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1. Definition of transforms
All variables are increments and all operators are linear:

X = UV, (1)
y = AX, 2)
vV = TX, (3)
- A% = AUV, (4)
-V = (AUTAY, (5)
~ T = (AU A, (6)
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X isavector of model variables, Vis avector of control parameters (sis balanced
streamfunction, “pis unbalanced pressure and y is the velocity potential), and y is a vector of
associated parameters (PV is potential vorticity, PV is anti-potential vorticityandV - Uis
divergence). U, A, T areoperators: U and A are known operators.

Equations (5) and (6) are for illustration only; the equation that we wish to solve by the
GCR method is Eq. (4). In Eq. (4), we know the left hand side, we know the operator, AU,
on the right hand side, but we do not know V.

2. Block-matrix form of Eq. (4)
In matrix form, Eq. (4) isblock diagonal,

AX = AUV,

PV ApyUs 0 0 S
PV |=| 0 AmUyp O “P|. (8

V-1 0 0 Av. U, /\x

Due to the block diagonal form of Eq. (4) we have three uncoupled equations to solve,

PV = ApyUs (8a)
PV = ApUy'p, (80)
V-l =Av. Uy (8c)

Us, Uy, U, arecolumns of the full U-matrix operator and Apy, Apy, Ay.,arerowsof the
full A-matrix operator.



3. Explicit forms of the equations

3a. The 'balanced rotational’ equation - Eq. (8a)

In the bulk of the domain (ie excluding the top-most and bottom-most levels), the PV
operator is,

PV = e—ozcs -
Po
f002{ 1-x Po A}
=~ + == +
J I%Ho@opS 0o
i) {AiR ZHOZZS} : ©)
poCp (113, 113
where &= K-V x U (10)
80 9] Tl
Q= (ol ) an
A*[ Tl
R = ﬁ[KEps], (12)
ad[ I
S = 82[ ps} (13)

Variables with subscript O refer to reference state quantities, except Ry which isthe gas
constant (the subscript 0 has been added to distinguish it from Rin Eq. (12)) and the hat ~
denotes vertical interpolation (ie half-to-full or full-to-half levels). Variables with
subscript s are balanced increments (ie they are associated with the balanced
streamfunction s - see below) and subscript z denotes vertical derivative.

Thereisno PV calculated at the top and bottom of the domain. Instead, we calculate the
PV-like quantities PV, and PV,,
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The U operator givesthe us, Vs, ps fields present in the PV definitions above. The Ug
operator acts on the balanced streamfunction field s,

Us —dsl dy
Vs| = Us = ds/ dx , (16)
Ps V=2V - (fpoV9)



where the bottom row of Eq. (16) isthe linear balance equation, and the V operators are
horizontal only.

3b. The'unbalanced rotational' equation - Eq. (8b)
The anti-PV operator isthe linear balance residual,

PV = —fV (fpe) - (K x Tig) + F200Cep — FV2('P), (17)

where Gy = K- V X Ty (18)
The Uy, operator gives the uu,, W, “p fields present in the PV definitions above. The U,
operator acts on the unbalanced pressure field “p. In the bulk, the uy, vu,, “p are found by
setting PV = 0in Eq. (9), and rearranging for Cu,
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where Q, R, Sare found from Egs. (11) to (13) but calculated from “p instead of p. The
values of Cu, at the top and bottom are found by setting PV, = O and PV, = 0 (not done
here). The vorticity is converted to streamfunction,

Yoo = VL, (20)
which then gives the rotationally unbalanced velocities,
aup = I() X VQ/)up, (21)

giving Uu, W, asfound in Egs. (17) and (18).

3b. Thedivergent equation - EqQ. (8¢c)
Thisis straightforward and does not require the GCR solver, Ay. U, = V2in Eq. (8¢).



