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List of symbols

Yl Forecast state (ensemble member i)

Yt Truth state

Y Analysis state (ensemble member i)

Vi Observation set (associated with ensemble member i)
yim Model observation set (associated with ensemble member i)
pf Forecast error covariance matrix

P! Ensemble estimate of forecast error covariance matrix

p2 Analysis error covariance matrix

P2 Ensemble estimate of analysis error covariance matrix
Re Observation error covariance matrix

h Non-linear observation operator

H Tangent linear model of observation operator

K Kaman gain matrix

A Forecast state vector matrix (forecasts are columns)

A Forecast state vector perturbation matrix

A? Analysis state vector matrix (analyses are columns)

A Analysis state vector perturbation matrix

D Observation vector matrix (observation sets are columns)
Y Observation vector perturbation matrix

InxN N x N identity matrix

InxN N x N matrix of 1/N values

S Model observation perturbations calculated from forecast perturbations
C (N — 1) x model ob + ob covariance matrices

L et there be n elementsin a state vector, N ensemble members and p observations.



Definition of error covariance matrices
Forecast error covariance matrices

P =y — )i — v

Po= - v - )
Analysis error covariance matrices

P = (yf — )l — v

PS =y — vy - v
Observation error covariance matrix

Re= (- W& — W'

The observation operator
y" = h@y) + Hyi - vi)

The KF analysis update step for each member and for the mean
Analysis step for ensemble member i

pi = gl + PHT(HPIHT + Ry (v — h(y)) — H — ¢

1/}.

yl+ PHT(HPIHT + Ry (v — h(y))

Deviation of each member from the mean

wi =y =yl =yl + PHTHPIHT + Ry (v — vi — H(l — )
= (I - KH)@ - ) + K% — y)
K = PIH (HPHT + Ry)™

The ensemble analysis error covariance

Assume no correlation between forecast and observation errors.
_ - — _ 4T
P2 = (0 - KHY@! - v + K= w] [0 = K@ - wh + Ko -]

= {0 - kryat - ][0 - ki@ - wb] Y + (K on - W] Ko - W]
(I — KH)PL(I — KH)" + KRKT

= Pl - PIH'K" - KHP, + KHPIH'K" + KRK'

= Pl + KHPHT + R)KT = PIH'KT — KHP!

= P+ PIHT(HPHT + Ry (HPIH™ + R)K" — PIH'K™ — KHP!

-2-



Pl — KHF
(1 — KH)F!

Matrix representation of the ensemble
The forecast states ¢! may be assembled into columns of then x N matrix A'.
Al = @iyh.. )
The analysis states y? may be assembled into columns of then x N matrix A%,
A = (YiYs ... )
The perturbed observations y; may be assembled into the columns of the p x N matrix D.

D=MY2--- W)

The ensemble means, A", A2 and D are matrices that comprise the respective ensemble mean
state repeated in each column.

A" = A'lyn A= A,y D = Dlyyy

1/N 1/N ... 1/N
1/N 1/N ... 1/N

1N><N =
1/N 1/N ... 1/N
Matrix representation of the ensemble perturbations from the mean
AT = AT — AT = AT(uen = s
A® = A* — A" = A%(Iyxn — Inxn)
D - D = D(Inxn — Inxn)

Note: (Insn = Inen)® = (uen = Inxn)

=
Il

The error covariance matrices from the matrix representation of ensemble perturbations

T T
P; — 1 A/fA;f Pea — 1 A/aA/a Re — 1 YTT
N-1 N-1 N-1

The analysis equation in terms of the matrix representation of the ensemble

A® = A" + K (D - HA"
K = PHT(HPHT + Ry)™

T T
= A'ATHTHA'ATHT - )t
= ATHAN (HATYHADT + Ty
These equations do not depend upon explicit knowledge of the forecast error covariance matrix.

It isimplied by the ensemble of forecast states. Warning: there is apossible rank deficiency if
N < p



The ensemble mean analysis equation in terms of matrix representation of the ensemble

A? = AMyun = A'lyxn + K (D = HAD 1yxn
A" + K (D - HA

The analysis error covariance in terms of matrix representations of the ensemble

1 ,an,al 1 T
FE= A A = A ooy = T U = Tsw) A

1

.
= mAa(INxN — Inyxn) A®

= ﬁ[Af + K(D — HAf)] (leN _ 1NXN)|:Af i K(D _ HAf):|T

= Pl - PIH'K" - KHP! + KRK™ + KHPIH'KT
(I — KH)P. using analysis beforehand.

Factorization in terms of S and C matrices

The ensemble mean analysis can be written in terms of matrices Sand C.
A* = A" + A'S'C(D - HA"
whee S=HA' C=S9 +((N-1R

Sisthe matrix containing model observation perturbations (calculated from the matrix of
forecast perturbations), and C is (N — 1 times) the sum of model observation covariances, SS,
and observation error covariances, Re.

The above result can be checked by substitution

_ _ T T 1 _

A% = AT+ AATHT[HA'A HT + (N = DRJ) (D — HAY
_ af T T 1= N
= A"+ (N-DPH'[H(N - DPHT + (N = DRy (D - HA"
— A"+ PHT[HP'HT + R] " (D - HA")

= A"+ KD - HA expression is confirmed.

P2 can also be written in terms of matrices Sand C.

.
Ps — LA”(I _ STC—ls) A,f
N-1
This result can also be checked by substitution
1 T 1 T T -1 -
Pea = mA/fA/f _ N 1A/fA/f HT[HA;fA,f HT + (N _ 1) Re] HA,fA,f

Pl PIH [H(N - HPH™ + (N - 1)Re]*l(N — 1)HP!

Pl — PIHT[HPHT + R] HP!



= Pl - KHP,

= (I - KH)P!  expression is confirmed.

The expressionsinvolving S and C are useful because the matrices Sand C are calculable for a
given ensemble. Both exist in observation space.

A 'square root' analysis scheme

It is desirable to calculate the square-root of P2. The square-root matrix may be regarded as a
set of ensemble perturbations that have covariance PS. Given that C is available, writeit in
terms of its eigenvalue decomposition

C = ZAZ"

where A isthe (diagonal) matrix of eigenvalues and Z is the orthonormal matrix of
eigenvectors. We assume that all eigenvalues of C are non-zero, which will alow calculation of
itsinverse. PSisthen written

1 T
PP= —— AT - STzAiZTg A"
N-1
1 T
— —A/f(l _ XTX)A/f
N-1
where X = AY%Z'S
Matrix X may be further written in terms of a singular value decomposition in the following
way
X = uzv'
where ¥ isthe matrix of singular values, U is the orthonormal matrix of left singular vectors and
V isthe orthonormal matrix of right singular vectors. PZ isthen written

.
P2 = LA'f(l —vI'uTuzvhHa!
N -1
.
=1 At - vETvh Al
N -1
.
-1 Atva - sTpvTal
N -1

'Y isadiagonal matrix of sizeN x N. The square-root of the combined diagonal matrix
| — =TS istherefore trivial to compute.

1 T 1 T
P2 = ——AA? = —— AV - 2T Y2 - 2T)2VTA
N -1 N -1

T T
A/aA/a — [A/fv (I _ ZTZ):UZ] [A/fv (I _ ZTZ)llz] and
A? = AV (I - 2Ty)Y?



