  %q, where X, is a linearization state (often, but not always taken
to be the background state), and H is the forward operator that predicts the obsenations from the
model state at the current iteration. Provided that xg is unbiasedwith respect to the true state, that
F %% %0] is unbiasedwith respect to ¥ and the errors of xg and y have beencharacterizedcorrectly in the
respective error covariance matrices B and E + F, x, will be the optimal combination of information.

The focus of this paper is to describe how, at the time of writing, the Met O ce represerns the
badkground term of the cost function (Jg, the rst term of Eq. 1). The badkground error covariance
matrix, B represerts how errors in ead model variable at eat grid point covaries- in a Gaussiansense
- with every other. Represetied explicitly B holds a huge amount of information. The dimensionality of
% is typically ~ 10°-10" elemernts, and soB will consistof ~ 10'2-10* matrix elemerts, which is beyond
the storage capability of presert day computer resources(and note in Eq. 1 that the matrix B hasto
be inverted).

Instead of attempting to represening B explicitly, the Met O ce and other meteorologicalagencies
that employ Var. circumvernt this problem by constructing a model of B out of physical, statistical and
intuitiv e arguments. The rst simpli cation (which we make clear at the outset) is that B is determined
climatologically, ie, it contains no synoptic dependencies. (An attempt to accourt for synoptically
dependert errors has beenintroduced as an add-on to the cost function - seework on the "errors of the
day" project [2][3]. Other approacdhes consideredinclude use of the geostrophic coordinate transform

[4]19].)

3.1 Control variable transforms

In the minimization, componerts of x° are varied iterativ ely to reduce- and henceminimize - the value of
J. A vector such asx° which is varied in this way is called a control vector. Minimizing J by varying x°
directly is conceptually straightforward, but it leavesus with the problem of represerning and inverting
B, and it would actually be a very ine cien t approac to Var. Instead of solving the variational problem
involving %%, the problem is posedin terms of a di erent cortrol vector, ¥° which is designed,as below,
to have bene cial properties. As for x° v is primed, indicating that it is a perturbation quartity.
The vector ¥C is related to x° via the so-calledU -transform, transforming from 'control' to 'model'
perturbations,
x0= Uv® 2)

and its inverseis the so-calledT -transform,
vO= Tx% (3)

In order to seehow this change of variables can help the problem, substitute Eg. 2 into the cost
function, Eq. 1,
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Inspecting the badkground term of Eq. 4 indicates that the e ectiv e inversebadkground error covariance
matrix in v-spaceis UTB U. The strategy is to designthe U -transform to make this matrix into the
identit y,

u'™e u=1I: (6)
This meansthat in ¥ co-ordinates, elemens of the badkground state vector are uncorrelated with all
other elemerts and eat has a unit variance. This information has beenimposedto give Eq. 5. The
cost function in the form of Eq. 5 is the onethat is to be minimized with ¥° asthe new cortrol vector.
As long as Eq. 6 holds, this cost function is equivalent to the original cost function, Eq. 1. Due to the
property of Eqg. 6, the processof minimizing Eq. 5 is simpler than before asthere is now no background
error covariance matrix to invert. Once a ¥° has been found that minimizes J, the analysisin model
spaceis,

%A = %o+ Uv® 7)

Before proposing a generalway in which the U -transform can be designedto achieve the special
property, we note how this change of variables helps us represert B and can also, at the sametime,
improve the conditioning of the variational problem.

3.1.1 How can this change of variables help represent B?

Rearranging the operators in Eq. 6 givesan expressionfor B in terms of the transformation operators,
B=UUT; (8

which, incidentally, hasthe required property of being symmetric. Thus by designingU to yield a unit
badkground error covariance matrix in the transformed space,the operator U is found to be the square
root of B. The information contained in B asin the original cost function, Eq. 1, is transferred into the
transformation operator, U in the new cost function, Eq. 5. B is now no longer explicit, but is, instead,
implied by the transformation. The task of de ning B is now one of designingthe U -operator.

3.1.2 How does changing the control vector impro ve the conditioning of the problem?

It is found that the cost function in the x*formulation, Eq. 1 is badly conditioned. To shov how
badly conditioned the original problem is requires knowledge of the properties of the operators in Eq.
1, especially B. The shape of the cost function is speci ed by the Hessianmatrix. This is the matrix of
secondderivativesof J with respectto elemernts of the cortrol vector [6]. In x%space,the Hessianis A,

Ax=B '+HT(E+F) 'H; 9)

which might describe the shape of the cost function to something like that in Fig. 1 (left panel). The
skewed arrows denote the principal axesof J in this space, which are the eigervectors of A, and
the eigervalues give the curvature of J along these directions. A small curvature, such as along the
elongatedaxis in the Fig. represens a 'mode’ of the data assimilation systemabout which there is little
information (these modeshave a high variance). Conversely a large curvature mode, as perpendicular
to the elongated axis, represerts a mode of the data assimilation system about which there is much
information (these have a small variance and so constrain the analysis strongly). In general, and as
showvn in Fig. 1, the principal axeswill not be coincidert with the model variables, which meansthat
they are not 'pure’ meteorological quantities, but a combination of such quantities.

The degreeof skewnessis determined by the range of Hessianeigervalues, such that a broad range
givesrise to contours that are highly skewed. As a consequencethe descet towards the minimum of J
will be ine cien t and prone to numerical error. A measureof the conditioning of J is the conditioning
number de ned as,
maximum eigernvalue

minimum eigenvalue’

conditioning number = (20)
with that note that all eigenvalueswill be positive as the Hessianis positive de nite. The conditioning
number will be large for badly conditioned problems and unity for well conditioned problems.

It is believed that the term in Eq. 9 responsible for most of the bad conditioning is B 1. Typically
B 1, which hasthe sameconditioning asB, is found to have a very large conditioning number of 1010
[7]. Sincewe are transforming the e ectiv e background error covariance matrix in w-spaceto resenble
the unit matrix, the conditioning in that spaceis expectedto be better - seeFig. 1 (right panel). The
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Figure 1: Schematic showing contours of the cost function J for model variables (x°, left), for which
the problem is badly conditioned, and for cortrol variables (¥° right), for which the conditioning is
improved. The axessuperimposedon the certre of the ellipsesin the left panel denotethe principle axes
of the Hessianin that case(Eq. 9).

Hessianin w-spaceis found, once more, by the matrix of secondderivativesof J but now with respect
to elemens of the new cortrol vector. The secondderivative of Eq. 5 with respect to ¥ givesA ,,

Ay=1+UTHT(E+ F) HU: (11)

Here the shape of J is much lessskewed than before (having a relatively small range of eigervalues
of Ay), but not perfectly circular due to the presenceof the obsenation contribution to the Hessian
(secondterm of Eg. 11). The conditioning number of the background term on its own in this spacehas
the ideal value of unity. The bene t of the transformation is that the descen algorithm now acts within
the shape of J[¥9 which allows it to work e cien tly, and in a manner where similar weight is given to
ead elemert of the cortrol vector.

3.1.3 The transforms U, UT and T

Apart from U, there is also the adjoint transformation, UT, asusedin Eg. 11, and the inverseT as
de ned in Eqg. 3. The adjoint operator also appearsin the gradient of the cost function with respect to
w0,

)
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which is neededfor the descem algorithm. The T -transform has not yet appeared explicitly in any
equationssofar, but it is neededin two placesin Var. The rst isin the (o -line) calibration stage[8] in
order to determine the background error covariance statistics (and hencedetermine the U -transform -
seesection 4.4), and the secondis in the determination of ¥3 in equations5 and 12 in those caseswhen
the linearization state, %o is not coincidert with the background, xg. Then, ¥§ = T(xs %o) (if the
linearization state is the sameas the badkground - as is the usual case- then the T -transform is not
neededthere as¥3 is automatically zero).

3.2 A generic transform

Before discussinghow the Met O ce have designedtheir control variable transforms, we introduce a
method for formulating U which could be usedif unlimited computing resourcesvereavailable. Although
the approacd to be described cannot be applied directly to a vector spaceof the sizethat is neededfor
an atmospheric forecastmodel, it is used,in a partial sense,in the practical solution discussediater.
The rst step is to diagonalize B (this is what prohibits direct use of this approac). Before we
do this, B must be scaledaccordingly by choosing an appropriate ‘inner product’. The simplest inner
product hasthe form, x" %, which is inappropriate in x-space.Reasonsfor this [12] are that rstly some
elemerts of x represen gridboxeslarger than other elemeris and sowill contribute disproportionally to



the product; secondlysuch a product is dimensionally incorrect (kelvin? terms will be combined with Pa?
terms, etc.). As a rule, whenewer an inner product in %-spaceis required, *¥" % should be replacedwith
%" Px where P is an inner product matrix, which must be symmetric. It will be usefulto decomppseP
into its squareroots,

p=pT=2pl=2 (13)

Often P is taken to be a diagonal matrix of grid box volumes or areas[9]. It is not recommended
that B be diagonalized without using a physically meaningful inner product matrix as otherwise its
eigenfunctionswill have (strictly speaking) no physical meaning.

The eigervalue problem can now be meaningfully posedas,

BPX = X ; (14)

plz2pp T=2pl=2yx = pi=2x (15)
B = F ; (16)

where F = P¥2X; (17)

and B° = pl2Bp T2 (18)

The secondtwo equationsare a developmert of the rst equation and the last two expressionsare de ni-
tions. In the above, is the diagonal matrix of eigernvaluesand the columnsof X are the eigenfunctions
of B within the P inner-product framework. The matrix P hasbeenincluded in Eq. 14 asthe action of
B on X is an inner product in x-space. Equation 16 is a rewrite of Eq. 14 using alternativ e F-vectors
de ned in Eqg. 17, which are eigervectors of the transformed matrix B°de ned in Eqg. 18. Transformed
objects like B® which have physical meaning, are sometimescalled lters. There is no need for an
explicit inner product matrix in Eq. 16 asit has beensubsumedinto the other matrices.

The background error covariance matrix is symmetric, and so is the matrix P2BP T=2 (Eq. 18).
This meansthat its eigervectors are orthogonal [10][11],

FFT =1 and F'F=1; (19)

andsoFT = F 1.
By simple matrix manipulation, Eg. 16 can be developed further, and inverted,

l=2FTP T:ZB 1P 1=2F l=2: I, (20)

and then comparedto Eq. 6. This givesa generalform for the U transform (Eq. 21), from which its
adjoint 22 and inverse 23 follow,

u = P R (21)
UT - 1=2FTP T=2; (22)
T — 1=2 F T P 122: (23)

Theseresults have a simple interpretation by looking at Eq. 23 for the T -transform, which trans-
forms model to control incremerts (Eq. 3). After applying the squareroot of the inner product matrix,
it projects the result onto the eigervectorsof P1*2BP T=2, This is a rotation of the basisto the principal
axesof B before scaling by the squareroot of the inverseeigernvalue for that direction.

This choice of transformation was rst pointed out by Parrish and Derber in 1992 [13]. They
suggestedthat if the control vector is chosento represert the weights of the eigervectors of B then the
badkground term could be made diagonal (and hencesimple to treat). The extra step of scaling with
the squareroots of the inverseeigervaluesthen help to precondition the problem.

3.3 Other transform options - rotation

The U-transformation, represerting the squareroot of B asin Eq. 21 is not unique. Alternativ es for
the squareroots have the generalform,

U=P “2F ¥R; (24)

where R is an orthogonal rotation matrix (RRT = 1). There are an innite number of possibile
alternativesof R (Eq. 21 hasR = 1). Although the particular choice of R will in uence the transform
(asin Eq. 24), the background error covariance matrix - which the transformation is meart to represen



as its squareroot - will be independert of R (due to orthogonality of R, R cancelswhen Eq. 24 is
inserted into Eg. 8). Rotation of the modesin the vertical transform (seesection 4.2) has been used
successfullyto improve the represenation of badkground error covariancesin the stratosphere (see[14)).
The adjoint and inverseof Eq. 24 are,

UT = RT 1:2FTP T:2; (25)
T = RT 12pTpl=2 (26)

If we choosethe rotation to be R = FT, whereF is the matrix of eigervectorsfound in section 3.2,
then this will satisfy the required orthogonality condition RR T = |. The U-transform in Eq. 24 will
then become,

Us=pP 2F 2FT; (27)

which is known asthe 'symmetric' squareroot of B (Eq. 27 is symmetric however only if P is absen).

Rotation has the consequencehat the componerts of the cortrol vector ¥° no longer represen
the eigervectors contained in the columns of F, but instead by the spacerepreseried by the additional
transform R asin Eq. 26. In particular, if the choice, R = FT is made (as above) then the cortrol
vector will be in the samerepresenation asthe model vector, x°,

Presenceof rotation does not compromisethe property that the badkground errors in ¥° should
be uncorrelated. In the example of rotation discussedabove (that R = FT) e.g., it might be thought
that, sincethe cortrol vector, ¥°, is expressedn the samebasisasthe model vector, %%, and the model's
basismembers are correlated then componerts of ¥° should also be correlated. It is easyto show that a

rotation satisfying RRT = | will not disrupt the uncorrelated nature of members of ¥®. Given that B
can be de ned by the expectation, B = %" i, that ¥°= Tx° and Eq. 26 holds, then we can ask: does
&I i = 1?2 (Note that expectation over realization is denoted by the angular brackets, hi.)
wRTi = AT x%TTTi;
The%TiTT;
= TBT ';

= RT lZZFTP].:ZBP T:2F 1:2R.
UseEQq: 18 and 16;
r-vO,‘fUI'I - RT 1=2 1:2R;
= I (28)



4 THE CURRENT TRANSF ORMS

Although Eq. 24, is a genericand correct form of U, diagonalization of the full B is not possible,and so
an alternativ e approad is needed(that said, the result 24 remains usefuland will be usedto diagonalize
submatricesof B - seebelow). At the time of writing the current transform betweenmodel and cortrol
vectorsis comprised of three stages. Theseare the parameter transform, the vertical transform and the
horizontal transform (given subscripts "p", "v" and "h" respectively). Within this decomposition, T
and U are,

T ThTVTp; (29)
u = UvaUh; (30)

wherethe T and U componerts have an inverserelationship (sometimesexact, sometimesapproximate),
Uy '=Tp Uyt=TyandU, ' = Ty, (31)

We will proceedby explaining the role of ead transform in the order T, Ty and T. Sometimesit is
easierto explain the workings of eat transform by its T componert, other times with its U counterpart.

4.1 The parameter transform

The rst stage of the T -transform is to convert from model variables to new parameters which have
mutually uncorrelated errors. As long as parameters are derived with truly uncorrelated errors, this
step is essetially a block diagonalization of the problem, leaving only spatial covarianceswithin eadth
parameter's eld.

The 'uncorrelated' parametersare takento be streamfunction, , velocity potential, , unbalanced
pressure,AP and relative humidity, , asdetailed in [15][16][6]. Figure 2 is a schematic of B, the error
covariance matrix imposedbetweenthe parameters. The role of T, then is to break the big multiv ariate
error covariance problem down into many simpler univariate problems, ead of which can be treated
further by the vertical and horizontal steps.

The basisfor this choice of parametersis the assumptionthat their errors are uncorrelated between
parameters. The implied error covariances of the model elds will be U,B,U], but since the non-
correlation assumption is poor, the impled covarianceswill not necessarilybe a good represenation
of the true error covariancesbetweenmodel eld errors. On practical grounds though the parameter
transform is relatively e cien t. There is currently much discussionon alternativ e control parameters
that are better approximations to the problem (see[6][17[18][19]).

A0

o 0
0

0 0
0B 0 0
0 By O
0o o0 B

Figure 2: The error covariance matrix between parameters, B,. Parameters, as output by T, are
designedto be approximately uncorrelated. Each block is a submatrix of spatial covariances, and the
o diagonal matrices are setto zero as part of the covariance model.



4.2 The vertical transform

The remaining vertical and horizontal transforms together are designedto project ead parameter's
eld onto setsof orthogonal and uncorrelated modes, with variance scaling, e.g. asin Eqg. 26. In the
decomposition of Egs. 29 and 30 - where the vertical transfom is meart to represen the vertical error
covariances- the projection is rather like doing a fourier decomposition in the vertical direction, but
instead of projecting onto plane waves, the projection is onto empirical orthogonal functions (EOFs),
found from vertical error covariancesmatrices. Then, instead of thinking of error variancesat di erent
vertical levels and covariancesbetweenlevels, the vertical covariance model is built of variancesof these
(uncorrelated) EOFs. Sincethere are no covariancesin the vertical betweenthese modes (or only weak
covarianceswhere approximations), this step is a simpli cation of the represeration of B.

Let the vertical badkground covariance matrix at position (; ) for errorsin one of the parameters
discussedin section4.1 be B,(; ). We explain the vertical transform with referenceto T,. This is
performed at eac horizontal position and for eath parameter. For a given parameter, e.g. , T yields
(at horizontal position (; )),

Gy ) =T )G ) (32)
where the argumerts (; ; z) and (; ; ) have beenaddedto the state vectorsto show explicitly the
three dimensional spacein which the componerts of the vectors exist. T, will be dierent for di erent
parameters, but we drop an explicit parameter label to simplify notation. z is the original vertical
coordinate and is a new ‘'vertical' coordinate. Actually, the nature of dependsupon the choice of
the rotation (seebelow), but two possibilities are discussedhere, thesebeing either = z, the original
vertical co-ordinate or a new 'EOF index' (the EOFs being the eigernvectorsof B, (; ), weighted asin
Eqg. 16). The latter represenation denotesthe projection onto the th EOF - seeFig. 3, left panel).
Whatever the choice of rotation, projection onto vertical EOFs will be part of the vertical transform,
and a selectionof such vertical modesis shown in Fig. 4.

Since we are aiming towards new variables that are uncorrelated and have unit variance in eah
vertical column, we could chooseT, to have the form that is basedon Eg. 26,

Tv(; )=RyG ) G ) 2R )T P (33)

where R, is any vertical rotation (satisfying R,R] = 1), F, are the vertical EOFs (eigenvectors of
By) and | are their variances. The transform in Eq. 33 acts on one parameter within one column,
positioned at (; ) and similar transforms needto be made for all other positions and parameters.

4.2.1 Diculties with the vertical modes

The EOFs, Fy(; ) and their variances, (; ), will vary with horizontal position. For somechoices
of Ry (e.g. Ry = | the T -transform will project columns of parametersonto vertical modesthat are a
function of latitude and longitude. As a consequencef this variation with horizontal position, there is
potential for lossof cortinuity of the elds on the resulting EOF surfaces(seeFig. 3, right panel). This
is a dicult y especially if the order of the EOFs changesfrom one position to the next, so that if one
wereto plot the surface ~(; ; = n), for n constart, then one might be plotting the scaledweight of
one mode at one position, but of another mode at the next.

|4 4 4 X1 T 4 X2
Ty
5 3 3 X1 N 3 X2
\
/\
Y N
l, U, 2 2 X1 ————— ° 2 X2
1 1 1 X1 --- 1 X2

Figure 3: Left panel: in the T -transform, the vertical transform acts on a column and projects onto a
set of EOF modes. The U -transform, is designedto be the inverse. Right panel: if the EOF modes
are allowed to be a function of position x, = ( n; n) the ordering of the modes - ordered by their
eigernvalues (variances) - may change. The elds in EOF spacewould then su er a loss of continuity
which is why global modesare usedin the current transform (seetext).
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Figure 4: Example six leading vertical EOFs for the global mean vertical background error covariance
matrix for unbalancedpressure,”p. Figure taken from [7].

4.2.2 One solution to this problem ( = 2)

A way round this problem is to usethe freedom of rotation to project back onto the original vertical
co-ordinate, = z. Choosing R} = F,(; ) in Eg. 33 will result in the vertical transform from
every vertical column to yield an output in the model's height space. This avoids loss of continuity.
This solution leadsto the 'symmetric square-root’' transformation for the vertical error covariancesand
results in the following transforms basedon Eqgs. 24 to 26,

u, = P,¥?F, 2rT, (34)
Uy = Fy JPFIP, T (35)
T, = F, [F°Flpl= (36)

Although this rotation solvesthe continuity problem, it lacks certain featuresrequired (seesection5 for
a discussion). These may be added later however by using a wavelet or waveband solution, introduced
in section 6.

4.2.3 Another solution ( = global EOF index)

Another solution, which is the one currently adopted by the Met O ce, is to scrapthe position depen-
denceof the EOFs and replacethem with a single set of EOFs usedat every horizontal position. In this
casethe vertical coordinate, , output by the T, transform is EOF index. This set of EOFs is taken
to be the eigervectors of the globally averagedvertical covariance matrix. This step is made with two
costs: (i) there is no variation of vertical mode with position (the eigervaluescan changethough - see
Eg. 37 below) and (ii) the global modesare no longer exactly uncorrelated locally, having a covariance
matrix, "v(; ) at position (; ). Let the global EOFs be columns of the matrix Fy; "y(; ) is then
found by projecting B,(; ) onto F,,

FUPYZBY(; )Py 2Ry = (i ) (37)

wherethe matrix ", (; ) is expectedto be nearly diagonal.

Instead of basing their vertical transform directly on Eq. 33 for this solution to the cortinuity
problem, the Met O ce usea slightly dierent form which we now try to build by argumens that start
with Eq. 37. With the right hand side made exactly diagonal, Eq. 37 becomes,

FIPL2B,(; )PI7?2F, diag “v(; ) ; (38)
where the 'diag’ operator strips the o diagonal elemerts, leaving the diagonal elemens una ected.

On the right hand side, multiply by 2R, R %2 to the left, and by its adjoint, 2R, R[] 172
to the right. Here is the diagonal matrix of eigervalues of the globally averagedvertical covariance

10



matrix for a given parameter (as distinct from “,(; ), which contains the local variances). Each of
these strings of matrices is equal to the identity matrix and so neither will alter the expressionin any
way (recall that the rotations satisfy R,yR] = 1). In addition, take the matrices of global EOFs (Fy
terms in Eqg. 37) to the right hand side,

AN

PR, (; )PI?2 R, ¥2R,RT 2diag " (; ) =2RRT 1F2RT: (39)

Since 172 is diagonal, the matrices of eigervaluesadjacert to the 'diag' operator can be taken inside.
The adjacert R} and R, matrices are also taken inside, but this move is an approximation,

P2B,(; P! F, ¥R, diag R] 2",(; ) ¥R, Ry FT: (40)
We have now made all the stepsand approximations necessaryto give Eq. 1.21 of the o cial documen-

tation [20] (with somesign errors presumably corrected). Equation 40 can be rewritten by parametrizing
the right hand side,

PY?BV(: )Py Ry PRUWM(: )R] ERD, (41)

whereM (; ), asin [2(] is,
M(; )=dag(ZB.(; )ZT); (42)

and, making useof Eq. 37,
z=R] ¥2plpl=: (43)

Taking the inner products of Eq. 41 to the right hand side, allows B, (; ) to be written,

Bv(, ) PV1:2FV 1:2RVM(; )R\-l/— lZZFIPVTZZ;
zZ™M(; )z T (44)

By using analogousargumerts to those usedin section 3 (that the that the e ectiv e covariance
matrix in the vertical is to becomethe identit y matrix), the vertical transforms can be formed by taking
the squareroot of B,(; ) asU,U[. Comparing Eq. 44 with B, = U,(; )UJ(; ) (cf. Eg. 8)
yields the U, U] and T, transforms for this vertical transform,

U(; ) = Z M )% (45)
U(; )T = M(; )™z T (46)
T ) = M( ) Pz (47)

The result of Eq. 47 is di erent to that proposedbeforeas Eq. 33, which why we had to take the above
route to demonstrate the legitimacy of the transforms usedin the current scheme.

4.2.4 Note about local and global vertical EOFs

As it stands, we have two forms of the vertical transforms:

Equations 34 to 36 have beendesignedwith a rotation in mind that projects the vertical EOFs
bad onto the height levels. This is desirable as the vertical EOFs can be a function of horizontal
position. The use of height levels is undesirable from another point of view however (seesection
5),

Eqgs. 45to 47 (the standard forms of the transforms) have been designedto input or output on
global EOF levels. There is thus no dependenceon horizontal position of the vertical modes(only
of their variances). If a rotation matrix is used here, it must transform from the EOF modes
common to every horizontal position. We have not consideredany such rotation matrix in this
report. It is dicult to seehow a rotation matrix in these transforms can introduce horizontal
position dependence which is not very useful. This is why the (simpler) rst set of transforms has
beenaddedto the discussion.
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4.3 The horizon tal transform

In the T-transform sense,after acting with T, and then with T,(; ) at ead horizontal location
results in elds of parameter perturbations, ead a function of , and , where the nature of the
vertical coordinate, , dependson the choice of rotation usedin the vertical transform (section 4.2).
These elds are meart to have no correlations betweenparametersand no correlations between levels.
The remaining transform is the horizontal transform which is designedto produce variables that are
uncorrelated in the horizontal.

The methodology of the horizontal transform [9], in the details, is di erent from the generalone
given in section 3.2, and from the one usedfor the vertical transform. Instead of basing our approach
directly on represering an error covariance matrix - which hasthe property of being symmetric - the
transform rst represerts a di erent kind of object that is selfadjoint (the di erence betweenthe adjoint
and the transposeis outlined in appendix 1). The new object that will be modelled is the horizontal
Iter Sp, which is explainedin the next paragraph,

Sy = P.'BYLPL (48)
where B% = P ByP. 7 (49)

and where Py, is the inner product usedin the horizontal transform - it is actually taken as a diagonal
matrix of horizontal grid box areas(smaller valuesfor elemerts that are near the polesthan those near
the equator). Although it is written asone operator in Eq. 30, the horizontal tranform is made up of
separatetransforms for each  output by the vertical step. For the purposeof describingthe horizontal
transform, we think of eadh in isolation.

In Eq. 49,BY, is the horizontal error covariance matrix transformed to have meaningful eigervalues
(seesection 3.2, in particular Eq. 18). This is a represenation of the usual horizontal badkground error
covariance matrix, By, and exists in the spacetransformed by multiplying by sz (seeEq. 17). BY,
is symmetric. The corresponding lter in the model's horizontal spaceis Eq. 48 and is found by rst
transforming to the 'physical meaningful space'with Ptlfz, acting with B%, and then transforming back
with P, 7 [21].

The Iter S, is not symmetric in the model's space,but is self adjoint. This can be shown by
taking the adjoint ( ) of S, and writing this using the result of appendix 1 (Eq. 134with U ! Sy, and
Pv:Px ! Pn),

S, = P,'S{Pn;
= P, P ?BYGP, TPy
— Phl:ZPhT:ZP;:ZBOhPhT:ZP;:ZPﬁ:Z;
= P,"°BYP
= Sy (50)

In the secondline, we have substituted S, from Eq. 48, and in the third line we have used Py, =
T=2-1=2
P, P, . _ _ _ N _
We proceedby constructing a model of S;, which has this self adjoint property. If the horizontal
errors have a structure that is isotropic and homogeneousthen the Iter is diagonal in spectral space

(seeappendix 2),

Fi,'SnFn h
ie Sn = Fn nF,%h (51)

where the spectral transform, Fy, takesa eld from its spectral to its horizontal grid represertation and
h is a diagonal matrix, the diagonal elemerns being the damping required for ead horizontal mode.
Using the languageof section 3.2 of this paper, and thinking of these objects as matrices, the columns
of F, are akin to the independert modes (e.g. spherical harmonics on the globe [22] or Fourier modes
for a limited areamodel) and the | (making up a diagonal matrix) are akin to the variancesof these
modes. (Reading along the diagonal of |, we obtain a wavenumber dependert quantity. Later we will
refer to the diagonal elemeris of |, ascorrelation spectra.)
Evidently, the spectral transform has the property that the inverseis the adjoint, F = Fy [9]
This, and the assumptionthat the inner product matrix in wave spaceis the identity (making , = ),
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meansthat the Iter Sy in Eg. 51 can be written as,

Shn = (Fn ﬁzz)(Fh ﬁzz); (52)
(Fn 5 )(Fn 59 Py (53)

In the last line, we have applied the result relating the adjoint to the transpose (Eq. 134 with U !
Fn ,11:2, Px! PnpandP, ! 1). The horizonal background error covariance matrix then follows from

Egs. 48 and 49. This givesthe rst line of the follwing, and with Eqg. 53 to give the secondline,
Bn = SwP,%
(Fn o )Fn 3727 (54)

The horizontal transforms required to decorrelate the horizontal modes, Uy, UE and Ty, then follow
using the horizontal counterpart of Eq. 8,

h o= Fn o5 (55)
o = R
= PR PR (56)
and T, = 7°F % (57)

where Eq. 56 follows, as before, from the application of the relationship between the adjoint and
transposeoperators, Eq. 134,and F,, = F 1

There are a number of options for modelling the variances of the spectral modes, ﬁzz [9]. One
choice is the secondorder auto regressie (SOAR) function. In real and spectral spaces,this has the
form,

r r
= 1+ - - 58
) s 0 o . (58)
1=2 2 2" 5%2
1=2 16 s° s? k I
R) = — 1+ — + ; 59
n () NiNj i 4 N Nj | (59)

where is the correlation betweentwo points separatedby a distancer, s is a correlation length, K is the
horizontal wavenumber vector, K = ( k=N; ;; I=N; ;) for k and | integers. N; and N; are the number
of gridpoints in the longitude and latitude directions respectively and ; and ; are the respective grid
sizes. Another choiceis the Gaussianform,

1 r 2
(r) = exp > % ) (60)
1=2 2 I 2#!
K _ ex S —_— + —_— : 61
h (K) NN, 1 p N N (61)

Note that the two-dimensional elds for ead vertical coordinate can have a di erent correlation length.

A plausibility argument as to why the above approach should model error structures that are
isotropic and homogeneousand why the fourier transform of the correlation function should give the
wave damping is discussedin appendix 2.

4.4 Summary of current scheme

The parameter, vertical and horizontal transforms are often most easily explained in the T -transform
sence,which takesperturbations in ‘'model' space(de ned by the usual meterological variables, u, v,
etc., eath as a function of , and z) to produce perturbations in 'control’-space, which is the state
vector manipulated inside Var. The variable changesare designedto precondition the badkground error
covariance matrix, allowing Var. to be a practicable and e cien t procedure. (The parameter transform
is also designedto cortrol the degreeof 'balance' in the analysis, but these related issuesare raised
elsewheree.qg. [1], [6].)

Errors in control variables are uncorrelated and have unit variance (at least approximately, given
the approximate nature of someof the transforms), allowing the e ectiv e badkground error covariance
matrix for the control variablesto be the identity matrix.
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The parameter T -transform constructs new parametersas a function of ( , ,z) from model elds.
Errors in the parameters are assumedto be uncorrelated, but there remain spatial correlations
(autocorrelations) within the parameters.

Vertical error covarianceswithin ead parameter are dealt with by the vertical T -transform. The
output of this transform is the set of rescaled parameters, ead a function of ( , , ), being
the resulting vertical coordinate, whose nature depends on the choice of rotation in the vertical
transform. In wv-space,parametersare uncorrelated in the vertical.

Horizontal error covarianceswithin ead parameter and for eadn  are dealt with by the horizontal
T -transform. This assumesthat errors in spectral (or Fourier) modes are uncorrelated and the
variances are a function of total wavenumber only. This implies that such horizontal errors are
homogeneousand isotropic.

The T -transform helps explain how the uncorrelated modesare found, but is usedonly:

{ in the B-calibration stage,performed o -line before Var. is run (seesection4.5 below).

{ to construct the badkground state perturbation in control spaceat the beginning of Var. in
the casethat the referencestate - from which perturbations are measured- is not the same
as the badkground state itself. In practice this is relevent only when Var. is run with many
outer loops, asis coded in the current Met O ce Var. algorithm, but actually can be avoided
althogether (seee.qg. [24]).

The parameter, vertical and horizontal U-transforms (inversesto the T -transforms) and their
transposes,UT are used many times during the Var. iterations to compute gradients of the cost
function with respect to the control variables.

4.5 Calibrating the transforms by calculating covariance statistics

The designof the parameter, vertical and horizontal transforms hasnow beencompleted. The remaining
part is to determine the specic matrices and variancesto be used,i.e. By, and F, in the current
vertical transform with no rotation, F, and  in the simpler vertical transform with rotation, and
in the horizontal transform (the parameter transform is already completely determined). We now derive
a meansof calibrating thesein a systematic way.

The error covariance matrix is found from the following outer product averagedover realizations,

B = m%Ti: (62)
wherex® ts (63)

1
X
X

and where %! is the 'truth’. We never know the truth, nor can we averageover all realizations, and so
we settle for the following approximation to replace Eq. 63,

XO

X48 X24; (64)
where ¥*® and x?* are, respectively, 48 and 24 hour forecastsvalid at the sametime. This is known as
the "NMC method" [25] in which the averageover realizations is simulated by an averageover situations
(actually giving twice the climalological covariances). Thus the desired (and synoptically dependert)
error covariance matrix in Eq. 62 using Eq. 63 is replaced with an approximate and climatological
version using Eq. 64. (Actually many dierent NMC runs are made at dierent times of the year
and Var. will interpolate between them for the current time of the year. Also a scaling factor is
required in Eq. 62 to take into accourt the useof 48-24hour di erences applied to the uncertainty in a
badkground state found from a short (6 or 12 hour) forecast.) The NMC method is not consideredto
be the best way of estimating the badkground error statistics. Other ways are used by other agencies,
including averaging over ensentles of assimilation-plus-forecastruns, where each member usessimilar,
but perturb ed obsenations [26].

Whichever method is used, covariance calibration is donein stages,starting with the vertical trans-
form, followed by the horizontal transform, and is performed for eat parameter output by the paramater
T-transform ( , , “p, etc.).
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45.1 Calibrating the vertical transform

We introduce two new operators: let the operator T, be parameter T transform that yields only one
parameter (e.g. in this case)instead of all of them, and let C(+) act on this parameter's eld to yield
a single vertical column at position +. The vertical error covariance matrix for this parameter at this
horizontal position is then,

Bv(; )= hC@®T xXCETx)"i; (65)
where x° is as Eq. 64. The matrix B,(; ) is the vertical covariance matrix (No. of levels No. of
levels) at position (; ).

The information neededfor the vertical transform dependson the choice of vertical rotation, R,
used. The two standard casesdiscussedin section 4.2 are considered.

If we chooseto rotate from the vertical EOFs badk to the model's height domain (= z), then
we needto determineF,(; ) and ,(; ) in Egs. 34to 36. Theseare just the eigervectorsand
eigernvalues (respectively) of ead local vertical covariance matrix (for eath parameter).

If we chooseno rotation, R, = | then we work with states projected onto EOFs of the globally
averagedvertical matrices ( = global EOF index). For this option we require these EOFs, F,
and their eigervalues, , for ead parameter. The local covariance matrices, B, (; ) (actually
averagedzonally and within small (5 ) latitude bands) and the gobal eigenvectors/eigenvalues
then de ne the vertical transform usedin this case(Eqgs. 45to 47).

45.2 Calibrating the horizon tal transform

The equation neededto develop the methodology for calibrating the horizontal transforms is now dewel-
oped. Start with the de nition of B (Eq. 62) and substitute for x° using the U -transform (Egs. 2 and
30),

%7 i = U U Unv%T URUJ Ui (66)

Use the fact that the transforms are independent of situation (i.e. can take the averaging brackets

throught the operators) and that cortrol variablesare uncorrelated, w%% i = |. Also take the parameter
transform and the vertical transform, which is known at this stage,to the left hand side,

R T AT T, x0TI = UnzUyp; (67)

= Fn o on Fi (68)

Sincethere is no covariance betweenparameters, the above hasbeenwritten in terms of a single param-
eter (e.g. ) to simplify matters, and, in the last line, the form of the horizontal transform has been
substituted from Eq. 55. The spectral transform, Fy is xed and soit can be taken to the left hand
side. This leaves,

P T o xF T T o9 Ti = g (69)
Sincewe are assumingthat the horizontal modesare uncorrelated, the right hand sideis a diagonal matrix
of variancesof the horizontal modes, known as correlation spectra (the left hand side, if calculated in
full will not be exactly diagonal, but we are interested in the diagonal elemens only). Due to the
independenceof vertical modes, the left hand side is calculated on a level-by-level basis, the level,
being the 'vertical' coordinate usedin the cortrol variable (z or global EOF mode, depending upon the
choice of rotation usedin the vertical transform).

There is a di erent horizontal correlation spectrum for ead vertical mode (and eat parameter).
Thesespectra are not actually useddirectly in the horizontal transform. Instead, characteristic length-
scalesfor every vertical mode are derived from Eq. 69, and are usedto t functional forms, e.g. second
order auto regressie (SOAR) functions as merntioned in section 4.3 (in practice the lengthscalesare
modi ed slightly to accourt for the erroneously large horizontal length scalesderived from the NMC
method). This is essetially a parametrization of the horizontal transform where the calibration stage
helps determine the parameters.

In summary the calibration procesds a step-by-step processrequiring many forecastdi erences, and
usesonly the T -transform. A di cult y is knowing the initial conditions for the 24 and 48 forecastsneeded
for the NMC method. Sincetheseare forecastsstarting from analyses,data assimilation is required, and
the data assimilation processrequires the background error covariance matrix, which we are trying to
nd! Hencesome'boot-strapping’ is required. A best guessof the badkground error covariance matrix is
usedat rst with the expectation that a realistic background error covariance matrix is corvergedupon
by repeating the process.
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5 THE CASE FOR A NEW COVARIANCE MODEL

The form of the current transform (Egq. 30) has limited ability to represen realistically the square
root of B. In order to outline somefeatures that are desirable for a covariance model to capture, we
highlight in this section someproperties of 'observed' covariances. We discussonly those featureswhich
we believe can be improved using the proposedwaveband summation transform (section 6) and take
results from [27], which is a more exhaustive survey. This is followed by a list of shortcomings of the
current transforms.

5.1 The structure of background errors

Ingleby [27] hasusedthe NMC method to look at covariancesof forecastdi erences between elds (these
are the badkground error covariancesin Var.). We extract a number of relevert points below.

5.1.1 Vertical scales, horizon tal scales and separabilit y

Analysis of correlations between elds shows that modeswith short (long) horizontal length scalesare
assaiated with short (long) vertical length scales(for streamfunction, seeFig. 2a of [27], which is
reproduced in Fig. 7a later). Further evidencefor this kind of correspondencebetween vertical and
horizontal scalesis highlighted by two additional features mertioned in [28].

The horizontal scalesfor correlations in di erences of temperature, T, are shorter than those for
geopotential,  (seeFig. 1 and table 1 of [27]; the table is reproduced below in Fig. 5a). If |
and , are sud horizontal length scalesfor T and respectively then mathematicaly,
h< ne
T and are related largely via hydrostatic balance. Using the equation of state the hydrostatic
relation is,
d R
= _T’
dinp g
where p is pressure,R is the speci ¢ gasconstart, and g is the accelerationdue to gravity. The
hydrostatic relation implies that the vertical (subscript v) scaleswill follow,

(70)

v < i
becausethe derivative of  on the left hand side of Eq. 70 weights shorter vertical scalesmore
than larger ones. The above two inequalities are consistert if short horizontal and vertical scales
are assaiated. This is evidencethat short (long) horizontal scalesare assaiated with short (long)
vertical scales.

Similar argumerts are usedto demonstrate non-separability by the obsenation that the vertical
length scalesfor correlationsin di erences of horizontal wind, u are lessthan thosefor geopotential,

u .
V< v

If winds and geopotential are largely geostrophically related via horizontal gradients,

1
= f—k ro; (72)
wherek is the local vector pointing to zenith, and f is the Coriolis parameter, then the following
follows from Eq. 71,
u < .
h h-
The above two inequalities imply an assaiation betweenhorizontal and vertical scales.

The structure functions of an error covariancematrix areits columns(or rows). They are sometimes
written as a product of functions - one that is a function of horizontal, but not vertical position, and
another that is a function of vertical, but not horizontal position. If this is done, the structure functions
are said to be "separable”. Furthermore, structure functions that are separablein positional spaceare
also separablein spectral spacemeaningthat the horizontal and vertical spacescalesare independert.
In the light of the points outlined above concerning obsened length scales,structure functions of the
atmosphereare not separableand consequetly this must be represerted by the modelled covariances
via the cortrol variable transforms.
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TABLE 1. DIFFERENTIAL LENGTH SCALES (KM) FOR FORECAST DIFFERENCES
SELBCTED MODEL LEVELS.

level P @+ HKE ¥ DKE Ap HH P K
28 3a 1353 366 I8T9 418 977 893 736
25 102 1047 277 1343 282 6l 234 633 409
19 23l 670 273 933 222 490 207 54l 297
11 ala a9 229 827 1™ 495 1¥f4 300 282

4 887 628 217 1045 195 336 1¥1 499 251
2 95l a81 199 724 181 433 164 466 211

Data for July 1998 snd January 1999 combined.

The second column gives the average pressures in hFa for the levels. Due &
the wvertical grid staggering T and HH are at slightly lower average pressure
than those indicated.

TABLE 2. IMPLIED DIFFERENTIAL LENGTH SCALES (KM}, 5B
LECTED MODEL LEVELS, OF TABLE 1.

level P #+ RKE x DKE Ap RH
28 30 356  I71 501 200 287

25 102 306 160 344 169 323 179

19 231 336  I71 380 174 337 192

11 519 332 169 320 161 401 199

4 aa7 339 168 3a:3 167 404 190

2 961 325 164 331 163 ara 184

Figure 5: Horizontal length scalesfor various quartities at a selectionof levelsin the atmosphere("RKE"
is rotational kinetic energyand "DKE" is divergen kinetic energy). This gure is reproducedfrom [27].
Panel a is for 'observed' lengths and panel b is for lengths implied from the current covariance model.

5.1.2 Latitudinal variation of vertical errors

Variancesand vertical covariancesoften vary strongly with latitude (and more weakly with longitude).
The variation of the trop opauseheight is an important feature that leavesits mark in the ‘observed’ error
statistics. This is evidert in the standard deviation of zonal wind errors (seeFig. 4a of [27], reproduced
in Fig. 6alater) and in vertical correlations of temperatures (seeFig. 6c of [27], reproducedin Fig. 8a
later).

5.1.3 Latitudinal and height variation of horizon tal errors

Horizontal length scalesfound in the forecast di erences are found to be a function of height and
latitude. In particular Ingleby found that, generally speaking, errors have longer horizontal scalesin the
stratospherethan in the trop osphere(seetable 1 of [27], reproducedas Fig. 5a) and longer scalesin the
tropics than at high latitudes (seeFig. 1 of [27]).

5.2 The shortcomings of the current covariance model

The current transform imposesrestrictions on which features of the 'observed' covariancescan be repre-
serted adequatelyin Var. There are known problemswith all three components of the transforms (Eq.
30), but we review someimportant problemswith the vertical and horizontal transforms, and their use
asa product of transforms in Egs. 30 and 29.

In the T -transform of the Met O ce, the vertical transform is performed before the horizontal
transform (see Eq. 29). This makesis possible for the vertical transform to be dependert on
horizontal position, and for the horizontal transform to be dependert on vertical mode.

Two methods of using the vertical transform have beendiscussed.One with no vertical rotation,
giving rise to a vertical-EOF basedvertical coordinate for ead parameter ( = EOF-index) and
the other that maintains height as the vertical transform (even though in the latter case,local
vertical EOFs are used as an intermediate space). These options have di erent properties and
drawbadks depending upon which is used.
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For the rst case,which is the one documerted in [1], the transforms have the ability to asso-
ciate di erent vertical scaleswith di erent horizontal scales(this is possiblebecauseead vertical
EOF has a characteristic vertical length scale, which then can have its own horizontal scalein
the horizontal transform). This assaation of vertical and horizontal scalesis necessaryfor non-
separableimplied structure functions and is captured in the implied covariances. An example
involving streamfunction is shown in Fig. 7. The ‘observed’ covariances(panel a) show a variation
of vertical scalewith horizontal scale,which is captured in the implied covariances(panel b).

This rst casehas its drawbadks. It is not possibleto specify a dependenceof horizontal scale
with height, leading to disagreemeis betweenthe 'observed' length scales(Fig. 5, panel a) and
the implied ones(panel b). Furthermore, this approac doesnot allow variation of the EOFs with
horizontal position (only a variation of their varianceswith latitude band), leadingto a failure to
capture the 'observed' latitudinal variation of the trop opauseheight as manifest, e.g.,in the zonal
wind standard deviations (Fig. 6, panel a), which do not agreewith the implied values (panel
b). Failures are evident also in the variation of vertical temperature covarianceswith latitude.
Compare 'observed' values (Fig. 8, panel a) and implied values (panel b).

For the casewith rotation of the vertical EOFs back onto height, the vertical covariance model is
allowed to vary with horizontal position. No test casesare available for this option, but would be
expectedto do well in represerting the level dependenceon horizontal scale,and the variation of
the trop opausewith latitude. It should also capture land-seacortrasts.

For this secondcasehowever, it is no longer possibleto assaiate vertical and horizontal scales.
This is a seriousdrawbadk as the implied structure functions will becomenearly separable,and
the method will not perform well in capturing the wavenumber dependenceshown e.g. in Fig. 7.

The inabilit y of the currect schemeto allow spatial dependenciesand to allow assaiations between
horizontal and vertical scalessimultaneously is the drive to replaceit with a better scheme.
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between streamfunction at eat model level with itself at model level 11 ( 500 hPa) as a function of
horizontal wavenumber. Reproduced from [27].

5.3 Structure functions in the current scheme

Structure functions of the atmosphereare not separableand sothe modelled covariancesmust leadto non-
separablestructure functions. In appendix 3 we work through calculations of implied structure functions
under simplied conditions. We nd that they are exactly separableonly under certain conditions.

For the rst caseof no rotation in the vertical transform, the structure functions are exactly
separablein the evert that M in the vertical transform (Eqs. 45-47)is independert of position, and

h in the horizontal transform (Egs. 55-57)is independent of EOF index. The rst condition means
that variancesof the global vertical EOFs are the sameover the globe and the secondcondition
implies that the horizontal length scalesare the samefor all vertical modes. In practice these
conditions are not exactly met by the transforms, meaningthat the implied structure functions are
non-separableas desired. This result is necessarygiven that the agreemen betweenthe panelsin
Fig. 7 is sogood.

For the secondcaseusing vertical rotation badc to height, we nd an analagousconclusion. The
structure functions are separableonly if the vertical modes- F,, and their variances- are inde-
pendent of horizontal position and | is independert of height.
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6 THE PROPOSED WAVEBAND SUMMA TION TRANSF ORM

In order to easesomeof the restrictions setby the current control variable transforms, a newmodel of B is
required with transforms capableof represening the more complicated position and scaledependenciesn
the covariances. Se\eral alternativ e transforms have beenproposedfor usein the Met O ce variational
assimilation system [28] (seethe main part and appendix F of this cited documert). These include
transforms that use multiple sets of control variables, namely the ECMWF's scheme (labelled "MF"
in appendix F of [28]), and a proposedversion of this adapted for usewith the Met O ce's grid-point
Unied Model (labelled "PA"). This adapted version keepsmany of the ECMWF's corvertions intact.
A further alternative ("VH") is de ned in terms of the Met O ce's current vertical and horizontal
transforms, applied in a similar way to the current system, but operating (as the above variants do)
on dierent and multiple sets of control variables separately The nal alternative ("WS" - meaning
"waveband summation") is along similar lines to the VH transform, but usesonly one set of control
variables- asin the current approach. The WS transform itself hastwo variants in [28] - oneis discussed
in the bulk of this cited documert, and the other in appendix F. We will be working with the version
introducedin the appendix, at leastin the rst instance. While it is hopedto yield improved results over
the current scheme, it is similar enoughin structure to the current operators to facilitate a relatively
short developmert time. This transform is described here.

6.1 The denition of the WS transform

The U -transform for the WS transform is de ned as the following (using, where possible, the same
notation usedbeforehandin this paper),

X
Uws=Up, U,Up 2 (72)
j=0

Many of theseoperators are the sameasin the current scheme. U, is the parameter transform operator
(section4.1), U; isthe vertical transform operator (section4.2), Uy, is the horizontal transform operator
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(section4.3), and ]2 are new so-calledspectral band pass lters. The band pass lters are ead a function
of total horizontal wavenumber, n, and are described in section 6.2. The summation, j is over J + 1
bands. In summary this transform, Eq. 72, replacesthe current transform, Eq. 30 which acts on the
cortrol vector, which represerts elds of parametersas functions of horizontal wavenumber and vertical
co-ordinate, and generates elds of model increment, which are functions of horizontal position and
height. The control vector, acted upon by Eq. 72, hasthe samestructure to that usedcurrently.

The di erence between this and the current transform is the summation over bands, the extra
'‘band index' on the vertical transform and the presenceof the spectral band pass Iters. Note that the
parameter transform is unchanged (the WS transform approac replacesthe simple product of vertical
and horizontal operators only). Unfortunately, in this formulation, there is no exact inversetransform -
only an approximate one. The approximate T -transform will be introduced later.

The objective of this new transform is to introduce an extra exibilit y into the covariance model to
allow it to represert the badkground errors more realistically than at presert. In particular, by virtue of
the extra band index on the vertical transform in Eq. 72, it allows a greater degreeof non-separability
of the horizontal and vertical transforms.

The limitations of the current formulation are discussedin section5.2 of this documert. In partic-
ular, we may chooseto useone of the following options:

Allow horizontal length scalesto depend upon vertical scales,as required for covariances. The
costis that the shapesof the vertical transforms cannot vary with horizontal position. This is the
current working mode.

Allow vertical covariancesto depend fully on horiztonal position, asdesirableto capture the varia-
tion of the trop opauseheight and to capture the land-seacortrast. The costis that the horizontal
and vertical length scalescannot be assaiated. This is not a current working mode, but can be
achieved with modi cation.

The WS transform has the potential to satisfy both of these features (scale and position dependence)
simultaneously if the vertical transform has characteristics of the secondof the above options.

Each band pass lter is designedto selecta dierent range of horizontal length scalesfrom the
cortrol vector, and eat can be treated by a di erent vertical operator (this is the purposeof the extra
index 'j' on Uy;). This givesboth position and scaledependenceto the new vertical covariance model.
The number of bands, J + 1, is unspeci ed at presert. The more wavebandsthat are used,the greater
the scope for scale dependenceon the vertical covariances. The price for this howewver is that more
computation is needed,and, the spatial dependencebecomeslessmeaningful.

6.1.1 Restrictions

There is a restriction on how U,; candepend upon band if we chooseno rotation of the vertical modes
(when the vertical co-adinate is EOF-index - section 4.2.3). In this casethe waveband approach does
not allow di erent vertical modesin F, for dierent bands. This is demandedbecausethe results from
ead operator are added, and so the vector spacesmust be the same. The new 'band dependence'on
the vertical transform must therefore be made through the vertical variancesonly, allowing vertical and
horizontal scalesto be assaiated.

There is no sud restriction if the EOFs are rotated badk to height space,asin the vertical scheme
proposedin section 4.2.2. It is envisagedthat this will be the choice usedwith the WS transform and
sowe will probably not have to worry about the above restriction.

In line with [28], there is no band dependenceon the horizontal transform in the version of the
WS transform given as Eq. 72. The reasonis to keepthe transform as closeas possibleto the current
scheme, but later (section 6.5) a band dependencewill be considered.

6.1.2 Similarit y with curren t transforms

The WS transform of Eq. 72 hasthe samee ectiv e property asthe current transforms if the band index
is removed from the vertical transform, and if the bandpass Iters obey a normalization condition. The
physical e ect of the transform is revealedthrough its implied covariance. Substituting Eq. 72 into Eq.
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8 yields,

Bws = UwsU
ws 10 1,
X X
= @, U, A@, UU; %A
j=0 j°=0
0 10 1
X X
= Uu,Uuy@ 2A@  ZAuJuTul; (73)
j=0 =0

which is the same as for the current transforms, U,U,U,UJUJUT, if, for each total horizontal
wavenumber (n), the band pass lters are normalized, ie,

X
2 - 1.
f(n)=1 (74)
i=0
P
(the de nition of the total wavenumber is givenin section2 of [29]). In matrix form this is, jJ=o ]2 =1,
wherethe matrix ; is diagonal and the total wavenumber dependenceof the function j(n) runs along
its diagonal.

6.2 The spectral band pass lters

The shapes of the functions ;(n), and their dependenceon the band, j, are now specied. The Met
O ce hasproposedusing so-called'optimal’ functions that have the following triangular form [28],

8
< 0 for n Nj 1

2ny=_ 1 for n=N; ; (75)
"0 for n Nju

with linear dependencebetweenthe wavenumbersN; 1 to Nj, and N; to Nj.1. (The exceptionis the
'last’ band passfunction in the set de ned. This hasa slightly dierent form - seebelown.) An example
band passfunction is shown in Fig. 9. The waverumbers, N;, that help de ne thesefunctions are found
by using the de nition of 'optimalit y' (seebelow).

1.0

0.5}

00 N1 Ni 100 200 N1 30.0

total wavenumbemn

Figure 9: Example triangular band passfunction j, asde ned in Eq. 75. The three total wavenumbers,
Nj 1, Nj and Nj.1, that de ne sudc functions are found from Eq. 78.

6.2.1 Determination of the bounding wavenumbers for 'optimal' functions

The Met O ce de ne the optimal band passfunctions asthosethat have a 'full width at half maximum'
(FWHM) equalto the 'typical wavenumber' of the function. For the functions de ned in Eqg. 75, the
FWHM s the following (for band j),

1
FWHMJ' = E(Njﬂ Nj 1) (76)
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The typical wavenumber, n;j, could have many de nitions, but the onethat the Met O ce have usedin
[28] is the averageof the wavenumbers at the points where the function is half maximum,

1 1 1
nj = 5 S(Np+Nj )+ S(Nje +Nj)
1
= ZfNJ 1+ 2N] + NJ+1g, (77)

which has a more generalde nition for more generalfunctions in appendix A.2 of [28].
Determining the N; arisesfrom equating Egs. 76 with 77, which yields the following recurrence
relation,
Nj+1 = 3Nj 1t 2NjZ (78)

The boundary conditions on N; are (asin [28]) areNg = 0and N; = Nmax . Equation 78then represerts
a set of (tridiagonal) simultaneous equationswhosesolution is the set of Nj,

0 10 1 0 1

10 0 O 00 0 O No 0
32 10 00 0O O N1 0
0 3 2 1 00 0 O N2 0

N3 0

= : (79)

NJ 3 0
00 0 O 32 1 0 Ny 2 0
00 0 O 0 3 2 1 Ny 1 0
00 0 O 00 O 1 N, N max

The determination of the upper limit of the summation, J, is discussedin appendix A.4 of [2§].
They start by writing the system of equations, Eq. 78, in a dierent way by de ning a new parameter
Kj,

K; 3K, h+2 (80)
whereK; = Nju =Nj; (81)

and then multiplying K; 1in Eq. 81 betweenj = 1andJ 1.

i oy

= b 1 0 1

= — (82)

If we chooseto restrict N; 1, then Eq. 82 leadsto,

1
Ny K. 1 1 (83)
j=1

Equation 80 tells us what the set of K; are (giventhat K, = 2), which then allows computation of the
product in Eq. 83. By evaulating the left hand side of Eq. 83 for trial valuesof J, we usethe largestJ
that the inequality in Eq. 83 holds.
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6.2.2 Options for the 'last’ band pass function

The example band passfunctions shawvn in [28] are reproducedin Fig. 10. Note that the condition of
Eq. 74 is satis ed at all wavenumbers, as required. Importantly, for the triangular functions, no more
than two are non-zeroat any onewavenumber. For a particular maximum wavenumber, there is a choice
of two conventions in how the last function (highest band index) is represerted, and the two possibilities
require di erent numbers of functions, di ering by one. The panelsin Fig. 10 cover the two schemes.
The last function of panel (a) is a so-called'oversized' function and in panel (b) it is an 'undersized'
function. Thesealternativesead have good and bad features.

The typical wavenumber of the oversize function in panel (a) is smaller than its FWHM. The
length scalesof this function therefore have a greater range than they should have, including
smaller scales. This is not a problem with the undersizedoption in panel (b).

One lessband passfunction is neededin panel (a) than in panel (b) to Il the wavenumber range
and to satisfy Eq. 74. Implemerting the oversizedoption therefore presens the possibility for a
more e cien t solution.

The discussionin [28] recommendsuse of the oversized scheme for reasonsof e ciency, and that any
inadequaciesat small length scalesare probably swamped by problems in the model anyway. Also
discussedin appendix D of [28] are other shapesof band pass lters.

1.0i : : : : - :
2 2 2 (@) Oversized last bandpass function
2
j
0.5} 8
0.0
2 2
1.0 72 : ‘ —— ‘ —
2 2 (b) Undersized last bandpass functio E
2
j
0.5 | i
0.0 : : : : : :
0.0 100.0 200.0 300.0 400.0 500.0 600.0

total wavenumbemn

Figure 10: Example triangular band passfunctions showing the two alternativ esfor speci cation of the
nal function requiredto Il the sametotal wavenumber domain in ead case.Panel (a) usesan oversize
function and panel (b) usesan undersizefunction. The oversizeoption requires one lessfunction than
the undersizeoption.

6.3 The T-transform for the WS transform

A dicult y of the waveband summation transform is that it has no exact inverse. The foremost cause
of this is the non-orthogonality of the band passfunctions. Before suggestingan approximate inverse
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transform, it is pertinent now to highlight somecommutation properties of the operators that appearin
Eq. 72.

6.3.1 Comm utation between the vertical and horizon tal transforms

There are two alternativ esfor the con guration of the vertical transform and we considerseparatelythe
commutation of ead with the horizontal transform and with the bandpass lters (proofs are given in
appendix 4).

Considering rstly the con guration with no vertical rotation (section4.2.3),the combination U, Uy,
can be written with referenceto Eqgs. 45 (with an extra band index, M ;) and 55 as,

UUn = Z MZF, 75
= (2 ™M[TFh § 2R YFR: (84)
The bracketted term in Eq. 84 is the combined vertical U-transform and the horizontal U -transform

written in real space.Using squarebrackets, [A; B], to denotethe commutator, AB  BA, the commu-
tation betweenthe vertical and horizontal transforms can be written as,

[z *M{7%F, F, = 0if Mj ind: of horiz: pos and 4 ind: of z; (85)
6 Ootherwise (86)

With vertical rotation (Eqg. 34 with an extra band index, Fy;, vj), the commutator is,

[Fvi vj FIJ» i Fh r11:2Fh 1 = oif vj ; Fyj ind: of horiz: pos and 1, ind: of EOF index; (87)

6 Ootherwise (88)

6.3.2 Comm utation between part of the horizon tal transform and waveband lIters

Sinceead are diagonal operatorsin spectral space,the part of the horizontal transform, ﬁzz, commutes

with ead bandpassfunction, JZ
[+ A=o (89)

6.3.3 Comm utation between the vertical transform and waveband lters

Once more, we consider the two vertical transform con gurations. For the casewith no rotation, we
examinethe commutivit y betweenthe vertical transform, U,; = Z M j1=2, and the waveband operator
translated into grid space,Fp ]-2Fh L

[z *M[%Fn 2F,Y = 0:if M ind: of horiz: pos (90)
6 O0:otherwise (91)

which is the sameresult asin section 6.3.1 for commutation betweenthe vertical and horizontal trans-
forms. This commutivit y property doesnot hold strictly if M 1-122 is not independert of position. It is
however assumedto hold approximately if its positional dependenceis weak.

With vertical rotation in the simple vertical schemeoutlined in section4.2.2,the commutator is,

[Fu o FyiFn 2F,' = 0O:if y; Fy ind:of horiz: pos (92)
6 0:otherwise (93)

which is the sameresult asin section 6.3.1 for commutation betweenthe vertical and horizontal trans-
forms.

Equation 92, e.g., gives the vertical operator (rst term) and the band Iters (secondterm) in
positional space. This, and other, commutations can equivalertly be expressedwith both operators in
spectral space. Equations 92 and 93 are then,

[Fo'Fu o FyFn 21 = 0Oif y; Fy ind:of horiz: pos (94)
6 0:otherwise (95)
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6.3.4 The inverse transform

The exact inversetransform of Eq. 72 doesnot exist. There are two reasonsfor this. (i) The useof a
single control vector betweenall of the wavebands,and the non-orthogonality of the bandpassfunctions
meansthat U s hasno exactinverse,but an approximate inversecan be constructed. (ii) The bandpass
functions in the inverseof U s must be to the right of the vertical operators. This is the way that the
vertical operators gain their band dependence. The bandpassfunctions are however on the right of the
vertical operators in the forward transform - Eq. 72 - which will be reversedin the inverse. There is
therefore a needto develop an approximate inversethat hasthe right ordering.
An approximate inversethat dealswith problem (i) is,

X
Tws PThTy T
j=0
X
2 1=2 1 .
i h FroTyiTp;
j=0
X

W PR Ty (96)
i=0

The rst line is a reversal of order and inversion of ead operator in Eq. 72, exceptthat the bandpass
functions have not beeninverted. In the secondline, the horizontal operator has been substituted with

its explicit form (Eq. 57). The vertical operator could be substituded with either Eq. 36 or 47, depending
upon the chosencornvertion (Eq. 36 is consideredthe most suitable for use with wavelets), but in the
aboveit is left in its genericform. In the last line, the bandpassfunctions have beencommuted with the
horizontal matrix, %2 sinceboth are diagonal in spectral space(section 6.3.2). It can be con rmed

that UysTws |, (using Egs. 72 and 96) starting in the following way,

X] l-ZX] 1=2
UwsTws Up UyjFn ]2 h ho jzthlijoTp;
i= i 0=
i OO j%=0 1
P X
UpFn @F b Uy Fy 7 FoF L MTyjoFn A F AT (97)
j=0 jo=0

In the last line, the horizontal operators cancel, and the operators FnF,, ! have been added near each
end of the expression. The part of the expressionwithin the large brackets is an operator in spectral
space. The string of operators F lU\,,- Fp is the vertical transform for band j in spectral space. It is
found in section6.3.3 (with details in appendix 4) that if the spatial variation of the vertical transform is
weak then in spectral spaceit will commute approximately with ]2 and can regardedas approximately
block diagonal in wavenumber. We consider one suc block of this operator that is concernedwith
waverumber k. Let the kth block of F, *U.; Fn = By7>(j; k), which is a vertical-only operator. The kth
block of the bracketed part of Eq. 97 is,

X X

BY2(: k) F(k) fo(k)B, 72 % K): (98)
i=0 j°=0

Wavenumber k will contribute to this operator only if both f and 120 are non-zero. Let wavenumber
k have contributions from bandsj = andj = ,where and are neighbouring bandsthat overlap
(seeFig. 10). Equation 98 then becomes,

Bi2(; k) () +By2( k) 2(k)  2(0B, (5 k) + 2(K)B, (k)
= (k) + B2 KB, P( k) 2(k) 2(k)+ BYTP( KB TR(GG K) 2(k) () + f(k): o (99)
Assuming that the vertical operators do not change very much between neighbouring bands then we
may take Ba72(; K)By ™?( ;k) I, and Eg. 99 becomes,
S GO (9 (S B (S I (S (O
; (100)

HOR R (SR (SRR (VER(Y
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where Eq. 74 has beenused. This last step explains why JZ and not , is usedin this transform.
Inserting Eq. 100into 97 completesthe justi cation of UwsTws |. Thesestepsare similar to those
in [28].

Equation 96is however not a suitable inversetransform asthe bandpassfunctions are not positioned
to the right of the vertical operators (problem (ii) above). It is arguedthat a suitable approximate inverse

can be formed by commuting JZ with the vertical transform in spectral spacegiving (seesection6.3.3),

X
Tws Th  TyFn 2F, Ty (101)
j=0

which is reasonable,providing that the vertical transform varies slowly with latitude. The alternative

forward version of Eq. 101is,
X
Uws Up  Fn 2F,'UyUnp; (102)
i=0
which is usedwhen calibrating the wavelet transforms in section 6.5.

6.4 The UT-transform for the WS transform

The transposeof the waveband summation transform, U}, ¢, follows in a straightforward manner from
Eq. 72. Taking the transposeyields,
X
Uls = UpUy Uy (103)
j=0

The individual transposesU;, Uy; and U] should follow from the standard code that already exists
(with appropriate modi cations to UIJ- given the extra band index). The ]2 operator is diagonal in
spectral spaceand sois trivially self-adjoint.

6.5 Calibrating the WS transform

The covariancesstatistics for the waveband summation (WS) transform are calibrated in a similar way
to the current transforms (seesection 4.5), but now there is more information to deal with due to the
multiple bands. It is herethat we make use of the approximate inverseof U s derivedin section6.3.4.
Recall that in the current transforms, we have to determine the following.

The vertical covariance matrices at ead position, B, (; ) are required. When averagedglobally,
thesewill yield the eigervectors,F, and eigervalues, ., which will allow calculation of the diagonal
matrices M (; ). This is the information required for the current vertical transform in the case
of no rotation (seesection 4.2.3).

The horizontal variances, , canthen be computed for ead vertical mode. Theseare then used
to determine a length scalefor ead vertical mode.

The WS transform calibration (below) is more complicated than this and there are a number of
alternativ e approachesthat can be considered. Options include the useof top-hat and triangular band-
passfunctions and the introduction of a band-dependent horizontal transform - somethingthat has not
beenconsidereduntil now. For the WS transform, we will usea speci ¢ choice of rotation in the vertical
transform (seebelow).

The structure of the WS calibration procedureis similar to that for the current transform (section
4.5). It is proposedthat the NMC method will be cortinued and so in the following, x° refersto the
forecast di erences asin Eqg. 64 and the angled braces, hi, refer to an averageover situations. As in
the current scheme,the calibration is donein stagesand we can considereac parameter ( , ,“p, etc.)
separately (we consider below). There are a number of choicesthat have to be made.

Full benet of the WS transform is gained when the vertical transform is a function of horizontal
position (variancesand EOFs). In the light of the discussionin section 4.2.1, this requires the
version of the vertical transform discussedin section 4.2.2 which works by projecting elds onto
EOFs, scaling with variances and then rotating back to height. This proposed version of the
vertical transform is simpler than the one currently implemented and is the version usedin the
description below.
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The spectral bandpass Iters overlap (Fig. 10). This createsdi culties when dealingwith calibra-
tion of the horizontal transform. Many treatments of this problem are discussedbelow - extending
the discussiongiven in section 7 of [28]. Four options are discussed,labelled as 1a, 1b, 2a and
2b (section 6.5.2). Considerationsinclude the use of non-overlapping top-hat bandpassfunctions
and an approximate treatment of the band coupling presert when using the triangular bandpass
functions.

6.5.1 Calibrating the vertical transform

The vertical transform statistics depend upon the waveband. Analagousto Eqg. 65, the vertical error
covariance matrix for at position £ in wavebandj is,

Byi(; )=HC®Fn JF, T, x(CHFn 7F 1T, %97 (104)

The string of operators C(r)Fy, szh 1Tpx° doesthe following: (i) T, generatesstreamfunction from

xC (i) Fp szh ! lters through a range of wavenumbers as speci ed by the bandpassfunction ]2 and
(i) C(r) isolatesthe vertical column at position +. This string of operators (except for C(r)) is the
sameasthat string appearing in the approximate form of the WS T-transform in Eq. 101.

The waveband (and position) dependert vertical transforms are, from Eqs. 34 to 36 (and with an

extra band index, j),

Uy = PR, PR (105)
1=2 =2.

Uy = Fy  FyP, ™% (106)

Ty = Fy  FPE2 (107)

The matrices Fy; (r) and j (#) are, respectively, the eigervectors and eigervaluesof the matrix By in
Eqg. 104 (they are functions of position += (; )). This processis repeatedfor eat position and band
(and parameter) and in total describesthe vertical part of the WS transform.

Note: in the caseof the above equations,the bandpassfunctions are the triangular functions shavn
in Fig. 10. For someoptions in the discussionto follow, the transforms will usethe top-hat functions

shown in Fig. 11 instead, which are denoted by a 'hat, “?. In thesecasesreplace ? with "2 in Eq.
104.
2 2 2
1 2 3
1.0 [
2 2
2 W/ 4 5
i
0.5 H i
0.0 - - - - - -
0.0 100.0 200.0 300.0 400.0 500.0 600.0

total wavenumbenmn

Figure 11: Non-overlapping top-hat band passfunctions, ’\1-2, approximating the triangular onesof Fig.

10. The sidesof the top-hat "jz functions is taken to be midway betweenthe peaksof neighbouring ]2
functions.

6.5.2 Calibrating the horizon tal transform

The equationsneededto calibrate the horizontal transforms are now developedwith four di erent options
for treating the band overlap.
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Calibration option la: non-overlapping top-hat bandpass functions with a band-indep endent
horizon tal transform

After nding the vertical transform matrices (refer to Eq. 104 with ]2 replaced with '\1-2) the hori-
zontal transform needsto be determined. By analogy with section 4.5.2, start with the de nition of B
(Eqg. 62) and substitute for x° using the approximate U s-transform (Egs. 2 and 102),

X X
e%Ti U, Fr 2R U U v (U FR AR MU U o) T (108)
j=0 j =0

There are a number of di erences betweenthe approximate Uy s-transform usedabove and that shown
in Eq. 102. In this rst option, 1a, we treat the band overlap by ignoring it, ie top-hat bandpass
functions have beenusedinstead of triangular ones(only for calibration). There is also an additional
band index on the horizontal transform, eventhough we will socon drop this (seebelow for why this index
has beenadded). The angled brackets can be taken to the ¥&%% , giving w%Y i = | (control vectors are
uncorrelated). Even though the bandpassfunctions are non-overlapping, there can be a contribution
to % i evenwhenj 6 j% This inter-band coupling can arise from scalesintroduced by position
dependencesin the vertical transform. For simplicity though we will proceedby assumingthat such
coupling is negligible and take cortributions to k%% i from j = j°only, thus elliminating one of the
summations,

X

%Ti Uy FrnAF, MU yoUn o(UpFn "ZF, TU U o) (109)

jo=0
Take the parameter transform and the outer spectral transforms to the left-hand side. Considering only
one parameter ( ),

X
W T o % AF, 1T %9 i "EF L U joU o " PR tU iU o) T (110)
j°=0

Multiply (to the left and right) by the operator "jz. The only member of the summation over j © that

survivesis wherej %= j (and only within the part of the spectrum wherethe bandpassfunction is nite),
WY2R AT k%2R T )T FLtUy U (FL MUy U T (111)

Take the inversespectral transforms, and the vertical transforms, which are now known from subsection
6.5.1,to the left hand side,

HT v Fn 2R T o AT oy Fn 2R 1T x0TI Uy (Uy)™: (112)

The horizontal transform is de ned by Fy 7

horizontal spectrum for band j,

(Eg. 55). Substituting this into Eq. 112 givesthe

W Ty Fn 2R MT kAR 1Ty Fr "2F AT x0T (113)

nj is the diagonal matrix of variancesasa function of waverumber and height and Eq. 113can be used
to determine thesediagonal elemens. Even though there is a band label on this horizontal spectrum, it
doesnot meanthat the horizontal transform hasto be band-dependert. The label hereidenti es the part
of the spectrum (range of wavenumbers) that is found from Eq. 113 for a givenj. Due to the spectral
Itering in Eq. 113,the horizontal variancesfor band j are expectedto be non-zeropredominantly inside
the range of wavenumbers assaiated with band j only (via the Iter "jz - seeFig. 11). For option 1a,
only this weight inside the top-hat is presened (it is setto zero outside). By applying this procedure
over all bandsj (0 j J), the entire spectrum of variancesat ead level is found for eat parameter,

X
h = hj : (114)
j=0

Calibration option 1b: non-overlapping top-hat bandpass functions with a band-dep endent

horizon tal transform
There are two instanceswhere inter-band coupling is neglectedin option la. The rst is with the
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removal of one of the band summationsto give Eq. 109, and the other is made near the end to give a
band-independert horizontal transform. It is possibleto not neglectthe weight outside of eat top-hat

function in the secondinstance and we may wish to investigateits e ect by capturing the entire spectrum

for . This givesrise to a dierent spectrum for ead band and thus intro ducesa band dependence
on the horizontal transform.

Calibration option 2a: triangular band pass functions with a band-indep endent horizon tal
transform

It isclaimedthat it is possibleto calibrate the WS transform without the needto approximate the band
passfunctions with non-overlapping top-hat functions. This procedure usesthe sametriangular band
passfunctions that are presert in the original de nition of Uws (Fig. 9), but still usesthe approximate
Uws-transform (Eq. 102). Just as for the top-hat function case,there are two options - with and
without a band-dependent horizontal transform. Of thesetwo triangular cases,the band-independert
case(option 2a) is by far the simpler method, but treats the overlap in an approximate way. It is left to
option 2b for an outline of the exact formulation.

Apart from the use of triangular functions in the calculation of the vertical and horizontal trans-
forms, the procedurefor triangular functions here di ers from option lain another way. Someof the
transforms usedin the calibration may require a modi cation to correct for double counting of variances;
the correction is in the form of a spectral correction function, ( n). Double counting occursbecausethe
triangular band passfunctions overlap and so each wavenumber will be consideredtwice. At any given
wavenumber, at least two band passfunctions are non-zero- seeFig. 10. This approac is not a formal
treatment, and soits e ectivness will needto be demonstrated.

For now we will take ( n) asa given (a form of ( n), similar to that proposedin [28], is derived in
appendix 6) and considerit to be a diagonal matrix in spectral space,usedin assaiation with the band
passfunctions, ie 7! 2 whenusedin the T-transform senseand ? ! ! Zin the U-transform
sense. It is not clear at this stage whether this modi cation should appear in both the vertical and
horizontal calibration steps, or just one. We will assumefor now that the correction should be usedin
both. Then, the formula for the vertical transform, Eq. 104, becomes,

Byvi(; )=MC®Fn 7 F T xACHFn 7 F T x97i; (115)

and for the horizontal transform, Eq. 113, becomes,

LI TFn 7 OF T, x%F, 1Ty Fa

i 2R hj - (116)

J
Calibration option 2b: triangular band pass functions with a band-dep endent horizon tal
transform

The following approach makesno approximations to the calibration processother than making use
of the approximate transform, Eq. 102 as before. Treating the band coupling properly givesrise to
equationsthat are dicult to solve (i.e. a large rank problem that cannot be solved entirely by o -the-
shelf numerical routines).

The vertical transforms are found as before by application of Eq. 104. The vertical transform
matrices follow from Eqgs. 105to 107. The dicult y starts with calibration of the horizontal transform,
which, incidently, is now necessarilyband dependert.

Start with the de nition of B (Eq. 62) and substitute for %° using the approximate U s-transform
(with an additional band index on the horizontal transform), Egs. 2 and 102,

X X
% WUy Fn PFotUG U v%T (U Fro %F TUyoU o) Tis (117)
j=0 jo%=0
The angled brackets on the right hand side can be taken to the ¥%™ , giving W% i = 1,
X X
%P Up  Fn 2Fo'UyUp Uy Fr 2R tUGoU o) (118)
j=0 j°=0
Take the parameter transform and the outer spectral transforms to the left-hand side. Considering only
one parameter ( ),
X X
N G Ll ZFL Uy Uy ( 2R tU U R o) (119)
j=0 j°=0
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Multiply from the left with the operator ",2 and from the right with ",20,

X X
h |2Fh1TpX0( FthlTpXO)Ti |2 szhluijhj( |20 jzthluijUhj O)TZ (120)
j=0 jo=0

Equation 120 has a similar structure to a matrix equation, but where we have 'matrices of matrices'
instead of the more familiar situation of matrices of numbers. It is apparent that the left-hand sideis a
(J+1) (J+ 1) matrix of N N matrices (or 'blocks’), where N is the number of grid-points in the
model domain. Each block is found by varying | and 1°

It will simplify the procedureusedto solve Eq. 120if matrix blocks in this equation are de ned as
the following,

let: Ryo = h PF T %% &F 1T, %97, (121)
~||0 = |2 |20; (122)
Qjjo = FotUyjUp UpoUyoF, ™ (123)

Rio, o and @Qjjoareall N N matrices. By varying | and I% Eq. 120then resenblesa matrix equation
(of matrices),
X X
Rjo = ) QjjoTjoo: (124)
j=0 j°=0

The 0 forms a tridiagonal block of diagonal matrices (it is tridiagonal becausebands further than
nearest neighbours do not overlap). It is beyond the scope of this report to discussthe method of
solution of this equation, but the aim is to calculate the Qjjo matrices by solving Eq. 124. For the
remainder of this report it is assumedthat these matrices are now known. In fact, to compute the
band-dependent horizontal spectra, the diagonal blocks of Q will su ce. Continuing from the de nition
of Qj; from Eq. 123, we have,

Qjj = F'Uyj Uy Uy Uy R T (125)

The spectral transform on the left of the right-hand side and the adjacert vertical transform (which is
now known from the previous subsection)can be taken to the left-hand side, followed by a transposeof
the whole equation,

TyFnQj = UyURULFT;
T
Ty Fn@Qjj = Fpl'UyUpUp: (126)

The remaining horizontal and vertical transforms, on the right-hand side in Eq. 126, can then be
transferred to the left-hand side as above,

T
ij Fh TV]' Fthj = Uhj U;j : (127)

The left-hand side is known and the horizontal spectrum for band j is found by substituting the form
for the horizontal transform from Eq. 55 (with an extra band index on the spectrum) on the right-hand
side. Rearrangedthis gives,

T T
I:hl FthViFh Ty FnQjj = hj- (128)

Repeating this for every block matrix, Qj;, along the diagonalof Qfor 0 j J derivesthe horizontal
spectra.
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7 APPENDIX 1 - Transpose and adjoint operators

The role of an operator is to map one vector spaceto another. Typically in data assimilation, such
operators t into the ‘forward part’ of the data assimilation scheme, where ead operator is part of a
sequencevhoseultimate aim is to predict the obsenations that are consistert with a cortrol vector, .
Information is passedback to the control vector in reverseby the adjoint courterparts of ead operator.
The information that is passedbadk is in the form of gradients with respect to eat vector, and the
ultimate aim of this 'adjoint part' is to provide a gradient of the costfunction with respectto componerts
of ¥%. This is then passedto a descem algorithm which decideshow to adjust ¥°.

In order to seehow we need adjoint operators, consider the following example which usesthe U
operator (seeEq. 2). SinceU is a linear operator, it may be represenied asa matrix, and Eq. 2 may be
expandedfor the ith componert of %,

0 _ 0.
= Uv®
xo xv i
X; = Uij v
i
0
thus % = Uj: (129)
i

If we are provided with a vector of partial derivatives of a scalar, J, performed with respect to eath
componert of x% then the chain rule asfollows can be usedto nd the vector of partial derivativesof J
with respect to ead componert of ¥°,

@, . X & @,
@’ L eraf”
= Xi Ujj @@?J;
= Xi U}i@@ioJ;
thus g) ' = uT g) T: (130)

The transpose,which is the sameasthe adjoint operator under certain conditions (seebelow), propagates
the gradient information in the opposite direction to the forward operator.
The inner product betweentwo vectorsin x%-spaceand in ¥’spaceare de ned asthe following [23],

e %0, = %xITPyx%Y; (131)
w)vdi, = ¥WPw; (132)

where P and Py are inner product matrices. In the left hand side of Eq. 131, substitute x3 = UwJ.
This can be written as follows, which can be regardedasthe de nition of the adjoint operator,

ed; Undi, = U %2 %i, (133)

In Egq. 133,U isthe adjoint of U. A similar inner product can be written for practically any operator,
allowing its adjoint to be de ned. Completing the inner products using Egs. 131 and 132 yields,

TP, U¥ = (U x)TP,w;
leadingto U P,IUTPy; (134)

which is the relationship betweenthe adjoint and transpose operators (when deriving the secondline
from the rst line, remenber that the inner product matrices are symmetric). It is only in the event
that the inner products are identit y matrices that the adjoint is the sameas the transpose,even though
the terminology is often usedinterchangeably

Let J be a scalar that is a functional of x°. We note that the change, J, that follows from the
change x° hasthe form of a scalar product,

J=—— % (135)



wherethe partial derivative hasnot beentransposed(as might have beenexpected) asit is a row vector
already. Alternativ ely, we may write J in terms of the functional derivative, r oJ, which is expressed
asthe following inner product equation,

J =1 xoJ; ¥4, = (r xoJ)"Py % (136)

which hasbeenwritten using the de nition of the inner product in Eq. 131. The J hasto bethe same
in Egs. 136 and 135, and sor xoJ must have a di erent meaning from @=@&° Comparing the two
equationsyields the relationship betweenthe functional and partial derivatives,

@ T
red=Py ! @ (137)
A similar relation exists betweenthe functional and partial derivativesfor vectorsin w-space,
@ T
r VO‘J = PV 1 @0 . (138)
Substituting the partial derivativesinto the chain rule, Eq. 130, yields the following,
Pur woJ = UTPyr xJ;
ryd = P,IUTPyr oJ;
red = U r xJ; (139)

where in the last line, we have usedthe relationship betweenthe adjoint and transposeoperators (Eq.
134). Equation 139is the chain rule for functional derivativesand is analogousto Eq. 130 for simple
partial derivatives.

8 APPENDIX 2 - Covariance and convolution

It is often quoted that errors in the atmosphere have a horizontal structure which is approximately
isotropic and homogeneous.This approximation is exploited in the horizontal transform, speci cally in
the form of Eq. 51. Another way of making this statement is that given that errors are isotropic and
homogeneousn the horizontal, then modes(spherical harmonicsin the caseof a global model and plane
wavesin the caseof a limited areamodel - the rowsin F,, ) are uncorrelated and the variancesare the
diagonal elemens of . Sincethis point is not explained in the main body of this paper, we resene
this appendix to give a plausibility argument towards its validity.

At the heart of the argumert is the convolution theorem for fourier transforms. For simplicity we
proceedto show our workings usingthe ordinary fourier transform in onedimensiononly, and assumethat
the result holds in the plane and for other bases.In particular we assumethat there is a corresponding
convolution theorem for a sperical harmonics-basedtransform.

A cornvolution is written asthe following,

Z
8(x) = x® x)g(x%9dx’ (140)
x0
where g(x) is the function being convoluted, and (x) is the function that species how g(x) is to be
smoothed. Fourier transforming ead side of Eq. 140 and assumingthat (x) is even, results in the
following,

Glk) = W(k)G(k); (141)

where G(k) = g(x) exp( ikx)dx; (142)
zx°

M (k) = (x) exp( ikx)dx; (143)
zx°

and G(k) = g(x) exp( ikx)dx; (144)

X

where G(k), M (k) and G(k) denotethe fourier transforms of g(x), (x) and g(x) respectively. Equation
141is called the convolution theorem and says that the convolution processis diagonal in fourier space.
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This result is useful when consideringthe action of a covariance matrix. In a discreet space,if the
function g(x9 is represerted by the vector g, then Eqg. 140is equivalert to acting on g with a covariance
matrix, M, whoserows are thought of as vectors, eac being the function (x° x), with x varying in
ead row (ie the rows are represenations of the function (x9), shifted in spaceby a di erent amourt in
ead row of M x). The matrix form of Eq. 140is,

g= Mg (145)
Let the vectors G and G be the fourier spacevector represerations of g and g, respectively,

G = F,'g (146)

G = F,'® (147)

where F ! is the horizontal spectral transform operator introducedin section 2.3, which represerts the
integrals in Eqgs. 142,143 and 144. Substituting the above two equationsinto Eq. 145yields,

G=F,'MF,G: (148)

Comparing this equationto Eq. 141tells usthat F M «Fp, (an operator in spectral space)is diagonal,
and that the diagonal elemernts are found from the fourier transform of the smoothing function, . The
equivalenceof F, M «Fp, with M (k) is essetially Eq. 51in section2.3with S, = M, and = M (k).
Note that the property of errors being isotropic is re ected in our analysisby being an even function,
and the homogeneousaspect is a natural consequencef the convolution.

9 APPENDIX 3 - Example of the implied covariances in the
curren t transform

The cortrol variable transforms, even in their current form, can be conceptually non-trivial to under-
stand. In this appendix we analysethe combined horizontal and vertical transforms in the absenseof
the parameter transform, and their implied covariances.

Eventhough the current transforms are written asproducts (Egs. 29 and 30), generally they imply
non-separablestructure functions (i.e. the structure functions cannot, in general,be written asa product
of functions - one depending on height but not on horizontal position, and another on horizontal position
but not on height). Somecircumstancesdo lead to separablestructure functions. We examine these
below in the casesof two options for rotation.

9.1 Implied structure functions when R, = |

Taking the U-transform to be made up of the horizontal and vertical parts only, the U-transform is
written,

x° = U,U°
Z MR, A (149)

where the samenotation asin the main body of the text is usedhere (seein particular Egs. 45 and 55),
except that (due to the absenceof the parameter transform in our argumerts here) x° now refersto a
parameter rather than a model variable. Equation 149is more clearly written in integral notation,

z z

xAr;z)=  d Z Yz )MP2(r; ) dkFu(rk) ok VK ); (150)

where r represerts horizontal position, z height, k horizontal mode, and vertical mode index (in this
integral form the symbols that were matrices are now functions of the two variables that the rows and
columns of the matrix represeried). The implied covariance, UU T is written,
Z z
x(r%29) = dz M OMIT(% ) dkFa(r%k) (k)
z z
dr 2(k; YFu(r k) dzM¥2(r; )Z Y(z; )xXr;2): (151)
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In integral form, the transposeoperation doesthe integral over r and z instead of k and . Additionally
the horizontal modesusethe complex conjugate, F,,. The implied covariance maps ead point in model
space(at r and z in x° to every other (at r®and z%in x9), just like a convolution (seeappendix 2).
In order to seehow this integral operator spreadsinformation, let it act on the delta function
(r rz 2). Equation 151then simplies to,
VA Z
x%2%) = dz M2% MG ) dkFR(r%k) n(ki IFR(KKM (R )Z Yz )
Z
= dZ MM )M )Z M=)
z
dkFn(r%k) n(k; YF,(=K); (152)

which has e ectiv ely traced-out a column of the implied covariance matrix - represerted as a function -
that represerts the covariance betweenthe point () and every other (r%z% (such a function is called
a structure function).

As it stands, Eq. 152is non-separable.If, howewer, the r dependenceof M and the dependence
of | are removed, then the structure function becomesseparable. This meansthat Eq. 152 can be
written as a product of two terms - one that is a function of height but not of horizontal position, and
another that is a function of horizontal position but not of height,

VA Z

X(%29 = dZ M8 IM()Z Mz ) dkFa(r%K) a(KFL(sK): (153)

9.2 Implied structure functions when R, = F!

The other choice of R, discussedinvolves a variation of EOF and rotation with horizontal position,
Rv(; ) = FJ(; ). The vertical co-ordinate output by the T, transform is now height, and the
vertical transforms (Egs. 34 to 36) are usedto investigate the nature of the structure functions. For
simplied notation let the horizontal position dependence(; ) = r of the vertical matrices be implicit
in Eq. 154. The analoguehere of Eq. 149is,

x = U,Upv®
= Fy F2FIFn (154)
In integral form, this U-transform (with no parameter transform) is,
Z Z Z
Xqr;z% = d Fy(2% ;1) F2(;r) dzFy(z;; 1) dkFu(r;k) £2(k; Z)VK; 2); (155)

where, due to the rotation, v®and |, are now functions of z where they were a function of EOF mode
in the previous section. The paraneter is a new variable for the local EOF index ( was used before,
which has becometo mean height in this report when discussingthe choice of rotation usedhere). The
implied covariance, UUT, is,
z z z
xX%2) = d F@ O RO d2%F, (2% ) dkFa(r%k) (k2%
VA VA VA
h (k2% drFn(rk) d Fy@® ) (P dzFy (2 nx®rz): (156)

To derive the structure function, let this integral act on the samedelta function asbefore. Let x}r; z) =
(r ¥z 2 giving,

z z z
x0%29 = d R %9 2 %r%)  dz2%F, (2% %r9)  dkFa(r®k) [ 7(k;z%
z
b (GZFR(K) d Ry 0 PG PR B
z z z
= dRES O VPO AR O d RET R VPG RRE
z
dkFr(r%K) n(k;z°F, (~k): (157)
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As it stands, Eq. 157 is non-separable,as in the rst casewith no rotation of the vertical modes. If
the r dependenceof  and F, and the z dependenceof | are removed, then the structure function
becomesseparable,

z z z
(%29 = d Fu@® 9 FAY d®F (2% 9 d Fu@% ) ()= )
z
dkFr(r®K) n(K)Fp (~K): (158)

9.3 Variation of horizon tal scale with horizon tal position

It is believed - although more di cult to show - that the horizontal length scaleis a (probably weak)
function of horizontal position, at least in the rst of the above cases. Although the horizontal trans-
form is meant to be homogeneougsection 4.3), the presenceof latitudinal dependencesin the vertical
transform givesrise to inhomogeneousstructure functions when the horizontal and vertical transforms
are combined. This may be shown, e.g., by looking at the width of the structure functions, Eq. 152 or
157 as the delta-function is moved around (in particular varied with latitude). This probably requires
simpli ed numerical examplesto show this in a straightforward manner.

10 APPENDIX 4 - Demonstration of some relations

10.1 Comm utation between the vertical and horizon tal transforms when
Ry =1

Doesthe vertical U-transform in the caseof no rotation of the vertical modes,Z M 72, commute with
the horizontal U-transform translated into grid space,Fp ﬁ:ZFh 12 Let vr® z) be the result of acting
with the translated horizontal transform, and then the vertical transform on the state v(r; ),
Z Z z
V(r%z) = d Z Yz M%) dkFR(r%k) b (ks ) drFa (kv ): (159)

The vertical and horizontal U-transforms commute only if (i) n is no longer a function of and (i) M
is no longer a function of r% In this case,the order of the transformations can be reversed,
4 Z 4
dZ Yz M™2()  dkFa(rGk) § (k) drF (kv );
4 4 4
dkFr(r%k) F2(k)  drF.(rik)  d Z Yz, )M200Ar; ) (160)

VA% 2)

10.2 Comm utation between the vertical and bandpass functions when R, = |

Doesthe vertical U-transform in the caseof no rotation of the vertical modes,Z M 72, commute with
the bandpassfunctions translated into grid space,Fy, jz(k)Fh 12 Sincethis is the sameanalysis as the
above (with ﬁzz replaced with ]-2), a similar conclusionapplies. The vertical and bandpassfunctions
commute only if M 172 is no longer a function of r°.

10.3 Comm utation between the vertical and horizon tal transforms when
Ry = FI

Doesthe vertical U-transform in the caseof rotation of the vertical modesbadk to height co-ordinates,

Fy v °Fl, commute with the horizontal U-transform translated into grid space, Fy ﬁ:ZFhl? Let

v(r% z9 bethe result of acting with the translated horizontal transform, and then the vertical transform

on the state vY(r; z),

4 4 4 4
VIr%z) = d Fy(2%; 19 2% ) dzFu(z;; 19 dkFa(r®k) F2(kiz)  drFy(r;k)VY(r; 2);
(161)
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where is the vertical EOF index. The vertical and horizontal U-transforms commute only if (i) 1 is
no longer a function of z and (i) , and F, are no longer functions of r° In this case,the order of the
transformations can be reversed,
Z VA VA VA
vir%z9 d Fu(z% ) ¥2() dzF(z ) dkFa(r%k) 2(k)  drF,(rkvYr;2);
Z Z Z Z
dkF 0. 1=2 . 0. 1=2 . Ofy- .
h(rsk) (k) drFp(r;k)  d Fu(zh ) °( )  dzFy(z; )v(r;z):(162)

10.4 Comm utation between the vertical and bandpass functions when R, =
FJ

Doesthe vertical U-transform in the caseof rotation of the vertical modes, F \%:ZFI, commute with
the bandpassfunctions translated into grid space,Fy, jz(k)Fh 12 Sincethis is the sameanalysis as the
above (with ﬁzz replaced with ]-2), a similar conclusionapplies. The vertical and bandpassfunctions

commute only if , and F, are no longer functions of r°

10.5 The combination of operators F,'U,Fn and F,'TFy
10.5.1 This combination when R, = |

In section 6.3.4 we used the result that the combinations of operators F, *UjFn and F, 'T;Fy are
diagonal in spectral spaceif M is independert of position. The U counterpart (rst one of these)is
demonstrated here by writing the combination in integral form, and acting on the function x%k; ).
Using the form of the vertical transform from Eqg. 45 in integral form (including the extra band index
'j ' required for the WS transform),
Z Z VA

drF, (k) d Z Yz IM{T2()  dkFR(rik)xYk; );
z Z z

dk d Z Yz )Mjlzz( ) drF, (r;KYFn(r; k) x%k; ): (163)

xYk® z)

The manipulation shown in the last line canbe doneonly if M ; is independert of position. The functions
comprising the Fy,, and inverse, operators will be mutually orthogonal. This meansthat the integral
enclosedin brackets can be evaluated as,

z
drF, (r;kK9Fh(r;k) = (K Kk9; (164)
where is the dirac delta function. This leavesEqg. 163 as,
z
xAk%2) = d z Mz M{POXAKS ) (165)

which is block diagonal in spectral space. The combination F, 1ij Fn can similarly be shovn to be
diagonal under the samecircumstances.

In practice, M, will be a function of position. As long as this function varies only slowly with
position, then we would expect that the combinations of operators in question would be approximately
diagonal, that is, any transfer of weight betweendi erent wavenumbers as a result of these operators
would be negligible.

10.5.2 This combination when Ry, = F]

We repeat the analysis in section 10.5.1, but now for the casewith rotation and using the vertical
transform from Eq. 34. In integral form, with the added'j" index required for the WS transform, and
with no horizontal position dependenceon componerts on the vertical transform, the combination of
operators, F, 'U; Fy, is,
z z z z

drF, (k% d Fyi (2% ) 3;2( ) dzF,(z; ) dkFn(r;K)xAk;2);
Z VA Z Z

dk d Fyj(2% ) 2() dzF,(z; ) drF,(nkYFn(rik) x%k;2): (166)

x%(k% z)
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The manipulation shown in the last line can be doneonly if Fy; and  are independert of horizontal
position. The functions comprising the Fy, and inverse, operators will be mutually orthogonal. This
meansthat the integral enclosedin brackets can be evaluated as the delta-function in Eq. 164 above.
This leavesEq. 166 as,

z z

xAk%z)=  d Fy (2% ) éjzz() dzF,; (z; )x9k;2); (167)

which is diagonal. The combination F 1ij Fn can similarly be shown to be diagonal under the same
circumstances.

In practice, Fy; and , will befunctions of position. As long asthey vary only slowly with position,
then we would expect that the combinations of operators in question would be approximately diagonal,
that is, any transfer of weight between di erent wavenumbers as a result of these operators would be
negligible.

11 APPENDIX 5 - Example of the implied covariances in the
WS scheme

In appendix 3 we showed that under the current set of transforms the implied covariancesare nearly
or exactly separable,depending upon whether the vertical transform is dependert or independert of
horizontal position. In the rst sectionof this appendix, we perform a similar analysiswith the proposed
wavebandsummation (WS) transform. This is followed by a rough examination of the interplay between
the positional and scaleresolutions implied by the WS scheme.

11.1 Non-separabilit y of the WS transform

The implied covariances,Eq. 8, can be calculated for the proposedform of the WS transform, Eq. 72.
In a similar way to the method of appendix 3, we considerthe implied covariancesfor one parameter
only for the two possibilities of vertical transform discussedin this report.

11.1.1 Implied structure functions in WS when R, = I

In an analagousway to Eq. 151, which is written in integral notation, the following holds for the WS
transform when there is no rotation of the vertical transform, Eq. 45,

0, X] z 1=2 ‘ 1=2
x(%z%) = dZ 2% MG (r% ) dkFn(r%k) (ki ) fe(n)
.
JXJ z z
2n) 172k ) drFL(nkM TR ) dzZ Yz )x°Qr2); (168)

j=0

wherej; j ®are band indices, J is the top band index, is the EOF index, z;z° label vertical coordinate,
r;r0 label horizontal position, k is horizontal wavenumber and n is total horizontal wavenumber (a
function of k). The operators are described in sections4.2 and 4.3. The implied covariance maps eath
point in model space(at r and z in x% to every other (at r®and z%in x9), just like a convolution (see

appendix 2).
Acting on a delta function spikeat r% z%yields the structure functions implied by the WS transform,

¥ Z
XAr%29 = d Z %% MS% M%)z @)

dkFn(r%k) n(k; ) Z(n) F(n)Fy(r%%K): (169)

The structure function of Eq. 169 is not separable,even if M is not a function of r and 4 is not a
function of (unlik e for the current scheme- seeEq. 153). Under these conditions, Eq. 169 becomes,

X Z Z
x%r%z% = dZ *z% Mjo()Z 2% ) dkFa(r%k) n(k) %(n) Z(n)F,(r%k): (170)
jij °=0
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Each componert inside the double summation comprisesa separablefunction in this case. A sum of
separablefunctions, however, is not itself a separablefunction in general. Hencethe WS transform leads
to fundamentally non-separablefunctions.

11.1.2 Implied structure functions in WS when R, = F/

In an analagousway to Eq. 151, which is written in integral notation, the following holds for the WS
transform when there is rotation of the vertical transform, Eq. 34,

¥ Z ) Z Z )
xqr%z9 = d Fyoz® %r9 o %r%  dz%%,0(z%% %r%)  dkFr(r%k) (k2% Z(n)
jo=0
Ve Z Z
2 7222 drFu(rik) d Ry (21 52T
'220
dzF,; (z; ; 1)x°Qr; 2); (171)

wherej; j °are band indices, J is the top band index, is the EOF index, z;z% z°®abel vertical coordi-
nate, r; r°label horizontal position, k is horizontal wavenumber and n is total horizontal wavenumber (a
function of k). The operators are described in sections4.2 and 4.3. The implied covariance maps eath
point in model space(at r and z in x% to every other (at r®and z%in x9), just like a convolution (see
appendix 2).

Acting on a delta function spike at r % z%yields the structure functions implied by the WS transform,

w Z z
xqr%z% = d Fyoz® %r9 o %r9)  dz%%,o(2%% %r9
dkFn(r%k) n(k;z%% Zo(n) 7(n)
Z
Fo(r®k) d Fy(2°%; r° \%J:Z F rO9F; (2% r%: (172)

The structure function of Eq. 172is not separable,even if F; and ; are not functions of r and
is not a function of z (unlike for the current scheme- seeEq. 153). Under these conditions, Eq. 172
becomes,

w Z z z
xYr%29) = d Fuo(@% ) yo( 9 dz%F 0@ 9 d Fy (@) COF, (%)
dkFr(r%k) n(k) fo(n) 7(MF,(r%k): (173)

Each componert inside the double summation comprisesa separablefunction in this case. A sum of
separablefunctions, however, is not itself a separablefunction in general. Hencethe WS transform leads
to fundamentally non-separablefunctions.

11.2 Interplay between positional and scale resolutions

In the current transform, there is no explicit horizontal scaledependenceof the vertical transform - just
horizontal position dependence.Although the new WS transform intro ducesa scaledependenceto the
structure functions, we show here that this comes- unsurprisingly - at the expence of the ability to
capture positional dependert features. The analysis hereis rough, and is preserted only for illustrativ e
purposes.

We examine the structure function assaiated with a -function at position r°z% asin Eq. 172,
but - for simplicity - in the caseof a single vertical level. This hasthe consequenceahat F; = 1 (or
Z = 1, depending upon the choice of vertical transform), and that there is no vertical position or mode
dependence(and henceno vertical integrals). The presenceof only one level meansthat the result that
follows can be interpreted in terms of either of the vertical transform options consideredin this report.
The analysisbelow is written in the framework of the simple vertical transform in section4.2.2involving

vj - For the current vertical transform (section 4.2.3), simply replace \%J:Z with M \}]:2 below. We make
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the the further simpli cations that the horizontal domain (r) is one dimensional, and that the transform
to and from spectral spaceis achieved through a fourier transform. We maintain, however, the positional
dependenceof ;. Equation 172is then,

4

X
x(r% = V,o(lro) dkFr(r%k) n(k) ?o(n) f(n)Fh(r°°k) Vi 2(r: (174)
i °=0

In order to reduce this equation, let the bandpassfunctions approximate to non-overlapping top-hat
functions. For function j, let it have the value unity inside the bounds N; to Nj.;, and zero elsewhere.
This orthogonality leadsto Eq. 174 simplifying to,

X] _ _ Z NJ+1
x(r9 = (TR () dkFp (r%K)F,(rk) n(K): (175)
j=0 N

There is only one band summation now becausethe product of bandpassfunctions jzo(n) jz(n) are

non-zeroonly whenj = j% Using fourier transforms, Eq. 175 becomes,
0 X 1=2, ¢ £Nja .0 o
xqr9 = (O I (d dkexpik (r® % (K): (176)
j=0 N;j
Lety = r% r% and assumethat the the rangeN;+; N; = k is sosmall that the horizontal variances,

h(K), vary very little over that range,

X
x%(y) W CAT S0 B (b h(k>—[expukx1”“1;
j=0
X - iexpi kx
T+ %Y g 7px ;
j=0
X - sin  kx
Re(x%y)) PRVANS B (e BN C R
j=0
X] 1=2 12
SRy SR nk) K (177)

j=0

wherek; is the typical waverumber inside the rangeN; to Nj.+1 (e.g.,kj = (Nj+1  N;j)=2), and where
we assumein the last line that kx 1.
This expressionfor the structure function (Eq. 177)is valid only whenthe number of bandsis large.

Equation 177 hasthe form of a linear combination of functions éjzz(y+ r%, with expansioncoe cien ts

\1,]-:2(r°9 n(kj) k. If each \szz(y+ r% hasa di erent spacial variation, then the linear combination
will smearout the cortributions from ead scale,with a greater smearinge ect with the greater number
of bands.

12 APPENDIX 6 - The spectral correction function

When calibrating the WS transform, the overlap of the triangular band passfunctions complicatesthe
process.One way of dealingwith the overlap that hasbeenproposedis to treat the calibration equations
as though there is no overlap, apart from the inclusion of a spectral correction factor, . This is the
approadh of calibration option 2a, which is described in section6.5.2. A proposedform of is developed
in this appendix, basedon that showvn in [28]. We end this appendix with a note on whether we do
actually needto usea correction function at all.

The 'Andrews and Lorenc’ metho d

Andrews and Lorenc [28] derive similar functions which here are called the spectral correction func-
tions. These are designedto correct for the 'double counting' that occurs due to the overlap of the
triangular spectral band passfunctions.
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The total variance of a parameter (e.g. ) assaiated with a given band, j, has contributions from
ead wavenumber within band j accordingto the weighted sum,
Nj 41
Varianceof for bandj = dn wj(n) Varianceof at waverumber n; (178)
Nj 1
wherew; (n)dn is the weight applied to ead individual wavenumber in the integral. This weight is given
by the assumedform,
Z(n) ('n)

N|+1 0 2 :
Nj 1 dn J(n%

(Note that in [2§], j“(n) hasbeenusedinstead of jz(n) asin the above. It is not clearwhich is correct.)
For any given total wavenumber, n, the weights must sum to unity and ( n) in Eq. 179is there asa
‘fudge-factor' to make this happen. Enforcing this givesa formula for ( n),

X

w; (n) = (179)

w; (n) n 1;
j=0
0 , , 1,
X .
) () = @ gt A (180)

j=0 ijﬁi dn® lz(ncb
In the above, n represents the area of wavenumber-spaceoccupied by wavenumber n. The fact that
this is n, rather than dn re ects the fact that our problem is discrete (strictly speaking the normal-

ization integrals in the denominator should be summations rather than integrals). At any given total
wavenumber, there are a maximum of two bandsthat are non-zero,

% R famon R [ n for Nj 1 n N;

(n)= v 290 F0 [T ane Fono), ) ; (181)
2 Moy o fa(mn for N;<n N;
C T e e T ane (no) ’ ™

is usedwhen calibrating the transforms and is usedin Eq. 116. There are two possible problems with
this result:

We are correcting for overcourting and so it seemssensiblethat < 1. This is found not to be
the case(seeFig. 12, solid curve).

If the trangular band passfunctions in the above procedureare replaceby non-overlaping functions
(such as top-hat functions), then there is no correction required and  should be unity at all
wavenumbers. As a test, we nd that this is not the case(seeFig. 12, dashedcurve).

It is not certain whether these ndings prevent the spectral correction factor from being used. Certainly
in its current form is not suitable, but may give better behaviour with modi cations.

Do we need a spectral correction factor?

The above derivation is not de nitiv e. The assumedform of w; (n), Eq. 179, is subjective. If the
width of a band is broadened,it should as a whole carry more variance in Eq. 178, yet the increased
denominator in Eq. 179 will 'normalize-away' this e ect (approximately). In other words, the above
de nitions do not allow the variancesto scaleproperly with band width. Here we argue that perhaps
we do not needa correction function at all.

Let us repeat the derivation, but with a dierent de nition of w;(n) than Eq. 179. ReplaceEq.
179 with the following simpler form, that doesallow band scalingin a qualitativ ely reasonablefashion,

w(n) = £(n)( n): (182)
Once again, we nd the ( n) that givesa unit sum of weights,
X
wi(n) = 1
j=0
0 1,
X
) (n) = @ ZmA (183)
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Figure 12: Example calculation of the ( n) spectral correction functions for the caseof triangular band
passfunctions (solid curve) and top-hat band passfunctions (dashedcurve). For simplicity, this example
has beenderived from a two-dimensionalsituation, with just latitude asthe horizontal coordinate; total
wavenumber has beenreplacedby meridional wavenumber. There are three bandswith the N; positions
shaowvn asthe light, thick vertical lines (these lie also at the left- and right-most end of the plot, and are
partially obscuredby the left and right boundaries of the graph).

Thus, dueto Eq. 74, isequalto unity. It canbe arguedthen that the double courting is compensated
for, approximately, by the band passfunctions themseles, leaving no needfor an additional factor.

13 APPENDIX 7 - Costs comparison of the schemes

Cost is an important consideration when choosinga schemeto implemert. Table | givesa breakdown of
the memory cost (humber of oating-p oint numbers needed)for a number of schemesin two-dimensions
(n levels, p latitudes and J + 1 bands). The total costsare plotted in Fig. 13 as a function of J for a
resolution typical for an operational Var. system.

Some of the schemesshown in the table and plotted in the gure are not used in this report.
'EXPL' refersto the explicit badkground error covariance matrix, 'MetO' is for the current Met O ce
scheme, 'WS' is the waveband summation scheme consideredin this report (exploiting rotation in the
vertical transform) and 'WSM €V is another wavelet schemethat usesmultiple cortrol vectors. WSM ¢V
is consideredto be more fundamertal than WS (WS is an approximation of WS™ €V and is discussed
in [30] (in [30] WSM €V is labelled as'WS1' and WS is labelled as'WS2"). WSM©V is a variation of the
schemeintroducedin [26].

Figure 13 shows that the two WS (ie wavelet) schemesneed more memory than MetO, but much
lessthan that neededfor the explicit matrix. The bare WS schemes(labelled as "no e ciencies") can
be made more memory e cient. Eciency savings involve (i) storage of F,; and ; on grids with
a resolution that re ects the scalesrepresenied by the band, and (ii) storage of only those parts of
subvector v; (usedin the WSMEV in [30]) that have non-zerorepreseration by j. Costsfor memory
ecient WS and WSM €V are labelled "e ciencies" in Fig. 13. The cost asa function of J is virtually
at when e ciencies are used (the cost actually reducesslightly for 3 1; this is becausesome cost
cortributions in table | are a function of the actual distribution of N;, which changeswith J).

Di erences betweenWS and WSM €V are too small to be visible in Fig. 13, and both are feasible
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Scheme Fy @ vi @ h v

EXPL n/a (np)? n/a n/a np
MetO n/a n? np np np
WSMEV (no e ciencies) np (3+ Dn’p B+ Lnp np  (J+ 1)np
MCV H H 2 J 180N J 180N
WS (e ciencies) np n® =+t n 5% np 2np
WS (no e ciencies) np b+ 1)n?p B+ Dnp np np
WS (e ciencies) np n2 U oo 0 N np np
Table I: : A breakdown of the memory usage(in number of oating-p oint numbers) of a number of

background error covariance stchemes. The schemesare two-dimensional (latitude vs height) with n
model levels and p latitude points. 'EXPL' refersto the explicit badkground error covariance matrix,
'‘MetO' is for the current Met O ce sdeme, 'WS' is the waveband summation scheme consideredin
this report (exploiting rotation in the vertical transform) and 'WSM €V is another wavelet schemethat
usesmultiple cortrol vectors (seetext). Costsfor WSM €V and WS are speci ed with and without the
e ciency savings described in the text. (column 2) is a diagonal matrix of standard deviations in
positional space. hasnot beenconsideredin this report, but is consideredto be essetial in [30]. F;,

vji and y are other matrices usedin the schemes(some matrices are diagonal) and v is the cortrol
vector in eat case.Note that the number of latitude points considerednecessaryto represern matrices
for bandj for the e cien t versionsof WSM ¢V and WSis  180N;=2 . Notes: @ for EXPL this column
represerts the total matrix sizeand for MetO it is the Z-matrix, @ for MetO this column represers
the M -matrix.

if the e ciencies are used. The sizeof v is important, asit will a ect the convergencerate of Var., but
it is not expectedthat doubling the sizeof v, required for WS €V will be a major problem. With the
longitude dimension presen, the di erence betweenMetO, WS and WSM €V will not be very dierent
to those shown, unlessit is deemednecessaryto capture the longitudinal dependenceof the F; and ;
matrices (to represen land-sea,orographic and trop opausevariations with longitude).
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Figure 13: The storagecost (number of oating-p oint numbers) of the badkground error schemesshowvn
in table | plotted as a function of J, calculated for 60 vertical levels, 250 latitudes and no longitude
dependence.
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