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Abstract

The ground-state structures and dynamical properties of nuclei are studied within

the Hartree-Fock approach using the Skyrme effective interaction. The full energy

functional, including all the time-odd densities required to preserve Galilean invari-

ance in dynamical simulations, as well as the spin-current tensor density have been

implemented and tested within a three-dimensional time-dependent Hartree-Fock

model and their contributions to the overall energy within a selection of systems

are investigated.

The influence of the tensor component of the Skyrme interaction is studied on

the single-particle structures in superheavy elements using the spherical Skyrme-

Hartree-Fock model and a selection of modern forces, including the added tensor

terms with realistic coupling strength parameters. It is found that the inclusion of

the tensor terms leads to a modification of the single-particle structure in these nu-

clei, with possible new shell closures predicted to open, particularly within neutron-

rich isotopes of superheavy elements.

A series of calculations have also been performed for 16O + 16O and 28Si +

16O collisions at a variety of centre-of-mass energies and impact parameters in

order to study the role of the time-odd densities and full spin-current tensor within

symmetry unrestricted dynamical simulations. The inclusion of the time-odd terms

is shown to lead to significant modifications to the fusion threshold energies for the

systems investigated. Fusion thresholds are also found to be modified by the choice

of coupling strength parameters for the J2 terms, in particular the contributions

from the tensor parts even in cases where the terms have little or no contribution

to the single-particle properties in the nuclear ground-states.
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Chapter 1

Introduction

One of the fundamental challenges in theoretical physics is to understand the prop-

erties of systems with many degrees of freedom in terms of the underlying inter-

actions between their individual components. In the case of self-bound composite

systems governed by non-relativistic quantum mechanics, significant simplifications

must be incorporated into the theoretical models in order to render the many-body

problem tractable [1]. This is exactly the case for describing the structure and dy-

namical properties in nuclear physics [2–4].

The atomic nucleus is a highly correlated many-body system, whose structure

is defined in terms of the interactions between its proton and neutron constituents.

Since the dimensions of the mathematical equations describing these interactions

grow rapidly with system size, they can only be solved exactly using numerical

techniques for the very simplest of nuclei containing just a few particles. To de-

scribe nuclei that can contain up to several hundreds of nucleons it is necessary

to make approximations to model the way these microscopic quantum mechanical

objects behave and interact with each other, based on a knowledge of the under-

lying nuclear force [5]. Our understanding of some of the key components of this

force between nucleons, the residual strong force, has been gained through study-

ing even the most basic properties of nuclei and has led to the development of a

set of theoretical models that successfully describe the trends and detailed proper-

ties of a wide range of systems [6]. However, our understanding of the underlying
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2 Introduction

many-body interactions is not yet complete.

Recent advancements in experimental techniques using radioactive ion beam

facilities have provided significant opportunities for the exploration of the exotic

nuclei that populate the majority of the nuclear chart. Our ability to probe their

internal structure properties has led to the discovery of several unexpected features

that provide new challenges for nuclear theory and our current models. Such fea-

tures include halos [7], neutron skins [8] and the evolution of shell structure, which

leads to changes in the magic numbers away from the region of stability [9]. The

discovery of these phenomena has led to a revived interest in the development of

the models employed to describe nuclear properties from ab-initio techniques up to

the most phenomenological methods, with substantial progress having been made

in all areas of low-energy nuclear theory in recent years.

1.1 Nuclear Structure Models

Models for nuclear structure have been developed since the earliest days of nuclear

physics with the aim of gaining deeper insights into the nuclear force and becoming

closer to answering some of the most fundamental questions about the physical

world, including ‘where are the limits of existence for nuclei?’, ‘what are the heaviest

elements that can be made?’, ‘how does the ordering of quantum states change in

exotic nuclei’ and ‘what can our understanding of the nuclear force tell us about the

way the heavy elements are synthesised through collision processes in stars?’ [10].

To answer these questions it is essential for nuclear models to be able to accurately

describe the structure properties of nuclei across the full landscape. At the most

basic levels these properties include nuclear size, shape and binding energy, as well

as the precise shell structure within the nucleus and their associated excitation

spectra.

There are several models available for this purpose that can generally be grouped

into a series of different approaches. At the most fundamental level are ab-initio

theories, starting from a given nucleon-nucleon interaction, which is a potential

that describes nucleon-nucleon scattering data [11] and is obtained from low en-
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ergy QCD [12–14] or diagrammatic techniques [15, 16]. This interaction may be

used as input to compute the equation of state for nuclear matter, or to provide a

description of finite nuclei, using approaches such as the no-core shell model [17],

coupled cluster calculations [18] and the unitary correlator method [19]. These ap-

proaches have made considerable progress in recent years, allowing calculations of

finite nuclei up to A∼20 [20]. The models can generally reproduce the basic features

of nuclei with a precision of ∼5% if only two-body forces are employed. However,

improvements up to a precision of ∼1% have been demonstrated when an addi-

tional empirical three-body force has been invoked [18], although the microscopic

origin of this force is not well understood since the nucleon-nucleon interaction is

modified with increasing nucleon number in a complicated way. Models of this

type are computationally demanding, therefore fully microscopic methods cannot

be presently used for large scale nuclear structure calculations.

At the other extreme of nuclear models are the macroscopic approaches, which

are based on the liquid drop model [21–23]. The energy functional for the nucleus

is written in terms of its global properties such as volume energy, symmetry energy,

incompressibility and surface energy, with coefficients that are treated as free pa-

rameters of the model and are fitted phenomenologically to nuclear data [24]. These

models provide an excellent description of the average trends of nuclear bulk prop-

erties. However, they are unable to account for the deviations due to quantum shell

effects [25]. These effects are generally included in the model as a shell-correction

energy that approximates the quantum shell structure from the single-particle spec-

tra near the Fermi surface and are obtained using a phenomenologically-adjusted

single-particle potential [26]. The combined macroscopic description with added

shell corrections constitutes the macroscopic-microscopic approach, which has been

highly successful over the years for describing the systematics of nuclear proper-

ties [27]. However, this method relies heavily on phenomenological input, which

introduces uncertainties when extrapolating into the unknown region of exotic nu-

clei.

At an intermediate level there are microscopic models that employ effective

interactions. These can be divided into two different approaches; the shell model
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and self-consistent mean-field models. The shell model [28] aims at calculating the

ground-state properties and excitations of nuclei based on a mean-field descrip-

tion built from wavefunctions of a phenomenological single-particle basis, such as

the harmonic oscillator. Configuration mixing is generally performed [29], which

involves all the many-body states that can be constructed from the basis states

around the Fermi energy. The effective interaction for a particular valence space

may be fitted phenomenologically or may be taken from the G-matrix derived from

ab-initio calculations with some fine-tuning [30]. However, the dimensions of these

calculations grow rapidly with the size of the system, requiring the use of further

techniques such as Monte Carlo methods to study heavier nuclei [31, 32].

1.1.1 Self-Consistent Mean-Field Theory

There are also self-consistent mean-field models that fall between ab-initio and

macroscopic-microscopic approaches [2–4]. Unlike the shell model, they concen-

trate on a self-consistent determination of the mean-field for the calculation of

ground-state properties as well as collective excitations of nuclei. In this model the

mean-field results from averaging the nucleon-nucleon interaction over the single-

particle states, taking into account the Fermi statistics of the nucleons. The ground-

state energy is calculated using the variational principle, which results in a set of

non-linear equations that are solved in an iterative manner. The concept is closely

related to density functional theory for electronic systems, which provides a way

to systematically map the many-body problem onto a single-body problem [33,34].

In electronic systems the correlations are well understood and the energy density

functionals can be derived directly from ab-initio calculations [35]. However, in the

case of nuclei the exact nature of the relation between the observed single-particle

properties and the nucleon-nucleon interaction are not so well understood and al-

though the energy functionals may be motivated from ab-initio theory [36], the free

parameters of the resulting effective density-dependent interactions are adjusted

through extensive fits to nuclear structure data. There are several approaches to

the self-consistent mean field model, with the most widely used being relativistic
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mean-fields [37], Gogny forces [38] and the Skyrme-Hartree-Fock model [2–4]. Cur-

rently self-consistent mean-field theory is the leading approach for describing and

predicting, in particular, the properties of heavy nuclei, since it is the only approach

which aims closer to a fully microscopic description of nuclei that is computation-

ally tractable over the entire mass table. In particular effective interactions of the

Skyrme type, in which the nuclear energy is written as the spatial integral of a local

energy density, have been widely used within the Hartree-Fock framework due to

their simplicity and ability to reproduce the experimental data for a large range of

properties in both stable and exotic nuclei.

The energy functionals employed for self-consistent mean-field calculations in-

clude various correlations that are generally smooth functions of the densities they

are built from, due to the approximations that are made in their derivation [3].

This means that although the functions can incorporate the short- and long-range

correlations associated with smooth trends, they fail to account for properties that

vary strongly with shell effects, such as the changes in nuclear shape and surface

properties when adding or removing nucleons [39, 40]. These are known as collec-

tive correlations and may be treated through extensions to the basic self-consistent

mean-field approach. Such extensions include pairing, which becomes an essential

ingredient for a realistic description of nuclei far from closed shells and is gener-

ally treated through the BCS approach [5] or the Hartree-Fock-Bogoliubov equa-

tions [3]. The many-body wavefunctions associated with self-consistent mean-field

plus pairing models break several symmetries of the nuclear Hamiltonian since the

ground-state wavefunction, built from a single-particle basis, is generally a mixture

of several states with respect to the broken symmetry [3]. These may be restored

through beyond mean-field approaches such as particle number [41] and angular

momentum projection [42], which restore the broken symmetries associated with

zero energy modes. Configuration mixing, using for example the generator coor-

dinate method [43] may also be used to remove low-lying excitations, including

surface vibrations, from the ground-state wavefunctions. These modes are asso-

ciated with large amplitude collective motion. Although mean-field models are

tuned to describing ground-state properties, further extensions such as the time-
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dependent density functional approach [44, 45] also allow a successful description

of nuclear excitation properties such as giant resonances as well as collisions.

One concern with regards to the application of mean-field models for nuclear

structure calculations is the uncertainty in the phenomenological determination of

the free parameters in the effective energy functionals [46], where there are two

philosophies with which to approach the problem of constraining the model pa-

rameters [3]. In the first case, the effective interaction directly gives a prescription

for determining the coupling constants [47], in which each term in the functional

contains a coupling constant that is some combination of the interaction parame-

ters. This sets a rigid framework with which to constrain the remaining parameter

values. On the other hand, the energy density can be considered to be a more

fundamental construction than the effective interaction itself [48], in which case all

the coupling constants that arise can be adjusted independently as long as the re-

lations are maintained to provide local gauge invariance of the total energy density

functional [5].

A large number of parameter sets exist for each type of effective interaction,

which mainly differ in the experimental data used to constrain the parameters,

where the different forces (or parameter sets) perform to a comparable degree

of accuracy in the region of known nuclei [49]. There are however discrepancies

between the parameterisations when extrapolating to the more exotic regions, such

as the superheavy elements [50], which expose the deficiencies in our current models.

The advancements in experimental techniques in recent years have led to a vast

increase in measurements covering a wider region of the nuclear chart, which may be

used to develop new parameter fits that incorporate these data, as well as offering

improved descriptions of asymmetric nuclear matter such as neutron stars. This

will allow the models to better describe the ground-state structures of established

nuclei and make more accurate predictions for nuclei at the very limits of stability.

Improvements of the effective interactions are also required beyond the current

energy functionals that are employed.
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1.1.2 The Tensor Interactions

One improvement, in the context of using mean-field models for nuclear structure

calculations, has been achieved by including the tensor force as part of the effective

nucleon-nucleon interaction within these models [51–61]. Despite appearing in the

original functional proposed by Skyrme [62,63], a zero-range tensor component had

previously been ignored in virtually all applications of the Skyrme-type interaction

until recently, with most modern mean-field parameterisations having been fitted

without the terms. It was thought that including the tensor terms had a negliga-

ble effect in terms of reproducing the bulk and single-particle properties of many

nuclei, so its exclusion merely restricted the number of parameters that needed to

be constrained in fits to nuclear structure data. However discrepancies between

experimental data and theoretical calculations, in terms of how the single-particle

energies evolve with nucleon number, led to a revived interest in the tensor force

for the description of shell structure [64,65]. Systematic studies including the ten-

sor force showed that it is a contributing factor to changes in spin-orbit splitting,

particularly in the context of shell evolution in spin unsaturated exotic nuclei [66].

Several studies have since been performed within the Skyrme-Hartree-Fock

framework to investigate the influence of the tensor component of the effective

interaction on the single-particle properties of nuclei in various regions of the nu-

clear chart [52–60]. In many cases the tensor terms were added perturbatively to

the models [52, 54, 55, 57], i.e. by simply adding optimised values for the tensor

coupling strengths without refitting the remaining parameters of common Skyrme

forces, while others made attempts to incorporate the terms by refitting all the

parameters, making new forces [53, 56, 58]. However, the majority of these stud-

ies so far have concentrated on the static structure properties of even-even nuclei

with imposed spherical symmetry within the models. In this case the tensor terms

have a simplified mathematical form within the total energy density and contribute

solely to the spin-orbit potential [52].

In the absence of restrictions such as spherical symmetry within the models,

there are extra contributions to the nuclear energy from the pseudotensor com-
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ponent of the spin-current tensor density, J2, as well as from the pseudoscalar

component and time-odd densities in the case of fully unrestricted symmetries (in-

cluding broken time-reversal invariance) [56]. The tensor terms may then have a

direct impact on the deformation properties as well as the nuclear energy through

modifications to the single-particle levels and therefore the net spin saturation, due

to the breaking of spherical shells, introducing new shell structures in the presence

of deformation.

The time-odd terms in the mean field, arising from the central and spin-orbit

components as well as the tensor terms, which appear in cases where time-reversal

invariance is broken, are essential components of the effective interactions and their

inclusion is also vital for the ability to reproduce nuclear properties associated with

collective motion, in particular rotations [67, 68] and collisions [69].

1.1.3 The Time-Odd Densities

The Skyrme energy functional includes densities that are time-odd with respect

to time-reversal invariance (regardless of whether the tensor terms are included).

However, under the assumptions of spherical or axial symmetry in even-even nu-

clei, which is the case for most systematic studies of nuclear structure proper-

ties [56,70–74], these terms vanish and therefore do not contribute to the mean-field

potential and total energy density. The time-odd terms are only non-zero in situ-

ations when the intrinsic time-reversal invariance is broken, such as in odd-A and

odd-odd nuclei as well as in dynamics [3]. These terms, and indeed the full Skyrme

energy functional are themselves time-reversal invariant, however they contain de-

pendencies on currents that are time-odd. They appear in quadratic form or as

bi-linear products of the time-even densities and currents, satisfying the condition

that the full functional must conserve Galilean invariance under local gauge trans-

formations [45]. This condition provides a link between the time-even and time-odd

terms, allowing the time-odd coupling constants to be uniquely determined from

the time-even ones if one follows the more rigid framework to determine the cou-

pling constants directly from the interaction parameters. Few studies have been
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performed in the past that focus on these contributions due to numerical difficulties

and as a consequence relatively little is known about the properties of time-odd

mean fields.

On the contrary the properties of time-even mean fields are well understood,

since they are reflected in multiple static phenomena that can be tested against

numerous experimental data [4]. As such, the Skyrme force parameters have in the

past been almost exclusively fitted to only the static properties of even-even nuclei.

Recent renewed efforts towards an improved interaction for static nuclear properties

have led to a few investigations that focussed on identifying the importance and

impact of the time-odd terms for the description of rotating superdeformed nuclei

in the cranked Hartree-Fock model [67, 68] and fusion properties within the time-

dependent Hartree-Fock model [69, 75]. However, no study to date has provided a

description of nuclear structure and dynamics using the Skyrme effective interaction

to its full potential, incorporating both the time-odd and tensor terms.

1.1.4 Dynamics

The Skyrme-Hartree-Fock model provides an effective energy functional, motivated

by many-body theory but leaving several parameters that are free to be phenomeno-

logically adjusted and are universally applicable for calculating structure and dy-

namical properties across the full nuclear landscape. Since the role of the mean-field

is well understood for the description of nuclear ground-states, it provides a natural

foundation for the exploration of dynamics and this extension is formally straight-

forward. Collective information in dynamic, or time-dependent processes may then

be supplied through the corresponding time-dependent Hartree-Fock method, in

which the one-body density matrix that describes the system is evolved by solving

the time-dependent one-body Schrödinger equation [45].

The time-dependent Hartree-Fock approach is widely used in nuclear physics to

provide a description of collective states, with applications that include the study of

small amplitude excitations, i.e. in the limit of harmonic oscillations, such as giant

resonances [76] or Gamow-Teller resonances [77], as well as large amplitude motion.
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The large amplitude limit within the time-dependent Hartree-Fock approach covers

a range of phenomena such as fission and fusion properties [78], rotational bands

[68] and deep inelastic scattering in heavy mass systems [79]. Such microscopic

approaches are well suited to the kind of open-ended problem posed in the case

of nuclear collisions, where the complex many-body nature of the processes makes

it impossible to know in advance the relevant observables and reaction channels.

The Galilean invariance imposed by the equations ensures conservation of the total

energy within the system throughout the time evolution process [45], however this

requires the inclusion of the time-odd terms in the correct combination with the

time-even ones. Inclusion of the tensor terms is also crucial, as they may lead to

significant effects when it comes to the energy dissipation and other characteristics

throughout the collision process.

1.2 Scope of Work

In this work the framework of the self-consistent mean-field theory is investigated

and developed, and in particular the structure and dynamics of nuclei are studied

using the Hartree-Fock and time-dependent Hartree-Fock models with the Skyrme

effective interaction. The role of the tensor force component of the effective nucleon-

nucleon interaction is investigated on the single-particle properties of nuclei in the

superheavy region using a spherical Skyrme-Hartree-Fock plus BCS pairing model

and a selection of modern realistic forces.

Away from the restrictions of static solutions to the Hartree-Fock equations

under the assumptions of spherical symmetry, the full self-consistent mean-field,

including all time-odd, spin-current and tensor densities is implemented and tested

within a three-dimensional time-dependent Hartree-Fock model with the Skyrme

interaction. The structure and dynamics of nuclei are investigated, in particular

calculations to simulate inelastic collisions and fusion reactions are performed and

the contributions from the individual densities and currents within the mean field

are studied, using the dynamical model to its full potential in terms of performing

calculations in the presence of deformation using the most modern interactions.



Chapter 2

Mean-Field Theory

The self-consistent mean-field method, based on the density functional theory

approach, is a powerful and versatile tool for providing a microscopic quantum-

mechanical understanding of matter. It was developed for modelling systems and

processes where the number of interacting bodies, and the complex forces between

them, prevents an exact solution to the problem. The technique provides a way

to systematically map the many-body problem onto a one-body problem and has

been applied to calculate the binding energy of molecules in chemistry [80], the

band structure of solids [81], as well as providing a highly successful description of

the ground-state structures of atomic nuclei across the full nuclear landscape [4].

One of the basic building blocks of any mean-field model is a set of single-

particle wavefunctions that are used to construct a one-body density matrix. All

the observables of the many-body Hamiltonian can then be expressed as functionals

of the densities. The Hohenberg-Kohn theorem states that knowledge of these

densities implies a knowledge about the overall wavefunction of the system as well

as all the ground-state observables [33]. This is convenient since a single density

contains the same ground-state information as A single-particle wavefunctions of an

A-particle system. The most important observable is the ground-state energy and is

obtained by minimisation of the energy functional with respect to the single-particle

density via a variational process. Energy density functionals of this type have

been employed within models based on the Hartree-Fock approximation, enabling

11
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a successful description of the properties of nuclei for many years [82].

2.1 The Hartree-Fock Equations

The central assumption of the Hartree-Fock approach is that the structure proper-

ties of a system, in this case nuclei, can be understood in terms of the force felt by

each nucleon moving independently in an average potential (or mean field) [5]. This

mean field is generated by the interactions between all the constituent nucleons in

the nucleus as described by the nucleon-nucleon force. Since the constituents of

the nuclear many-body system are fermions and therefore obey the Pauli exclusion

principle, the wavefunction of the collective state must be antisymmetric under the

interchange of the coordinates of any two nucleons. This leads to the ansatz for the

Hartree-Fock approximation that the ground-state trial wavefunction of a nucleus

containing A nucleons is written as a Slater determinant, or antisymmetrised prod-

uct of occupied states. This Slater determinant is built from a complete orthonor-

mal set of single-particle wavefunctions (the Hartree-Fock basis), φi(rj), where rj

denotes all the spatial, spin and isospin coordinates of the jth nucleon

Φ(r1...rA) → ΦHF (r1...rA) =
1√
A!

∣∣∣∣∣∣∣∣∣∣∣∣

φ1(r1) φ1(r2) · · · φ1(rA)

φ2(r1) φ2(r2) · · · φ2(rA)
...

...
. . .

...

φA(r1) φA(r2) · · · φA(rA)

∣∣∣∣∣∣∣∣∣∣∣∣

. (2.1)

Although the exact spatial form of the single-particle wavefunctions are initially

unknown, they may be approximated by oscillator wavefunctions [83, 84], with

the total number of wavefunctions equal to the total number of nucleons in the

nucleus, unless pairing correlations are considered. The starting point is then the

full many-body Hamiltonian, written in terms of a one-body kinetic energy term

and a two-body force for a system of A particles,

Ĥ =
A∑

i=1

p̂2
i

2mi
+

1

2

A∑

i ̸=j

V (ri, rj), (2.2)
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where V (ri, rj) contains all parts of the nucleon-nucleon force, including the Coulomb

interaction. The philosophy of the mean-field approach is then to represent the two-

body potential in terms of a one-body mean-field, U(ri), that incorporates as much

of the physics of V (ri, rj) as possible. In the Hartree-Fock approach the expecta-

tion value of the total Hamiltonian with respect to the Hartree-Fock wavefunction

gives an approximation to the ground-state energy

E0
HF = ⟨ΦHF |Ĥ|ΦHF ⟩

= − h̄2

2m

A∑

i=1

∫
φ∗
i (r)∇2φi(r)dr

+
1

2

A∑

i ̸=j

∫ ∫
φ∗
i (r)φ

∗
j(r

′)V (r, r′)φi(r)φj(r
′)drdr′

−1

2

A∑

i ̸=j

∫ ∫
φ∗
i (r)φ

∗
j(r

′)V (r, r′)φi(r
′)φj(r)drdr

′, (2.3)

where the notation

∫
dr =

∑

σ,q

∫
d3r, (2.4)

is used throughout. The final term in (2.3) takes into account the antisymmetrisa-

tion under the interchange of any two particles. The optimum Slater determinant

that best represents the ground-state of the system is the one that minimises the

expectation value, i.e. produces the lowest energy. This is achieved through the

variational principle, which requires that the first derivative of the expectation

value with respect to small changes in all of the single-particle wavefunction must

be zero,

δ

δφ∗
a(r)

(
E0

HF −
A∑

i

ϵi

∫
|φi(r)|2dr

)
= 0, (2.5)

where

δ

δφ∗
a(r)

{φ∗
i (r

′)} = δiaδ(r − r′). (2.6)
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The Lagrange multipliers, ϵi, ensure correct normalisation of the wavefunctions

throughout the variation process and include the constraint for the conservation of

particle number within the system,

A∑

i=1

∫
|φi(r)|2dr = A, (2.7)

and are nothing but the single-particle energies calculated from solution of the

Schrödinger equation for the single-particle Hamiltonian,

ĥ|φi(r)⟩ = ϵi|φi(r)⟩. (2.8)

The Hartree-Fock equations are then obtained from (2.3) and (2.5),

ϵiφi(r) = − h̄2

2m
∇2φi(r) +

A∑

j>i

∫
φ∗
j(r

′)V (r, r′)φi(r)φj(r
′)dr′

−
A∑

j>i

∫
φ∗
j(r

′)V (r, r′)φi(r
′)φj(r)dr

′. (2.9)

The second term in the above expression is known as the direct, or ‘Hartree’ term,

U (i)
H (r) =

A∑

j>i

∫
φ∗
j(r

′)V (r, r′)φj(r
′)dr′, (2.10)

since it is a local potential that depends only on the one-body density,

ρ(r) =
A∑

j=i

φ∗
j(r)φj(r). (2.11)

The third term in (2.9) is called the exchange, or ‘Fock’ potential,

U (i)
F (r, r′) =

A∑

j>i

φ∗
j(r

′)V (r, r′)φj(r), (2.12)

which results from the antisymmetrisation of the many-body wavefunction. It is

a non-local potential with the coordinate r′, that is integrated over, appearing in

the wavefunction that is to be solved. Its non-local density matrix is defined as

ρ(r, r′) =
A∑

i=1

φ∗
i (r

′)φi(r). (2.13)
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This leads to a simplified expression for the Hartree-Fock equations,

ϵiφi(r) = − h̄2

2m
∇2φi(r) + U (i)

H (r)φi(r)−
∫

U (i)
F (r, r′)φi(r

′)dr′, (2.14)

which look like the regular one-body Schrödinger equation, with the extra non-local

term. Its solution yields a set of single-particle wavefunctions that form the ground-

state Slater determinant, or one-body density matrix. However, since the potentials

depend on the wavefunctions that are being solved for, it makes the equations non-

linear and they therefore require a self-consistent, or iterative solution. In practical

terms that means starting with the trial single-particle wavefunctions, then using

the chosen interaction to construct the potential, solving the Schrödinger equation

in the presence of this potential to calculate new values for the single-particle

energies and corresponding wavefunctions until convergence is reached according

to the set criteria.

Within the Hartree-Fock approach, the particular system under investigation

is specified by choosing the relevant two-body potential. The Coulomb and kinetic

interactions are universal functions for all systems, independent of V (r, r′), which

require reliable approximations to represent them [34], and the potential U(r) may

be approximated in several ways [4]. Since the self-consistent mean-field method

is formally exact, the performance of a given model for describing ground-state

properties depends on the qualilty of the approximation, i.e. the density functional

employed.

A fully fledged parameter-free ab-initio treatment of finite nuclei is still beyond

present-day capabilities. Data from nucleon-nucleon scattering experiments may be

used to identify the functional form required for the potential and determine which

terms are important for describing certain properties [5], although the presence of

many other nucleons in the system is known to modify the scattering behaviour, due

to a non-linear growth of the many-body potential, making a more phenomenolog-

ical treatment necessary. Effective interactions are therefore commonly employed

in connection with self-consistent mean-field models, which contain several free pa-

rameters but are not directly related to the nucleon-nucleon properties observed
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in scattering experiments. In early studies within the Hartree-Fock framework the

local density approximation was invoked in order to derive finite-range momentum-

dependent interactions directly from the bare nucleon-nucleon force [82]. Although

these calculations reproduced qualitatively the basic features of many nuclei, they

failed at the quantitative level. The success of the self-consistent mean-field model

for nuclear physics came when the connection between the effective interaction

and the bare nucleon-nucleon interaction was abandoned and the interactions, tai-

lored for use within these models were directly adjusted to the observables of finite

nuclei [38,47] with the philosophy that a single-set of interaction parameters are ap-

plicable for the description of structure properties over the full range of the nuclear

chart.

The short range of the nuclear interaction and the long wavelength of the single-

nucleon states leads to the assumption of a Taylor expansion of zero-range inter-

actions in momentum space [48], i.e. a local interaction with a spatial dependence

δ(r − r′). The potential depends on the positions, momenta, spins and isospins of

the nucleons and its functional form is restricted by certain symmetry requirements

such as translational, rotational, Galilean and time-reversal invariance [45]. This

local density approximation leads to a simplification of the Hartree-Fock equations,

in which the exchange term becomes similar in mathematical form to the direct

term. This is the ansatz for the Skyrme interaction, one of the most widely used ef-

fective interactions of this type within mean-field models for calculations of nuclear

properties [63].

2.2 The Skyrme Effective Interaction

The Skyrme interaction for nuclear structure calculations was developed from the

idea that the energy functional could be expressed in terms of a zero-range expan-

sion, leading to a simple derivation of the Hartree-Fock equations, in which the

exchange terms have the same mathematical structure as the direct terms. This

approximation greatly reduces the number of integrations over single-particle states

when solving the equations. Many-body correlations are accounted for through the
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momentum and density dependent terms up to the second order and its local na-

ture is consistent with the idea of a smoothly varying dependence of the mean-field

on the spatial coordinates [85]. In the Skyrme-Hartree-Fock approach the total

binding energy of the system is given by the sum of the kinetic and Coulomb ener-

gies as well as the Skyrme energy functional that models the effective interaction

between nucleons [3]

E = ECoul + Ekin +

∫
εSkydr. (2.15)

Each of these energies is defined in terms of local densities and currents and are

obtained from non-local densities,

ρ(r, r′) =
∑

σ,q

ρq(rσ, r
′σ) =

∑

i,σ,q

φ∗
i (r

′, σ, q)φi(r, σ, q),

S(r, r′) =
∑

σ,σ′,q

ρq(rσ, r
′σ′)⟨σ′|σ̂|σ⟩ =

∑

i,σ,σ′,q

φ∗
i (r

′, σ′, q)σ̂φi(r, σ, q), (2.16)

with isospin, q, spin, σ, and position, (r, r′), coordinates respectively, by setting

r′ = r after the derivatives are evaluated. There are seven such local densities,

ρ(r) = ρ(r, r′)|r′=r,

τ(r) = ∇ ·∇′ρ(r, r′)|r′=r,

S(r) = S(r, r′)|r′=r,

Tµ(r) = ∇ ·∇′Sµ(r, r
′)|r′=r,

j(r) = − i

2
(∇−∇′) ρ(r, r′)|r′=r,

Jµν(r) = − i

2

(
∇µ −∇′

µ

)
Sν(r, r

′)|r′=r,

Fµ(r) =
1

2

z∑

ν=x

(
∇µ∇′

ν +∇′
µ∇ν

)
Sν(r, r

′)|r′=r, (2.17)

which are the scalar particle density, ρ(r), and kinetic density, τ(r), the vector

spin density, S(r), spin-kinetic density, T (r), and current density, j(r), the tensor

spin-current density, Jµν(r), and the pseudovector tensor-kinetic density, F (r),

where µ and ν indicate the cartesian coordinate components {x, y, z}.
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The contribution to the total binding energy from the kinetic energy term is

then given by

Ekin =
h̄2

2m

∫
τdr. (2.18)

The Coulomb part of the energy functional depends only on the charge density of

the nucleus, however in many cases an approximation is made that replaces the

charge density, ρch(r), with the proton density, ρp(r), where the functional contains

a direct term, dependent on the local density

Edir
Coul =

e2

2

∫ ∫
ρp(r)ρp(r′)

|r − r′| drdr′, (2.19)

and an exchange term, which is generally included in the spirit of the local density

approximation, using the Slater approximation [86]

Eex
Coul = −3

4
e2
(
3

π

)1/3 ∫
ρp(r)

4/3dr. (2.20)

The Skyrme effective interaction that leads to εSk is a two-body density-dependent

interaction that models the strong force in the particle-hole channel and contains

central, spin-orbit and tensor contributions in coordinate space representation,

given by [87]

VSk(r1, r2) = t0(1 + x0P̂σ)δ12

+
t1
2

(
1 + x1P̂σ

) [
k′2δ12 + δ12k

2
]

+t2
(
1 + x2P̂σ

)
k′δ12k

+
t3
6

(
1 + x3P̂σ

)
ρ

(
r1 + r2

2

)α

δ12

+iW0k
′δ12 (σ̂1 + σ̂2)× k

+
te
2

( [
3(σ̂1 · k′)(σ̂2 · k′)− (σ̂1 · σ̂2)k

′2
]
δ12

+δ12
[
3(σ̂1 · k)(σ̂2 · k)− (σ̂1 · σ̂2)k

2
] )

+to [3(σ̂1 · k′)δ12(σ̂2 · k)− (σ̂1 · σ̂2)k
′δ12k] , (2.21)

where
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δ12 = δ(r1 − r2), (2.22)

and

k = − i

2
(∇1 −∇2)

k′ =
i

2
(∇′

1 −∇′
2) (2.23)

are the relative momentum operators, which operate on the wavefunctions to the

right and to the left (i.e. the complex conjugate wavefunctions, with coordinate

r′) respectively. Also

P̂σ =
1

2
(1 + σ̂1 · σ̂2) (2.24)

is the spin-exchange operator, with σ̂ representing the Pauli spin matrices. W0, α,

tn, xn, te and to are the free parameters, which are fitted to nuclear structure data.

Each of the terms give rise to both time-even and time-odd densities within the

Hartree-Fock equations. The t0 term represents a zero-range central potential, and

the t1 and t2 terms are non-local, since they depend on the gradient of the densities

and have both central and exchange components with the range of the potential

related to t1/|t0| [4]. The term containing W0 represents the spin-orbit part of

the nucleon-nucleon interaction and the t3 term is an effective density-dependent

interaction. This term is of particular importance as it provides the appropriate

saturation properties, securing the success of the Skyrme-Hartree-Fock model for

the description of finite nuclei. This component was originally formulated as a zero-

range three-body force, written in terms of a two-body density-dependent term in

the time-even functional, which is the case if α = 1, however it was found that the

first generation of Skyrme interactions using this definition led to incompressibility

values that were too high [47], so values of 1/6 ≤ α ≤ 1/3 were introduced in more

modern parameterisations, losing the connection with a three-body force [88]. The

terms proportional to te and to represent a local two-body tensor component of

the interaction, but have been largely neglected until recently in studies of nuclear
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structure properties and in particular were excluded in the fitting procedure of

most modern Skyrme parameter sets. This will be discussed further in the next

sections.

The Skyrme energy, ESk, is derived by evaluating

ESk =
1

2

A∑

i,j

∫
φ∗
i (r

′
1)φ

∗
j(r

′
2)VSk(r1, r2)(1− P̂M P̂σP̂q)

× φi(r1)φj(r2)dr1dr2dr
′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

, (2.25)

where P̂M , P̂σ and P̂q = δq1q2 (with q = +1/2 = p for protons and q = −1/2 = n for

neutrons) are the position, spin and isospin exchange operators respectively, which

account for the antisymmetrisation of the overall state. The Majorana operator,

P̂M , has a value of 1 or -1 depending on whether the power of the momentum

operator, k in (2.21) is even or odd respectively and isospin exchange operator

arises due to the assumption that there is no charge mixing of the Hartree-Fock

states. Each of the terms of the full Skyrme interaction are evaluated without any

further assumptions or symmetry restrictions and written in terms of the densities,

(2.17), as shown below.

2.2.1 The Central Term

The component of the Skyrme interaction proportional to t0 in (2.21) is inserted

into (2.25) with a value of PM = 1, where

(1+x0P̂σ)(1−P̂M P̂σP̂q) =

(
1− 1

2
x0

)
−δq1q2 (x0 + 1)+

1

2
(σ̂1·σ̂2)(x0−δq1q2), (2.26)

which leads to

Et0
sk =

t0
2

∑

i,j

∫ {
φ∗
i (r

′
1)φ

∗
j(r

′
2)

[(
1− 1

2
x0

)
− δq1q2 (x0 + 1)

+
1

2
(σ̂1 · σ̂2) (x0 − δq1q2)

]

× φi(r1)φj(r2)} dr1dr2dr
′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

. (2.27)
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This expression may also be written in terms of the densities defined in (2.16) in

the following way,

Et0
sk =

∫ {
t0
2

(
1− 1

2
x0

)
ρ(r1, r

′
1)ρ(r2, r

′
2)

−t0
2
(x0 + 1)

∑

q

ρq(r1, r
′
1)ρq(r2, r

′
2) +

t0x0

4
S(r1, r

′
1) · S(r2, r

′
2)

−t0
4

∑

q

Sq(r1, r
′
1) · Sq(r2, r

′
2)

}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

, (2.28)

which gives rise to an expression for the zero-range central component of the Skyrme

interaction that is written in terms of the time-even and time-odd densities defined

in (2.17),

Et0
sk =

∫ {
t0
2

[(
1 +

1

2
x0

)
ρ(r)2 −

(
x0 +

1

2

)∑

q

ρq(r)
2

]

+
t0
4

[
x0S(r)

2 −
∑

q

Sq(r)
2

]}
dr. (2.29)

2.2.2 Density Dependence

The term proportional to t3 is similar to that of t0, except for a density-dependence

proportional to the factor α, giving rise to,

Et3
sk =

∫ {
t3
12

(
1 +

1

2
x3

)
ρ(r1, r

′
1)ρ(r2, r

′
2)ρ

(
r1 + r2

2

)α

− t3
12

(
x3 +

1

2

)∑

q

ρq(r1, r
′
1)ρq(r2, r

′
2)ρ

(
r1 + r2

2

)α

+
t3x3

24
S(r1, r

′
1) · S(r2, r

′
2)ρ

(
r1 + r2

2

)α

(2.30)

− t3
24

∑

q

Sq(r1, r
′
1) · Sq(r2, r

′
2)ρ

(
r1 + r2

2

)α
}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

,

which once again produces an expression in terms of the densities,
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Et3
sk =

∫ {
t3
12

[(
1 +

1

2
x3

)
ρ(r)α+2 −

(
x3 +

1

2

)
ρ(r)α

∑

q

ρq(r)
2

]

+
t3
24

[
x3ρ(r)

αS(r)2 − ρ(r)α
∑

q

Sq(r)
2

]}
dr. (2.31)

2.2.3 Momentum Dependence

The t1 Term

Since the t1 term contains an even power of the momentum, k, the Majorana

operator also has the value P̂M = 1 for this case, leading to

(1 + x1P̂σ)(1− P̂M P̂σP̂q) =

(
1 +

1

2
x1

)
+ δq1q2

(
x1 −

1

2

)
+

1

2
(σ̂1 · σ̂2)(x1 − δq1q2),

(2.32)

with

k2 + k′2 = −1

4

[
∇2

1 +∇2
2 +∇′2

1 +∇′2
2 − 2∇1 ·∇2 − 2∇′

1 ·∇′
2

]

= −1

2

[
∇2

1 +∇′2
1 −∇1 ·∇2 −∇′

1 ·∇′
2

]
. (2.33)

The t1 then term reads

Et1
sk = −t1

8

∑

i,j

∫ {
φ∗
i (r

′
1)φ

∗
j(r

′
2)
[
∇2

1 +∇′2
1 −∇1 ·∇2 −∇′

1 ·∇′
2

]

×
[(

1− 1

2
x0

)
− δq1q2 (x0 + 1) +

1

2
(σ̂1 · σ̂2) (x0 − δq1q2)

]

× φi(r1)φj(r2)
}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

, (2.34)

or, in terms of the full non-local densities
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Et1
sk =

∫ {
t1
8

(
1− 1

2
x1

)[
∇1ρ(r1, r

′
1) ·∇2ρ(r2, r

′
2)

+∇′
1ρ(r1, r

′
1) ·∇′

2ρ(r2, r
′
2)− ρ(r2, r

′
2)
(
∇2

1 +∇′2
1

)
ρ(r1, r

′
1)

]

−t1
8
(x1 + 1)

∑

q

[
∇1ρq(r1, r

′
1) ·∇2ρq(r2, r

′
2)

+∇′
1ρq(r1, r

′
1) ·∇′

2ρq(r2, r
′
2)− ρq(r2, r

′
2)
(
∇2

1 +∇′2
1

)
ρq(r1, r

′
1)

]

+
t1x1

16

[
∑

µ,ν

(∇ν1Sµ(r1, r
′
1)∇ν2Sµ(r2, r

′
2) +∇′

ν1Sµ(r1, r
′
1)∇′

ν2Sµ(r2, r
′
2))

− S(r2, r
′
2) ·
(
∇2

1 +∇′2
1

)
S(r1, r

′
1)

]
(2.35)

+
t1
16

∑

q

[
Sq(r2, r

′
2) ·
(
∇2

1 +∇′2
1

)
Sq(r1, r

′
1)

−
∑

µ,ν

(
∇ν1Sq,µ(r1, r

′
1)∇ν2Sq,µ(r2, r

′
2)

+∇′
ν1Sq,µ(r1, r

′
1)∇′

ν2Sq,µ(r2, r
′
2)

)]}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

,

where ∇ and S are vectors in coordinate space (S is defined in (2.17) in terms of

the Pauli spin matrices), which are evaluated as the sum of components,

(σ̂1 · σ̂2) (∇1 ·∇2) =
z∑

µ,ν=x

(σ̂1σ̂2)µ (∇1∇2)ν , (2.36)

where µ and ν are the components in cartesian coordinates. There are several

identities that are useful for evaluating the time-even densities as outlined in [45],

[
(∇2 +∇′2)ρ(r, r′)

] ∣∣∣∣
r=r′

= ∇2ρ(r)− 2τ(r), (2.37)

and

[∇ρ(r, r′)]

∣∣∣∣
r=r′

=
1

2
∇ρ(r) + ij(r)

[∇′ρ(r, r′)]

∣∣∣∣
r=r′

=
1

2
∇ρ(r)− ij(r), (2.38)
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as well as the time-odd ones,

[
(∇2 +∇′2)Sµ(r, r

′)
] ∣∣∣∣

r=r′
= ∇2Sµ(r)− 2Tµ(r), (2.39)

and

[∇µSν(r, r
′)]

∣∣∣∣
r=r′

=
1

2
∇µSν(r) + iJµν(r)

[
∇′

µSν(r, r
′)
] ∣∣∣∣

r=r′
=

1

2
∇µSν(r)− iJµν(r). (2.40)

The following relations may also be used to link certain expressions through in-

tegration by parts, where it is understood that these identities only hold when

integration of the energy density over r is assumed [68],

(∇ρ(r))2 = −ρ(r)∇2ρ(r), (2.41)

and

z∑

µ,ν=x

(∇µSν(r))
2 = −

z∑

µ,ν=x

Sν(r)∇2
µSν(r). (2.42)

Using the identities and relations defined above on the terms in (2.35), the final

expression for the contribution from the momentum dependent part of the Skyrme

energy, proportional to t1, becomes

Et1
sk =

∫ {
3t1
16

[
−
(
1 +

1

2
x1

)
ρ(r)∇2ρ(r) +

(
x1 +

1

2

)∑

q

ρq(r)∇2ρq(r)

]

+
t1
4

[(
1 +

1

2
x1

)(
ρ(r)τ(r)− j(r)2

)

−
(
x1 +

1

2

)∑

q

(
ρq(r)τq(r)− jq(r)

2
)
]

+
t1
8

[
x1

(
S(r) · T (r)−

∑

µ,ν

J2
µν

)
−
∑

q

(
Sq(r) · T q(r)−

∑

µ,ν

J2
q,µν

)]

−3t1
32

[
x1S(r) ·∇2S(r)−

∑

q

Sq(r) ·∇2Sq(r)

]}
dr. (2.43)
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The t2 Term

The term proportional to t2 is similar to the t1 term but with an odd power of

momentum, k, therefore PM = −1, where

k · k′ = −1

4
[∇1 ·∇′

1 +∇2 ·∇′
2 −∇1 ·∇′

2 −∇2 ·∇′
1]

= −1

2
[∇1 ·∇′

1 −∇1 ·∇′
2] , (2.44)

leading to

Et2
sk =

∫ {
t2
4

(
1 +

1

2
x2

)[
ρ(r2, r

′
2)∇1 ·∇′

1ρ(r1, r
′
1)

−∇1ρ(r1, r
′
1) ·∇′

2ρ(r2, r
′
2)

]

+
t2
4

(
x2 +

1

2

)∑

q

[
ρq(r2, r

′
2)∇1 ·∇′

1ρq(r1, r
′
1)

−∇1ρq(r1, r
′
1) ·∇′

2ρq(r2, r
′
2)

]
(2.45)

+
t2x2

8

[
∑

µ,ν

(
Sµ(r2, r

′
2)∇ν1∇′

ν1Sµ(r1, r
′
1)

−∇ν1Sµ(r1, r
′
1)∇′

ν2Sµ(r2, r
′
2)

)]

+
t2x2

8

∑

q

[
∑

µ,ν

(
Sq,µ(r2, r

′
2)∇ν1∇′

ν1Sq,µ(r1, r
′
1)

−∇ν1Sq,µ(r1, r
′
1)∇′

ν2Sq,µ(r2, r
′
2)

)]}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

.

Once again the definition of the densities, (2.17), identities (2.37) to (2.40), along

with the relations using integration by parts, (2.41) and (2.42), give rise to the

expression
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Et2
sk =

∫ {
t2
16

[(
1 +

1

2
x2

)
ρ(r)∇2ρ(r) +

(
x2 +

1

2

)∑

q

ρq(r)∇2ρq(r)

]

+
t2
4

[(
1 +

1

2
x2

)(
ρ(r)τ(r)− j(r)2

)

+

(
x2 +

1

2

)∑

q

(
ρq(r)τq(r)− jq(r)

2
)
]

+
t2
8

[
x2

(
S(r) · T (r)−

∑

µ,ν

J2
µν

)

+
∑

q

(
Sq(r) · T q(r)−

∑

µ,ν

J2
q,µν

)]

+
t2
32

[
x2S(r) ·∇2S(r) +

∑

q

Sq(r) ·∇2Sq(r)

]}
dr. (2.46)

2.2.4 The Spin-Orbit Term

The spin-orbit interaction is an essential ingredient in every nuclear structure model

for the description of single-particle properties. The momentum-dependent spin-

orbit term that forms part of the effective Skyrme interaction is a special case

of the zero-range two-body spin-orbit interaction originally proposed by Bell and

Skyrme [89], which gives rise to a one-body potential in the mean-field approach

[45]. A simple spin-orbit interaction, such as the term proportional to W0 in (2.21),

allows for the qualitative description of the global features of shell structure and is

responsible for the observed magic numbers in nuclei heavier than N = Z = 20. In

spin saturated nuclei, when the orbitals of both spin-orbit partners are filled, the

potential stems purely from the spin-orbit interaction, however in spin unsaturated

nuclei there are extra contributions from the exchange parts of the central term

(the cartesian Jµν(r)2 components) and from the tensor force.

The contribution to the Skyrme energy from the spin-orbit term is calculated

in the same way as the central and density dependent terms, using P̂M = −1, as

well as

(σ̂1 + σ̂2)
(
1− P̂M P̂σP̂q

)
= (σ̂1 + σ̂2) (1 + δq1q2) , (2.47)
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and

(σ̂1 + σ̂2) ·(1+δq1q2)k×k′ = −1

2
(1 + δq1q2) σ̂1 · [(∇1 ×∇′

2)− (∇′
1 ×∇2)] . (2.48)

The term is evaluated as

EW0
sk = − iW0

4

∫ {
∇1 × S(r1, r

′
1) ·∇′

2ρ(r2, r
′
2)

−∇′
1 × S(r1, r

′
1) ·∇2ρ(r2, r

′
2)

+
∑

q

[
∇1 × Sq(r1, r

′
1) ·∇′

2ρq(r2, r
′
2) (2.49)

−∇′
1 × Sq(r1, r

′
1) ·∇2ρq(r2, r

′
2)

]}
dr1dr2dr

′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

.

Using (2.38), the definition for the current density j(r) and the following identities,

which arise through integration by parts [68]

∇ρ(r) · J(r) = −ρ(r)∇ · J(r), (2.50)

where

J(r) =
∑

µ,ν

ϵκµνJµν(r), (2.51)

and

j(r) ·∇× S(r) = S(r) ·∇× j(r), (2.52)

the energy contribution from the spin-orbit interaction becomes

EW0
sk =

∫ {
−W0

2

[
(ρ(r)∇ · J(r)) +

∑

q

(ρq(r)∇ · J q(r))

]

−W0

2

[
S(r) · (∇× j(r)) +

∑

q

Sq(r) ·
(
∇× jq(r)

)
]}

dr. (2.53)
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2.2.5 The Tensor Terms

The tensor force also plays a crucial role for the description of nuclear properties

and is therefore a necessary ingredient of the nucleon-nucleon interaction [90]. It is

present in all ab-initio approaches [91,92], and in fact all approaches starting from

the bare nucleon-nucleon interaction find that nuclei are not bound without taking

it into account [93,94]. Despite this, it has in the past, been absent as a component

of most modern mean-field methods. The first experimental signature of the tensor

force was the small, but finite quadrupole moment of the deuteron [95]. It has since

been shown to also play a role in the shell structure of exotic nuclei [64,65], resulting

in shifts in the magic numbers towards the drip-lines in some cases. In particular,

the discrepancies between model predictions and experimental data, involving the

manner in which the single-particle structure evolves as a function of proton and

neutron number, have been shown to be at least partly attributed to the tensor

force [66]. These findings, resulting from studies focussing on the monopole effect

of the tensor force from a mean-field perspective, triggered a renewed interest in the

tensor interaction within the framework of self-consistent mean-field approaches.

Several new studies have been performed in recent years, particularly in the context

of the Skyrme-Hartree-Fock model [53–56], but also within the relativistic mean-

field model [61], and the Gogny force [96].

The tensor force originates from pion exchange processes, with central and

tensor couplings [97], and induces a correlation between the spatial and spin coor-

dinates of nucleons with different isospin. The contribution from the tensor force

to the single-particle energies fluctuates with the filling of shells, and therefore the

net spin saturation of each nucleus [66]. As nucleons are added to a particular

orbit, with a given total angular momentum, j, the single-particle energy of the

orbit with opposite isospin is modified, where the tensor force has its largest contri-

bution in spin unsaturated nuclei. The movement of the single-particle levels due

to the tensor interaction can be understood in an intuitive way and is represented

in figure 2.1 [66]. It shows the distribution of the spatial wavefunctions for two in-

teracting nucleons in orbitals with opposing isospin and parallel spin. The valence
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protons may occupy total angular momentum states with either j> = l + 1/2 or

j< = l − 1/2, while neutrons can similarly occupy j′> or j′<. If the two nucleons

move in opposite directions, (1a), there is a high relative momentum between the

nucleons, so the wavefunction of the relative motion is narrowly distributed in the

direction of orbital momentum. This situation is energetically favourable so the

tensor force works attractively between the two orbits. If the nucleons are both in

j> (or j<) orbitals, the tensor force produces a repulsive effect between them and

the wavefunction of the relative motion is stretched in the direction of the collision.

The effect of the tensor force is strongest between nucleons near the Fermi surface,

which have similar orbital angular momenta, l. The overall role of the this force is

a contribution to the binding energy of the nucleus and to the spin-orbit splitting

of single-particle levels, however, within the self-consistent mean-field approach the

effect on the binding energy may be minimised by making an appropriate choice

for the interaction coupling constants, leaving nothing but a correction to the spin-

orbit splittings [91].

Figure 2.1: Intuitive picture of the tensor force acting on two nucleon orbits j and

j′ [66].

The tensor terms within the Skyrme effective interaction [63] are constructed as

a zero-range force with an even term, proportional to T = 3te in (2.21), which mixes

states of relative S- and D-waves and an odd term, U = 3to, mixing relative P- and
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F-waves. The terms contain a momentum dependence that takes the finite-range

of the interaction into account. Representation of the tensor force, a long-range

pion-exchange process, as a short-range non-local effective interaction has been

shown to be justified [52], since the main effect of its long-range within a mean-

field calculation is to introduce a suppression factor that is almost constant for all

nuclei with mass number greater than A∼28. As a consequence, the contribution of

the tensor force to the energy density is parameterised with values of the coupling

strengths that are constant for all nuclei, in keeping with the philosophy of the

energy density functional approach.

The te Term

Starting with the term proportional to te from (2.21), the energy contribution from

tensor component is calculated from (2.25), using P̂M = 1 for the even powers of

momentum, with P̂σ = 1 for both the te and to term, since the tensor force only has

a non-zero contribution when the spins of the two nucleons are parallel, leading to

(
1− P̂M P̂σP̂q

)
= (1− δq1q2) , (2.54)

where

(σ̂1 · σ̂2)
[
k2 + k′2

]
= −1

2
(σ̂1 · σ̂2)

[
∇2

1 +∇′2
1 −∇1 ·∇2 −∇′

1 ·∇′
2

]
, (2.55)

and

[(σ̂1 · k) (σ̂2 · k)

+ (σ̂1 · k′) (σ̂2 · k′)] =
1

4
[(σ̂1 ·∇1) (σ̂2 ·∇2) + (σ̂1 ·∇′

1) (σ̂2 ·∇′
2)

− 2 (σ̂1 ·∇1) (σ̂2 ·∇1)− 2 (σ̂1 ·∇′
1) (σ̂2 ·∇′

1)

+ (σ̂1 ·∇2) (σ̂2 ·∇2) + (σ̂1 ·∇′
1) (σ̂2 ·∇′

2)] . (2.56)

This term becomes
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Ete
sk =

∫ {
3te
16

(1− δq1q2)
∑

q1,q2,µ,ν

[
(∇µ1Sµ(r1, r

′
1)) (∇ν2Sν(r2, r

′
2))

+
(
∇′

µ1Sµ(r1, r
′
1)
)
(∇′

ν2Sν(r2, r
′
2)) +

(
∇′

µ1Sν(r1, r
′
1)
)
(∇′

ν2Sµ(r2, r
′
2))

+ (∇µ1Sν(r1, r
′
1)) (∇ν2Sµ(r2, r

′
2))− 2Sµ(r2, r

′
2)∇µ1 (∇ν2Sν(r1, r

′
1))

− 2Sµ(r2, r
′
2)∇′

µ1 (∇′
ν2Sν(r1, r

′
1))

]

+
te
8
(1− δq1q2)

∑

q1,q2,µ,ν

[
Sν(r2, r

′
2)
(
∇2

µ1 +∇′2
µ1

)
Sν(r1, r

′
1) (2.57)

− (∇µ1Sν(r1, r
′
1)) (∇µ2Sν(r2, r

′
2))

−
(
∇′

µ1Sν(r1, r
′
1)
) (

∇′
µ2Sν(r2, r

′
2)
)
]}

dr1dr2dr
′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

.

The to Term

Similarly, the odd component of the tensor force, or to term is evaluated using

P̂M = −1,

(
1− P̂M P̂σP̂q

)
= (1 + δq1q2) , (2.58)

with

(σ̂1 · σ̂2)k · k′ =
1

2
(σ̂1 · σ̂2) [∇1 ·∇′

1 −∇1 ·∇′
2] , (2.59)

and

(σ̂1 · k′) (σ̂2 · k) =
1

4
[(σ̂1 ·∇′

1) (σ̂2 ·∇1) + (σ̂1 ·∇′
2) (σ̂2 ·∇2)

− (σ̂1 ·∇′
1) (σ̂2 ·∇2)− (σ̂1 ·∇′

2) (σ̂2 ·∇1)] , (2.60)

leading to the expression
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Eto
sk =

∫ {
3to
8

(1 + δq1q2)
∑

q1,q2,µ,ν

[
Sµ(r2, r

′
2)∇µ1 (∇′

ν1Sν(r1, r
′
1))

+ Sµ(r1, r
′
1)∇′

µ2 (∇ν2Sν(r2, r
′
2))−

(
∇′

µ1Sµ(r1, r
′
1)
)
(∇ν2Sν(r2, r

′
2))

− (∇ν1Sµ(r1, r
′
1))
(
∇′

µ2Sν(r2, r
′
2)
)
]

− to
4
(1 + δq1q2)

∑

q1,q2,µ,ν

[
Sν(r2, r

′
2)∇′

µ1∇µ1Sν(r1, r
′
1) (2.61)

− (∇µ1Sν(r1, r
′
1))
(
∇′

µ2Sν(r2, r
′
2)
)
]}

dr1dr2dr
′
1dr

′
2

∣∣∣∣
r1=r′

1=r2=r′
2

.

The Full Tensor Component

The equations (2.57) and (2.61) are then combined to evaluate the total energy

contribution from the tensor component. Once again the relations (2.39), (2.40)

and (2.42) are required, along with the following expression (derived in Appendix

A),

∑

µν

Sµ(r, r
′)
(
∇′

µ∇′
ν +∇µ∇ν

)
Sν(r, r

′)
∣∣∣
r=r′

= −
(
2S(r) · F (r) + (∇ · S(r))2

)
,

(2.62)

where

(∇ · S(r))2 =
z∑

µ,ν=x

(∇µSµ(r))(∇νSν(r)) =
z∑

µ,ν=x

(∇µSν(r))(∇νSµ(r)), (2.63)

as well as

∑

µν

(
∇′

µSµ(r, r
′)
)
(∇νSν(r, r

′))
∣∣∣
r=r′

=
∑

µν

(
1

2
∇µSµ(r)− iJµµ(r)

)

×
(
1

2
∇νSν(r) + iJνν(r)

)

=
1

4
(∇ · S(r))2 +

(
∑

µ

Jµµ(r)

)2

,(2.64)
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and

∑

µν

(
∇′

µSν(r, r
′)
)
(∇νSµ(r, r

′))
∣∣∣
r=r′

=
∑

µν

(
1

2
∇µSν(r)− iJµν(r)

)

×
(
1

2
∇νSµ(r) + iJνµ(r)

)

=
1

4
(∇ · S(r))2 +

∑

µν

Jµν(r)Jνµ(r).

(2.65)

This leads to an overall contribution from the tensor terms of

Etensor
sk =

∫ {
3

16

[
(3te − to) (∇ · S(r))2 − (3te + to)

∑

q

(∇ · Sq(r))
2

]

−1

4

[
(te + to)

(
S(r) · T (r)−

∑

µν

Jµν(r)
2

)

− (te − to)
∑

q

(
Sq(r) · T q(r)−

∑

µν

Jq,µν(r)
2

)]

+
3

4

[
(te + to)

(
S(r) · F (r)− 1

2

∑

µν

Jµν(r)Jνµ(r)

)

− (te − to)
∑

q

(
Sq(r) · F q(r)−

∑

µν

Jq,µν(r)Jq,νµ(r)

)]

+
1

16

[
(3te − to)S(r) ·∇2S(r)

− (3te + to)
∑

q

Sq(r) ·∇2Sq(r)

]}
dr. (2.66)

These terms from the Skyrme effective interaction have often been disregarded

for calculations of nuclear properties within the Hartree-Fock model since it was

believed that their overall effect on the bulk and single-particle properties was neg-

ligible. The exclusion of the tensor force from the energy functional was convenient,

since it allowed the number of free parameters to be restricted when fitting Skyrme

forces to experimental data [47]. There was some early exploratory work in the

1970s [52], which found that adding the tensor force perturbatively to an existing

parameter set within the Skyrme-Hartree-Fock model improved the description of
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spin-orbit splitting in some magic nuclei. A number of Skyrme parameter sets

were also introduced by some authors [98, 99], which included the tensor terms

and which were fitted to reproduce selected spin-orbit splittings in doubly magic

nuclei in order to study the effect of the tensor force on single-particle properties.

However, the most commonly used modern Skyrme forces were all fitted excluding

any contribution from the this force.

A revived interest in the tensor force for the description of shell structure in

exotic nuclei has led to several recent studies in which the tensor terms have once

again been included within the Skyrme-Hartree-Fock framework [53–59]. In many

of these cases the tensor terms were added perturbatively, by obtaining optimised

values for the two tensor coupling strengths, te and to, from fits to single-particle

data without refitting the remaining Skyrme parameters [54, 55, 57]. Introduction

of the tensor force in this way does not destroy the capabilities of the models

to reproduce the binding energy and other bulk properties, since a careful selec-

tion of the tensor parameters allows the overall effect on these properties to be

minimised, whilst allowing for an improved description of the selected spin-orbit

splittings. These recent studies are based on the earlier work by Stancu, Brink

and Flocard [52], in which the tensor terms were added perturbatively to the SIII

Skyrme force under the assumptions of spherical symmetry. In this case only the

vector component of the spin current tensor, J(r), defined by equation (2.51), con-

tributes to the energy density and the spin-orbit potential with the same form as

the exchange term of the non-local part of the central Skyrme interaction. It was

found that the optimal coupling strength parameters were located in a triangle in

the two-dimensional (α, β) plane, in the quadrant with negative α values, positive

β and with α ≈ −β, where

α =
1

16
(t1 − t2 − t1x1 − t2x2) +

5

8
to, (2.67)

and

β = −1

8
(t1x1 + t2x2) +

5

8
(te + to), (2.68)
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are the combination of central and tensor parameters in the Skyrme interaction that

contribute to the like-particle, (Jn(r)2+Jp(r)2), and proton-neutron, Jn(r)Jp(r),

components of the spin-current vector respectively within the total energy density.

The more recent studies based on different Skyrme forces have reached similar

conclusions.

A number of new Skyrme forces have also been proposed, which include the

tensor terms within the fit procedure [53, 56]. Brown et al. have made a complete

parameter refit using the same fit protocol as for the existing Skx Skyrme force, but

including a zero-range tensor force calibrated to finite-range G-matrix calculations

[53]. Lesinski et al. have also produced a set of 36 new parameterisations [56]

and studied their impact on the spin-orbit splitting and single-particle spectra

in doubly magic nuclei, as well as on the deformation properties in semi-magic

nuclei in a later study [58]. The conclusions of this work point out that whilst

a perturbative treatment of the tensor terms may provide a useful tool for the

initial exploration of their effects in systematic studies, it is imperative that refits

should be made including these terms, as they are of great value for the purposes

of creating improved energy functionals.

2.2.6 The Full Skyrme Functional

The full form of the Skyrme functional is obtained through the derivation outlined

in sections 2.2.1 to 2.2.5, by combining the central, spin-orbit and tensor terms

into the densities defined in (2.17) with the appropriate combinations of Skyrme

parameters. It is often advantageous to recouple the proton and neutron densities

into isoscalar, t = 0, contributions,

ρ0(r) = ρn(r) + ρp(r), (2.69)

and isovector, t = 1, contributions,

ρ1(r) = ρn(r)− ρp(r), (2.70)

for formal discussions of the physical content of the functional, where the remaining
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densities and currents are similarly decomposed. Using this convention the full

Skyrme energy functional is written as [56],

ϵsk =
∑

t=0,1

{
Cρ

t ρt(r)
2 + CS

t St(r)
2 + C∆ρ

t ρt(r)∆ρt(r) + C∆S
t St(r) ·∇2St(r)

+ C∇S
t (∇ · St(r))

2 + Cτ
t (ρt(r)τt(r)− jt(r)

2)

+ CT
t

(
St(r) · T t(r)−

z∑

µ,ν=x

Jt,µν(r)
2

)

+ CF
t

⎡

⎣St(r) · F t(r)−
1

2

⎛

⎝
(

z∑

µ=x

Jt,µµ(r)

)2

+
z∑

µ,ν=x

Jt,µν(r)Jt,νµ(r)

)]

+ C∇J
t (ρt(r)∇ · J t(r) + St(r) ·∇× jt(r))

}
, (2.71)

where the coupling constants in this equation are defined in terms of the Skyrme

force parameters and are given in Appendix B.

The total energy functional is required to be invariant with respect to parity,

spatial and isospin rotations, spatial inversions and time-reversal, which is achieved

through its construction from local densities that have certain properties under local

gauge transformations [100]. These include the time-even densities, ρ(r), τ(r) and

Jµν(r) as well as the time-odd ones, S(r), T (r), j(r) and F (r) as defined in

(2.71) and that appear in the necessary bi-linear combinations required to fulfil the

criteria of time-reversal invariance of the Skyrme functional.

It is sometimes convenient for the cartesian spin-current tensor density, Jµν(r),

to be separated into its pseudoscalar, antisymmetric vector and symmetric pseu-

dotensor components, J0(r), J(r) and J2(r), which are prefered by some authors

since they have well-defined transformation properties under rotations. In this in-

stance, the three bi-linear terms in (2.71), written in cartesian coordinates, are

recoupled into [56],

z∑

µ,ν=x

Jµν(r)
2 =

1

3
(J0(r))

2 +
1

2
J(r)2 + J2(r)

2, (2.72)
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and

1

2

⎡

⎣
(

z∑

µ=x

Jµµ(r)

)2

+
z∑

µ,ν=x

Jµν(r)Jνµ(r)

⎤

⎦ =
2

3
(J0(r))

2 − 1

4
J(r)2 +

1

2
J2(r)

2.

(2.73)

These densities are themselves defined in terms of the cartesian components of the

pseudotensor density,

J0(r) =
z∑

µ=x

Jµµ(r)

J(r) =
z∑

µ,ν=x

εκµνJµν(r)

J2(r) =
z∑

µ,ν=x

[
1

2
(Jµν(r) + Jνµ(r))−

1

3
δµν

z∑

κ=x

Jκκ(r)

]
. (2.74)

Under the assumptions of spherical symmetry for nuclear structure calculations,

all but one of the nine components of the spin-current tensor density vanish, due

to the fact that only the radial component of the vector spin-orbit current, J(r),

is non-zero [56]. In the case of axial symmetry, the pseudotensor component is also

non-zero (although many calculations carried out under axial symmetry in the past

have ignored this component), with all the components of the density becoming

active in calculations of odd-A nuclei and in dynamics, however there have been

relatively few studies of this density in its full form, i.e. away from assumptions of

spherical symmetry [58, 67, 69].

Furthermore, the form of the Skyrme functional employed for most calculations

of the static and dynamic properties of nuclei have, in the past, included only

the minimum time-odd densities required in combination with the time-even ones

to ensure conservation of Galilean invariance, namely [ρ(r)τ(r) − j(r)2] and [∇ ·

J(r) + S(r) · (∇ × j(r))]. All the other time-odd densities have generally been

excluded, with the exception of the studies mentioned previously [67–69, 75], even

in cases where the terms are expected to have a non-zero contribution. For the

description of static properties in even-even nuclei, all the time-odd densities must
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vanish due to the gauge properties of the overall functional [45]. These terms

only contribute to the energy density in situations where the intrinsic time-reversal

symmetry of the system is broken, such as in odd-A and odd-odd nuclei, as well

as for dynamics, including rotations and collisions. As a consequence, relatively

little is known about the properties of time-odd mean-fields, in contrast to the

time-even fields, which are well understood as they are reflected in several static

phenomena that are observed experimentally and can be tested against [4]. In fact,

the Skyrme force parameters, that denote the strengths of the time-even and time-

odd fields in the functional from fits to experimental data, have almost exclusively

been determined using only the static properties of even-even nuclei.

If one follows the philosophy that the Skyrme effective interaction provides a

rigid framework for determining the coupling constants, where the time-odd cou-

plings are linear combinations of the time-even ones, then unique relations can be

established between the interaction parameters (such as those in Appendix B) so

that the time-odd terms in the mean-field may be studied without the need to fit

new parameters to data. A small number of studies have been performed along

these lines [69,75], in which the effect of the time-odd contributions from the cen-

tral part of the Skyrme interaction have been investigated on fusion properties in

time-dependent Hartree-Fock calculations. However, the time-odd contributions

from the tensor terms in the Skyrme interaction have never been studied.

On the other hand, an approach may sometimes be adopted whereby the energy

density functional itself is considered to be a more fundamental construction than

the effective interaction [101]. In this case, the coupling constants in (2.71) are free

to be adjusted independently (subject to the constraints laid down by the necessary

gauge properties). For this purpose, the properties of odd-A nuclei may provide

useful insights into the behaviour of time-odd fields, however in these cases other

mechanisms, such as pairing correlations, are mixed in with the effects from the

time-odd fields complicating matters somewhat. Dobaczewski et al. have studied

time-odd properties of mean-fields adopting this philosophy [67,68] and performed

calculations in the case of rotating superdeformed nuclei using the cranked Hartree-

Fock approach. The work pursued in this thesis studies the time-odd and tensor



Mean-Field Theory 39

components of the mean-field, adopting the Skyrme effective interaction philosophy.

2.2.7 The Mean-Field

The Hartree-Fock equations using the Skyrme effective interaction are obtained

through the variational principle by writing that the total energy, EHF , is stationary

with respect to variations in each of the densities defined in (2.17), or with respect

to the individual normalised single-particle wavefunctions, φi(r). For this purpose

it is useful to regroup each of the expressions in (2.71) in terms of the proton and

neutron densities, where

ρ(r)2 = ρn(r)
2 + ρp(r)

2 + 2ρn(r)ρp(r), (2.75)

and so on. Performing variations of the explicit expression for ϵsk, as well as the

kinetic and Coulomb energies give rise to the mean-field equations for protons and

neutrons, which have the form of a local Schrödinger equation, (2.9), where the

single-particle Hamiltonian, ĥ, has the form [100],

ĥq(r) = −∇ ·
(

h̄2

2mq
+Mq(r) +Cq(r) · σ̂

)
∇+ Uq(r) +Σq(r) · σ̂

− i

2
[Iq(r) + (Bq(r)⊗ σ̂)] ·∇− i

2
∇ · [Iq(r) + (Bq(r) · σ̂)]

−∇ ·Dqσ̂ ·∇, (2.76)

with

(B(r)⊗ σ̂)a =
z∑

b=x

Babσ̂b. (2.77)

It is written in terms of mean-field potentials in the particle-hole channel, with

gauge transformation properties that are identical to each of the local densities

that they are built from. These fields are the scalar single-particle potential, Uq(r),

Uq(r) = 2Cρ
q ρq(r) + 2C∆ρ

q ∆ρq(r) + Cτ
q τq(r) + C∇J

q ∇ · J q(r), (2.78)
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that arises from the variation of the total energy density with respect to ρq(r), the

pseudovector potential, Σq(r),

Σq(r) = 2CS
q Sq(r) + 2(C∆S

q − C∇S
q )∇2Sq(r)− 2C∇S

q ∇× (∇× Sq(r))

+CT
q T q(r) + CF

q F q(r) + C∇j
q ∇× jq(r), (2.79)

from variations with respect to the spin density, Sq(r), the first-order (in terms of

expansions in momentum) vector potential, Iq(r),

Iq(r) = 2Cj
qjq(r) + C∇j

q ∇× Sq(r), (2.80)

found through variations with respect to the current density, jq(r), the pseudoten-

sor spin-orbit potential, Bq(r),

Bq(r) = CF
q

(
z∑

µ=x

Jq,µµ(r) +
z∑

µ,ν=x

Jq,νµ(r)

)
+ 2CT

q

z∑

µ,ν=x

Jq,µν(r) + C∇J
q ϵ ·∇ρq(r),

(2.81)

coming from variations with respect to the spin-current density, the second order

tensor potential, Dq(r),

Dq(r) = CF
q Sq(r), (2.82)

from the variation of tensor density, F q(r), and finally the terms that contribute

to the inverse effective mass term,

Mq(r) = Cτ
q ρq(r), (2.83)

and

Cq(r) = CT
q Sq(r), (2.84)

that arise from the variations of the total energy density with respect to the kinetic,

τq(r), and tensor kinetic, T q(r), densities respectively. The coefficients, Cq are
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related to those in (2.71) by recoupling the expressions in terms of the proton and

neutron densities.

For the description of static properties in spherical even-even nuclei the time-

odd fields, Σq(r), Iq(r), Dq(r) and Cq(r), do not contribute to the mean field,

leaving only the time-even fields, including only the vector component of the spin-

current tensor density. This leads to a simplified version of the Hartree-Fock equa-

tions that depend solely on the single-particle potential, Uq(r), inverse effective

mass term and a spin-orbit potential, built directly from the Skyrme spin-orbit

interaction, the exchange part of the non-local central Skyrme term and the tensor

terms, which both have the same form, proportional to J q(r).

The spin-orbit potential, which is responsible for single-particle splitting in

nuclei, is then linearly dependent on the derivative of the proton and neutron

densities,∇ρq(r), with an associated mass and isospin dependence that is moderate

in heavy nuclei. The behaviour of the central and tensor contributions on the

other hand are not so straightforward. The contribution from J q(r) increases

linearly with the number of particles if only one of the spin-orbit partners is filled,

where there is essentially no contribution for spin saturated nuclei (i.e. when both

components of a spin-orbit doublet, with j> and j<, are filled), since the spin

densities are zero. In spin unsaturated nuclei, the central and tensor components

provide an extra contribution to this potential. The sign of J q(r) depends on the

quantum numbers of the orbitals that are progressively filled, where the j> orbitals

give a positive contribution and the j< orbitals contribute negatively.

Each component of the spin-current tensor extrapolates differently when going

from spherical to deformed shapes, with each of the three combinations of cartesian

components coupling to the derivatives of the single-particle wavefunctions and

the Pauli spin matrices in different ways [58], as outlined in (2.76), (2.77) and

(2.81). If these terms are recoupled into their pseudoscalar, vector and pseudotensor

components it can be shown that under the assumptions of spherical symmetry the

pseudoscalar and pseudotensor terms vanish, leaving simply a contribution from

J(r) as just discussed. When rotational symmetry is broken, such as for the case of

axially deformed Hartree-Fock calculations, the pseudoscalar term, J0(r), remains
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zero, but the pseudotensor component, J2(r), has a non-zero contribution to the

energy density and spin-orbit mean-field in spin unsaturated nuclei. However,

many authors have ignored this term in the past [102–104], approximating the spin-

current tensor as simply the vector spin-orbit current, J(r), since the spin-current

tensor density has a more complicated form when written in cylindrical coordinates

[105]. The contribution from the vector component, and more specifically, the role

of the time-even tensor terms to the Skyrme energy functional has recently been

studied by Bender et al. on the deformation properties of magic and semi-magic

nuclei [58], however currently no further studies have been performed in which the

pseudoscalar component is likely to play a role. Away from the assumptions of

spherical or axial symmetry within the models, and particularly in dynamics the

time-odd fields from both the central and tensor terms must also be accounted for.

2.3 Beyond the Mean-Field

Self-consistent mean-field models employing effective interactions have achieved a

high level of success, being able to reproduce the experimental data for a wide

range of ground-state properties in both medium and heavy mass nuclei, in partic-

ular the features of the nuclear force that are associated with smooth trends [3].

Further improvements to the models, in terms of reproducing features such as the

density and isospin dependence on the nuclear properties, are possible through the

inclusion of extra correlations, such pairing and beyond mean-field techniques and

are necessary for the development of these models, that aim towards a universal

density functional for use within nuclear structure and dynamics calculations.

2.3.1 Pairing

Pairing is particularly important as one moves away from spherical closed-shell

nuclei and therefore becomes a necessary ingredient within mean-field models for

describing properties that vary strongly with shell effects. Pairing correlations

are accounted for within the Hartree-Fock framework by generalising the mean-

field concept to include a pairing field, calculated either through the Hartree-Fock-
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Bogoliubov equations [106], or the BCS approximation using a self-consistent ap-

proach [6].

In spherical doubly magic nuclei, the associated single-particle states can be

written in terms of occupation weights of either 1 below the Fermi level, or 0 above

it (i.e. a pure Slater state). For all other nuclei, which have partially filled shells,

the concept of quasiparticle states is more appropriate. In this picture, nucleons

may occupy any of the available shells, which have a high density around the Fermi

surface, and are almost degenerate in energy. The pairing interaction therefore

allows mixing of the different states to create a unique ground state [107], where

each single-nucleon orbit is associated with an occupation probability amplitude,

v2k, within an active pairing space that is larger than the total number of nucleons,

A.

A full treatment of pairing within the Hartree-Fock-Bogoliubov approach in-

volves the solution of a number of coupled equations, in which the mean-field and

pairing Hamiltonians are non-commutative. Therefore the BCS approximation is

often a widely used simplification of this method. The BCS equations are for-

mulated based on the assumption that the pairing force operates between pairs

of doubly degenerate time-reversed (i.e. zero angular momentum) single nucleon

states, |k⟩ and |− k⟩, known as Kramers degenerate, where k denotes a state with

a given angular momentum projection onto the intrinsic axis [6]. The Hamiltonian

consists of a pure single-particle part and a residual interaction, which acts on

the time-reversed (Cooper) pairs [4], whereby the occupation amplitudes of each

single-particle state are determined by the gap equation, obtained through the

variational principle. A widely used effective pairing interaction employed within

this approach is given by a two-body zero-range local force including a density

dependence [108],

vpair =
V0

2
(1− P̂σ)

[
1−

(
ρ(r)

ρc

)γ]
δ12, (2.85)

which is formally equivalent to a Skyrme interaction with t0 and t3 terms only,

producing an energy functional of the form
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Epair =
∑

q=p,n

Vq

4

∫ [
1−

(
ρ(r)

ρc

)γ]
ρ̄q(r)

2dr, (2.86)

where ρ̄q(r) is the pairing density and Vq, γ and ρc are parameters that are phe-

nomenologically adjusted. In general the occupation probability of the single-

particle levels close to the Fermi surface is smeared out, so that the dominant

contribution to the pairing interaction comes from the nuclear surface in coor-

dinate space [4]. This is accounted for through the parameter ρc, which takes

values ρc → ∞ for a pairing interaction most active throughout the nuclear vol-

ume and ρc = ρ0 for pairing which is most sensitive to surface effects, where ρ0

is the saturation density of nuclear matter that approaches the density inside the

nucleus. Generally values are taken between these two extremes. Often γ = 1 is

used within this pairing model [109], however this value may be varied in order to

account for the appearance of neutron halos and skins in the neutron-rich region.

Pairing regimes of this type are dependent on the number of single-nucleon states

taken into account for any given calculation, or the active pairing space, where the

convergence is slowed with increasing active space, deeming a cutoff prescription

necessary.

For the purpose of studying the static properties of nuclei within this work,

the Skyrme-Hartree-Fock plus BCS pairing model has been adopted, using the

density-dependent delta interaction, (2.85), with a cutoff prescription as in [109].

However, since the method requires a priori knowledge of the pairing partner states,

it is only well defined for use in the case when time-reversal symmetry is conserved.

Therefore pairing correlations are not included in this work for calculations in which

time-reversal invariance is broken, including the study of dynamical properties

using the time-dependent Hartree-Fock approach.

2.3.2 Centre-of-Mass Corrections

All mean field states break certain symmetries of the Hamiltonian due to the con-

straints imposed upon the system. The most important example of symmetry

breaking concerns the centre-of-mass and it must be restored under all conditions
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for the study of static properties in nuclei [3]. Nuclear mean fields are spatially

correlated, since the wavefunctions are localised in their intrinsic frame, with no ex-

ternal confining field, which violates translational invariance. To restore the broken

symmetry, projection of the mean-field state onto zero centre-of-mass momentum is

necessary [5]. Full projection is numerically expensive and so centre-of-mass correc-

tions are achieved by approximate projection techniques [110], either by projection

after variation using a second-order expression [4],

Efull
cm =

1

2mA

〈(
∑

i

p̂i

)2〉
, (2.87)

or by including only the diagonal parts of the two-body momentum operator, p̂2,

through variation after projection,

Ediag
cm =

1

2mA

〈
∑

i

p̂2i

〉
, (2.88)

with an extra factor,

f(A) =
2

(t+ t/3)
, (2.89)

where t = (2/3A)1/3, improves the behaviour of the trend of Ediag
cm with A [111], for

the description of medium and heavy mass nuclei. The variation after projection

method is preferable for centre-of-mass corrections as it restores Galilean invari-

ance fully, providing an improvement when comparing calculated properties with

experimental data and as a consequence most Skyrme force parameter sets have

been fitted including such a scheme [112]. However for the purposes of studying dy-

namics, such as collision between nuclei, only the intrinsic frame of the total system

is considered and therefore centre-of mass corrections are not employed. Perform-

ing dynamic calculations without the centre-of-mass correction from the basis of

a static solution that includes the correction will lead to a non-stable solution of

the time-dependent Hartree-Fock equations, therefore centre-of-mass corrections

are neglected in this work for all static calculations used as a basis for dynamical

simulations. This allows a consistent and stable solution for the study of dynam-

ical properties, however may lead to inconsistencies between the calculated static
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properties for Skyrme forces that were fitted including the term. The Skyrme force

SLy4d was developed to overcome this issue [113], however has not been employed

in this work. Instead forces have been chosen to provide a more direct comparison

with earlier studies and will be discussed further in the next chapter.

2.3.3 The Time-Dependent Hartree-Fock Equations

The static mean-field approach is well tuned to describing the properties of the most

energetically favourable states, i.e. the ground-states of nuclei. The extension

of this method for the study of dynamic properties is formally straightforward,

providing an approach to the mean-field dynamics of a system under the assumption

that the particles evolve independently in their self-consistent average potential.

The time-dependent Hartree-Fock method is an equation of motion that describes

how a given time-dependent mean-field state, Φ(t), will evolve in time, usually in

response to an applied external force [5]. The time evolution for a given single-

particle state, φn(t), at time t is described by an evolution operator with the form

φn(t+∆t) = e−iĥ∆t/h̄φn(t), (2.90)

where ĥ is the single-particle Hamiltonian, which is itself time-dependent. To

account for the need to have self-consistency in propagation ∆t must be small,

since within this limit the Hamiltonian is constant to a good approximation. The

time evolution then proceeds in an iterative manner, using a series expansion of the

operator in (2.90) where the Slater determinant state describing the overall system

is assumed to remain a Slater determinant throughout the time evolution process

(through the property ρ2 = ρ). The equation of motion is obtained by calculating

the time derivative of the one-body density matrix, ρ(t), uniquely defined by Φ(t),

containing all the time-even and time-odd components, leading the time-dependent

Hartree-Fock equations with the form,

ih̄
dρ(t)

dt
= [Ĥ(ρ), ρ(t)], (2.91)

and is a non-linear matrix equation for the density, ρ(t), and a first-order differential
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equation in time with initial state defined by ρ(0). This equation can also be derived

from the time-dependent variational principle [45],

δ

∫
Φ∗(t)

(
ih̄

∂

∂t
− Ĥ

)
Φ(t)dt = 0, (2.92)

which conserves total energy, E, throughout the dynamical process. This approach

provides a successful tool for analysing the principle mechanisms in dynamical

processes, including at the limits of low energy phenomena, such as surface vibra-

tions and fission, as well as small amplitude motion, such as giant resonances, but

is perhaps best suited to the description of heavy-ion collisions, associated with

large amplitude processes, including fusion and inelastic scattering. In each of

these cases the ground-state single-particle wavefunctions, obtained from a static

Hartree-Fock calculation, are multiplied by an appropriate external force, or phase

factor, to create an initial excitation of the system, which is then evolved forward in

time according to equation (2.91). Many bulk properties may be described, includ-

ing excitation energies, masses, collision fragment properties, fission barriers and

fusion cross-sections [3]. In this work the symmetry unrestricted time-dependent

Hartree-Fock equations are employed using the full Skyrme effective interaction,

including the seldom studied time-odd densities and tensor component to investi-

gate the effects of these terms on collisions for the first time, in particular on fusion

properties.
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Chapter 3

Numerical Solution

The aim of the work presented in this thesis is to investigate the static and dynamic

properties of nuclei using the (time-dependent) Skyrme-Hartree-Fock approach,

and in particular the effects of the tensor component of the effective interaction

and the time-odd densities for the case of fully unrestricted calculations.

The static properties of superheavy nuclei have been investigated using a spheri-

cal Hartree-Fock plus BCS pairing model with a selection of modern Skyrme forces,

including the tensor contributions that will be discussed below. The dynamical

properties, particularly those arising from nuclear collisions have been studied us-

ing a three-dimensional time-dependent code (Oak3D [114]) with the full Skyrme

energy functional including all time-odd densities as well as the tensor force com-

ponent that have been implemented and tested within the code as part of this

work.

Both the static and time-dependent mean-field methods provide a practical ap-

proach for modelling complex many-body systems, requiring a numerical solution,

which in the past included the imposition of several approximations and assump-

tions both in terms of geometry and in the complexity of the effective interaction

in order to make the calculations tractable (at the expense of a reduction in appli-

cability). Advances in computing power in recent years has allowed the symmetry

constraints to be relaxed and unrestricted three-dimensional calculations to be per-

formed using the latest effective interactions to their full potential [69, 75].

49
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3.1 The Static Solution

The starting point for a numerical solution of the Hartree-Fock equations is an

appropriate representation of the single-particle wavefunctions, densities and fields.

The initial trial states are assumed to be a set of harmonic oscillator wavefunctions

within a cartesian grid [115] with user-specified parameters that determine the

shape and depth of the potential in all coordinates. The ground-state for a specified

nucleus is calculated for a given set of input data, including the proton and neutron

number, pairing options and spatial discretisation options, using a damped gradient

iteration scheme and Gram-Schmidt orthonormalisation [116,117] to calculate the

new wavefunctions until convergence is reached. There is no mixing between proton

and neutron states, although the single-particle wavefunctions are a mixture of spin

up and spin down states. The derivatives of the densities in the energy functional

are calculated by large-order finite difference formulae; the seven point method for

first derivatives and nine points for second-order derivatives.

3.2 Dynamical Simulations

In the case of collisions between nuclei the initial separation, impact parameter and

centre-of-mass energy are given as input, along with an option to perform the time-

dependent calculations over multiple processors. To maintain consistency between

the static solution and a dynamical simulation it is essential that the same nucleon-

nucleon interaction and spatial discretisation (∆r) are used in both the static and

dynamic phase to ensure that each state is a solution of the Hartree-Fock equations

and that in the absence of any external excitation the solution remains stationary

and stable throughout the time-evolution process.

The two nuclei at a separation distance, D0, are given an initial boost, which

produce the desired characteristics to account for the reaction properties, and with

the initial velocity of the projectile nuclei fixed in the (x,z) plane [118]. The two

resulting Slater determinants from the static phase are then used to construct a

single Slater determinant for the associated composite system in coordinate space
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and is represented in figure 3.1. The nuclei are assumed to start from an infinite

distance apart, but do not interact with each other until the specified separation

distance. The trajectories are adjusted assuming a Rutherford trajectory, which

accounts for the Coulomb interaction between the nuclei from infinity to D0. This

is consistent with the assumption that both nuclei are in their ground states at

t = 0, i.e. there is no energy transfer from the relative motion to internal degrees

of freedom up to separation, D0.

Figure 3.1: Schematic representation of two colliding nuclei in coordinate space

[119].

An initial momentum boost, kj, where j = 1, 2, is applied to each nucleus, by

multiplying each Slater determinant with an exponential phase factor [118],

Φj → eikj ·RjΦj, (3.1)

where Φj is the Hartree-Fock state for each nucleus and Rj is the corresponding

centre-of-mass coordinate,
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Rj =
1

Aj

Aj∑

i=1

ri, (3.2)

and the position operator, r̂ = x̂ex + ŷey + ẑez, acts in single-particle space.

The boost momentum is chosen to be at a tangent to the Coulomb trajectory at

separationD0, with the nuclei being placed in the centre-of-mass frame of the entire

system, satisfying,

A1R1 + A2R2 = 0, (3.3)

with relative momentum k1−k2, where k1 is chosen to be the target nucleus and k2

the projectile. The dynamical process is then calculated using a Taylor expansion

of the time evolution operator [120] to compute a set of observables, which provide

the necessary information throughout the reaction process.

The mean-field equations are solved in coordinate space within a finite-sized

box employing either Dirichlet or periodic boundary conditions [116]. For Dirichlet

boundary conditions any flux incident on the perimeter of the box during the time-

dependent process is reflected back into the box, with a hard boundary that ensures

all wavefunctions outside the box are zero. For periodic boundaries any flux that

crosses the box boundary appears at the opposite side of the bounding box. Any

flux incident on the boundary inside the box may interact unphysically with the

nuclei [121], so it is therefore necessary to ensure these effects are avoided where

possible by making the model space sufficiently large.

The independent-particle description of dynamics using the Hartree-Fock ap-

proach does not allow generally for a probabilistic interpretation of the possible

reaction channels. That is, despite the fact that the overall wavefunction may

comprise of several reaction channels, in which the relative amplitudes of each

channel may be interpreted as a probability, these need to be projected out using

beyond mean-field techniques [122]. Furthermore, the time-dependent equations

are solved in terms of a semi-classical trajectory, in which the evolution of the

centre-of-mass of the total system is calculated with time. As such some of the

quantum aspects of the dynamical process are missing, for example in the case
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of fusion reactions the fusion probability is either 0 or 1. There are a number of

beyond mean-field approaches that aim towards an improved description of such

dynamical properties, as well as the inclusion of pairing correlations and methods

to account for missing two-body correlations, however these are beyond the scope

of the work presented here.

3.3 Selected Skyrme Forces

A necessary ingredient for the successful description of a wide variety of properties

in nuclei across the full nuclear landscape is the use of good quality nucleon-nucleon

interactions that have been extensively fitted to experimental data. In the case of

the Skyrme interaction there are a large number of conceivable choices for the

set of interaction parameters that will perform to a similar quality depending on

the particular nuclei and observables that are used to fit a particular force. The

majority of the earliest Skyrme force parameterisations were fitted mainly to the

bulk ground-state properties, such as masses, radii and density distributions, of

spherical even-even nuclei around the closed shells, as well as symmetric nuclear

matter properties [3]. More modern forces have also included single-particle data

as part of the fitting procedure, as well as studies of asymmeric nuclear matter,

such as neutron stars, along with the properties in symmetric matter, attempting

to also capture the important features of nuclei in more exotic regions of the chart,

away from the stable nuclei. The main Skyrme parameter sets chosen for the study

of static properties, as well as dynamics in this work differ mainly in the choice

of experimental data used to constrain the parameters, but also include new fits,

which explicitly include the contributions from the tensor terms in the Skyrme

interaction that were previously neglected from the most common forces.

The SLy4 force is used in this work to investigate the single-particle structure

of superheavy nuclei and stems from a series of fits which not only include the

ground-state properties of nuclei, but that also reproduce the properties of neutron

matter [123]. In this parameterisation, the exchange contributions to the spin-orbit

potential (the J2 terms) are disregarded in the fitting procedure, so it is used as a
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comparison with similar forces that do include the terms. An extension to SLy4 was

later developed, SLy4d, for the purposes of dynamic calculations [124], in which

the centre-of-mass corrections were excluded, along with the J2 terms. However,

this force has not been employed in this work to study collision properties, since

other forces were chosen that could be more directly compared to the results of

recent studies of fusion properties [69, 75]. It is also worth mentioning that in the

case of dynamical simulations, the time-odd terms must be included in the correct

combination with the time-even ones to ensure the gauge invariance properties

of the overall functional are properly conserved. Since SLy4(d) disregards J2 in

the fit procedure, then the S · T term must also be treated with care so as to

avoid inconsistency. The SLy5 force was also fitted using the same protocol as

SLy4, and consequently it performs to a similar quality, but in this case the J2

terms are included within the fit procedure. It has also been the force of choice

in several recent investigations of shell evolution as a result of the added tensor

force contributions [54,55,57] and for the study of fusion properties using the time-

dependent Hartree-Fock model [69, 75]. Consequently it is used here for both the

study of tensor contributions in superheavy nuclei and is the main force of choice to

investigate dynamical properties in collisions. The SkI4 fit introduces an extended

spin-orbit force containing an explicit isovector component, which was found to

be necessary for the description of isotope shifts across heavy nuclei [125]. It was

chosen for its ability in providing the best description of bulk properties in the

superheavy nuclei for which experimental data is currently available [126].

For each of the forces discussed so far, the contribution to the total energy and

mean field from the tensor terms in the Skyrme interaction have not been included

(i.e. the tensor parameters, te and to are set to zero). In order to account for

contributions from the tensor force, several recent studies have added the terms

perturbatively to the existing parameter sets [52,54,55,57], by choosing optimised

values of te and to, without refitting the remaining parameters, as discussed in sec-

tion 2.2.5. The values of the tensor strengths used for this work were chosen to be

consistent with those of the recent studies, based on the SLy5 parameterisations,

with te = 296 MeV fm5 and to = −136 MeV fm5 [54]. In this case the parame-
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ters were adjusted to single-particle energies, under the assumptions of spherical

symmetry, along the chain of N = 82 isotones and Z = 50 isotopes.

There have also been recent attempts to make complete refits to the full set of

Skyrme parameters, after the inclusion of the tensor component [53, 56]. The Skx

force was originally obtained by fitting the parameters not only to bulk properties,

including binding energies and charge radii, but also to single-particle energies in

stable and exotic nuclei [127]. Two recent refits, based on the same fitting protocol

as Skx, are Skxta and Skxtb, and include a zero-range tensor term with coupling

strengths calibrated to finite-range G-matrix calculations [53]. The tensor param-

eters in Skxta are calculated directly from the 1-π exchange potential, although

the inclusion of the tensor force in this way was shown to produce a poorer l de-

pendence of spin-orbit splitting. This property is restored in Skxtb by allowing

αt = 5/4to to be included in the variational process, but fixing βt = 5/8(te + to).

A set of 36 new parameterisations have also been developed, explicitly to study

the effects of the J2 terms of the effective interaction [56]. The new forces, also

fitted using a similar procedure to the SLy sets, and under the assumptions of

spherical symmetry, cover a region that encompasses a range of values for the

isoscalar and isovector coupling constants, CJ
0 and CJ

1 , that relate to the vector

component of the spin-current tensor, and are defined as,

CJ
0 =

1

2
(α + β)

CJ
1 =

1

2
(α− β), (3.4)

where α and β are parameters that have been recoupled into like-particle and

proton-neutron contributions to J respectively and are given in equations (2.67)

and (2.68). The range of coupling strengths were chosen so as to provide a rea-

sonable description of finite nuclei, when comparing against some of the standard

forces that use only the central and spin-orbit terms. The forces are labelled by

Tij, where i and j refer to the proton-neutron, β, and like-particle, α, coupling

constants, with values such that,
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α = 60(j − 2) MeV fm5

β = 60(i− 2) MeV fm5, (3.5)

with the J2 contributions vanishing completely for T22. The forces labelled T2j

contain only like-particle terms, and for Ti2 only the proton-neutron terms are

non-zero, with forces T26, T44 and T62 having the same value for the isoscalar

constant, but different isovector ones. A selection of these parameterisations were

used by Bender et al. to investigate the time-even tensor terms on the deformation

properties in magic and semi-magic nuclei, in which the spin-current tensor takes

its more complex form [58]. A similar selection of these forces are used in this work

to study the effects of the full spin-current tensor, as well as time-odd terms in

nuclear collisions.



Chapter 4

Single-Particle Structures in

Superheavy Nuclei

The study of nuclei at the very limits of stability is currently a topic of great interest

in nuclear structure physics. One of the major challenges is in the regime of high

mass and charge - the superheavy elements. A key question in this area relates to

the possible existence and location of the island of stability and has been a driving

force behind experimental and theoretical efforts for several years [50, 128–132].

Experimentally, superheavy elements up to Z=110-118 have been produced in

heavy ion fusion reactions [133–135]. However, the data for these nuclei are scarce

since the production cross-sections decrease rapidly with increasing proton number,

down to ∼pb for Z=112 [136]. This poses a major challenge for experimental

investigations and has limited the production of new nuclei to isotopes that are

richer in protons than the expected most stable superheavy elements. However,

more detailed spectroscopic studies are becoming possible around the transfermium

region towards the island of stability [129,137].

There are also considerable challenges from a theoretical perspective. The emer-

gence of a region of long-lived elements beyond the actinides has been predicted

since the earliest nuclear models [26, 138]. Without the shell effects and large

spin-orbit splitting of single-particle levels around the magic numbers, nuclei with

Z>104 should not exist, since the long-range Coulomb repulsion between protons

57
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would overcome the short-range attraction of the strong nuclear force and induce

fission. The extra stability from these shell effects has been the focus of considerable

theoretical efforts, with different approaches predicting different effects.

Macroscopic-microscopic models using different parameterisations of the nu-

clear potential predict the next proton shell gap to occur at Z=114 [139, 140],

resulting from a large splitting of the 2f7/2 and 2f5/2 spin-orbit partners. A neu-

tron gap is also predicted at N=184, leading to a predicted spherical doubly magic

nucleus at 298114. These predictions are not shared by those from self-consistent

mean-field models. Relativistic mean-field calculations lead to extended regions of

additional shell stabilisation around Z=120, N=172,184 or Z=126, N=184 [141],

whereas non-relativistic calculations favour gaps at Z=124,126 and N=184 depend-

ing on the parameterisation [131, 132, 142]. The Z=114 shell closure only appears

in these models for parameterisations of the mean-field which overestimate the

spin-orbit splitting in heavy nuclei by ∼80%, where states of large angular mo-

mentum systematically lie too high in the single-particle spectrum. However these

are generally the forces which are better able to reproduce the bulk properties of

the established superheavy elements, indicating that their features could be an

essential ingredient to describe the distribution of levels within these nuclei [126].

In the region of superheavy nuclei, the single-particle level density is large. The

positioning of the shell gaps is therefore sensitive to the accuracy of describing

the single-particle energies and the spin-orbit interaction. Small shifts in the po-

sition of the single-particle levels will lead to gaps at different particle numbers.

In self-consistent mean-field models this clearly leads to discrepancies between the

different parameterisations, exposing an uncertainty in the current models, where

improvements of the effective interactions beyond the existing energy functionals

are needed, such as those provided by the inclusion of the tensor component of the

Skyrme effective interaction. The role of the tensor force has been investigated by

several authors for the description of spin-orbit splitting and shell evolution in ex-

otic nuclei [53–59]. In this work, the effect of the tensor terms on the predictions for

the shell gaps in superheavy nuclei is studied using the spherical Skyrme-Hartree-

Fock plus BCS pairing model [60]. An important question arises as to whether the
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Figure 4.1: Single-particle spectra of 298114 for protons (top) and neutrons (bot-

tom) for the mean-field forces indicated with and without the tensor component.

inclusion of the tensor force within this framework will lead to significant modifi-

cations in shell structure for these nuclei, and whether the discrepancies between

the mean-field methods and macroscopic-microscopic models may be reconciled. A

selection of the Skyrme force parameterisations discussed in chapter 3, from both

the full parameter refits and perturbative approach, has been employed, using a

density-dependent delta interaction for the pairing channel with a cutoff prescrip-

tion as in [109].

Figure 4.1 shows the proton and neutron single-particle levels in 298114 for each
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of the chosen Skyrme parameter sets both with and without the tensor component.

The tensor term has been added to the SLy4, SLy5 and SkI4 Skyrme forces with

coupling strengths of αt = −170 MeV fm5 and βt = 100 MeV fm5 as in [55],

which are related to the Skyrme interaction parameters as described in equations

(2.67) and (2.68). The Skxta and Skxtb sets are also shown, along with Skx for

comparison. For nuclei around Z=114 the important proton shells are 1i13/2 and

2f7/2, which are filled at Z=114, and the 2f5/2 and 3p3/2 levels, which lie above

Z=114. The difference between the 3p1/2 and 1i11/2 proton orbitals determines the

size of the Z=126 gap. In the absence of the tensor component the level ordering of

single-proton states is identical for all forces, except for Skx, which places the 2f7/2

orbital above 1i13/2. The possible shell closure at Z=114 is therefore determined

by the amplitude of the spin-orbit splitting between the two 2f coupled states and

the location of the 1i13/2 state. A strong shell gap at Z=114 appears only for SkI4,

with a smaller, but still pronounced Z=114 gap in Skx. In most cases, a more

convincing closure appears at Z=126. However it has been shown that this gap is

closed as the number of protons in the nucleus is increased from Z=114 to Z=126

for most parameterisations of self-consistent methods [50].

Inclusion of the tensor terms generally leads to an increase in spin-orbit splitting

between the 2f7/2 and 2f5/2 partners, opening the Z=114 shell gap. For SLy4t,

SLy5t and SkI4t the 1i13/2 state is also lowered in energy, increasing this gap by

∼1 MeV in total. The only exception is Skxta, which predicts a decrease in the

splitting between the two 2f levels compared to Skx. However, in this case the

Z=126 shell gap is also decreased due to a lowering in energy of the 1i11/2 state.

This is also the case for Skxtb, where the magnitude of the shell gap at Z=126 is

smaller than that of Z=114 for both forces. The Z=126 closure remains more or

less unchanged by the tensor component for all other Skyrme parameterisations,

with the Z=114 and Z=126 shell gaps having a similar magnitude, for all but

SkI4t. The main difference between the SLy4 and SLy5 forces is the magnitude of

the change in splitting between the 2f spin-orbit partners once the tensor term is

added. SLy5t, which is the force that the tensor coupling strengths used in this

work are specifically tuned to, predicts a smaller increase than SLy4t, although the
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qualitative features remain identical.

In the case of neutrons, the SLy4, SLy5 and SkI4 variants all produce a spherical

shell gap at N=184, whose size is determined by the splitting between the 4s1/2

orbital below the gap and either the 1h11/2 or the 1j13/2 orbitals above the gap. In

all these cases, the inclusion of the tensor terms keeps the size of the gap either

constant or increases it, maintaining N=184 as a robust neutron shell gap. Skx

does not give a clear gap at N=184 due to the intrusion of the 1k17/2 state from

above. Skxta gives a similar result, but Skxtb pushes the 1k17/2 level even lower,

giving a gap of around 2 MeV at N=184. On the other hand, the N=164 gap is

evident in the Skx forces, a conclusion which is unchanged with the addition of

the tensor terms. Though the addition of these terms does serve to decrease the

splitting between the 2g9/2 and 2g7/2 spin-orbit parters in all cases, this decrease is

not enough to affect the presence or absence of a gap at N=164 in any parameter

set.

Figure 4.2 shows the calculated single-particle structure for 310126. As men-

tioned previously, the proton shell gap at Z=126 is closed as the number of protons

in the nucleus is increased from 114 to 126, and is completely absent in the Skx

predictions. In contrast, the shell gap at Z=114 remains of a similar order of mag-

nitude as for 298114. The tensor component again leads to an opening of the Z=114

gap, which is now of a similar magnitude to the Z=126 gap for most forces. Only

for the Skxtb force does the splitting between the 2f7/2 and 2f5/2 levels decrease,

with Skxta now predicting no change for the Z=114 shell gap compared with Skx.

The proton states below the Z=126 gap have a slightly positive energy suggest-

ing the nuclei to be unstable against proton emission, although the high Coulomb

barrier would make other decay channels more probable [50]. The single-neutron

structure is similar to that of 298114, with shell closures appearing at N=184 for

the SLy4, SLy5 and SkI4 sets and N=164 for Skx. The tensor terms produce small

changes in the spin-orbit splitting around these gaps, however their effect is not

large enough to modify the shell and subshell closures.

The effect of the tensor terms on the behaviour of the single-proton shell struc-

tures has been calculated across the Z=114 isotopes for a selection of forces (figure
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Figure 4.2: Single-particle spectra of 310126 for protons (top) and neutrons (bot-

tom) for the mean-field forces indicated with and without the tensor component.
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4.3). In the absence of the tensor component, (the left-hand panel, labelled a)),

the Z=126 shell gap is the more convincing closure over the full range of isotopes

for SLy5, which has an enhanced magnitude around the N=184 shell gap. For SkI4

and Skx it is less clear. Although SkI4 is the only force used within this study that

shows a clear agreement with the predictions of macroscopic-microscopic calcula-

tions for a Z=114 shell closure, it is known to overestimate the spin-orbit splitting

in heavy nuclei such as 208Pb, questioning the reliability of the force when extrapo-

lating into the superheavy region. However, it has been demonstrated that SkI4 is

among one of the best forces for describing the properties of superheavy nuclei for

which experimental data is available. Skx is one of the few widely used forces in

which single-particle data was used to constrain the parameters, rather than sim-

ply bulk properties such as binding eneries, radii and masses. The fact that Skx

already predicts different single-particle structures to most other forces indicates

the need for further fits whose motivation is based on an accurate reproduction of

single-particle spectra.

Regardless of the predicted shell structures for the different forces in the absence

of the tensor component, its inclusion consistently leads to an increase in the spin-

orbit splitting of the 2f partners, opening the shell gap at Z=114 over the range

N=160-200. There is a decrease in splitting at Z=114 beyond N=200 for all three

forces due to a lowering of the f5/2 level, in agreement with the findings of [143],

which uses a Woods-Saxon plus π+ρ tensor exchange potential. This work showed

a decrease in splitting between the 2f partners in nuclei up to N=240, and an

increase in spin-orbit splitting at Z=92. This opening at Z=92 is also predicted

by Skxtb in figure 4.3. A decrease in splitting between 1i11/2 and 3p1/2 also opens

a possible shell gap at Z=138 beyond N=200 in the neutron-rich isotopes, which

was also reflected in the single-proton spectra across the Z=126 isotopes, although

the Z=126 shell gap was significantly decreased in comparison to the Z=114 gap,

indicating a clear dependence on proton number.

Perhaps a more direct measure for quantifying the magicity of a given nucleus is

given by the two-nucleon shell gap, which is derived from the total binding energies

of the surrounding nuclei [142]
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δ2q(Nq) = E(Nq + 2)− 2E(Nq) + E(Nq − 2). (4.1)

The two-nucleon shell gap represents the size of the gap in the single-particle spec-

trum, but does not itself contain any information about the actual location of the

single-particle energies. Large positive values of δ2q indicate a possible shell closure,

particularly in lighter nuclei, however the amplitude of the shell effects decreases

with increasing system size due to the higher single-particle level density, making

it more difficult to find such pronounced gaps in heavier systems.

Figure 4.4 shows the two-proton shell gap calculated for the same selection of

forces across the Z=114 isotopes. Once again only SkI4 predicts a clear shell closure

for Z=114, however inclusion of the tensor component generally leads to a small

increase in δ2p over the full range of isotopes for both SkI4t and SLy5t, which are

smooth functions over the full range of neutron numbers.

Figure 4.5 shows a similar calculation across the Z=138 isotopes. In this case

the added tensor terms lead to significant increases (>1 MeV) in δ2p for both SLy5t
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Figure 4.5: Two-proton shell gap across the Z=138 isotopes.

abd SkI4t, although a clear shell closure is only predicted by SLy5t in the range

N=200-240 and SkI4t in the range N=160-200. Note that this is not evident from

figure 4.1, since the Z=138 gap is strongly dependent on proton number. Skxtb

also shows a small increase δ2p in the more neutron-rich isotopes compared to Skx.

However, only for SLy5t is the calculated two proton shell gap larger for the Z=138

isotopes than across the Z=114 nuclei.

In all cases as a consequence of including the tensor component within the

calculations, a dependence of the shell structure on nucleon number is introduced,

which has previously been demonstrated to be a common feature in mean-field

calculations across the Z=126 and heavier isotopes of superheavy elements without

consideration of the tensor terms [50]. This feature is also known to occur in light

nuclei, although only at the very limits of stability.

Having investigated the influence of the tensor component of the Skyrme effec-

tive interaction on the single-particle structure of nuclei in the superheavy region,

there is shown to be evidence for an opening of the Z=114 shell gap over a range
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of nuclei as a result of the tensor interaction. The two-proton gap, δ2p, remains a

stable function over the full range of Z=114 isotopes studied. However, the increase

in splitting between the 2f spin-orbit partners and δ2p function are not conclusive

to predict a Z=114 shell closure. This is in agreement with the current experi-

mental status [144], which suggests that a shell closure is more probable around

Z=120-126, particularly in the neutron-deficient nuclei that are likely to have de-

formed shapes. The Z=126 shell gap is shown to be strongly dependent on nucleon

number, with the tensor terms serving to open a possible Z=138 shell closure in

neutron-rich isotopes of superheavy elements, although this is again shown to be

dependent on neutron number. The predictions for the single-neutron structures

remain robust after the inclusion of the tensor component, with either N=184 or

N=164 suggested to be possible magic numbers over a range of nuclei.

The strong nucleon number dependence of shell structure in this region is a

consequence of the high level density in the superheavy nuclei. The theoretical

predictions are therefore sensitive to the details of the individual forces employed.

Due to the high ratio of neutrons to protons in these systems, it may also become

important to consider the performance of a particular force when describing the

density dependence in asymmetric matter, which becomes relevant at the very ex-

tremes of nuclear existence. The SLy forces and SkI4 set exhibit a similar density

dependence for both symmetric nuclear matter and pure neutron matter, with sym-

metric neutron matter remaining energetically favourable at all densities, whereas

Skx favours pure neutron matter at high particle densities [46]. Such distinctions

as given in [46] may be relevant for the properties of very neutron-rich superheavy

nuclei, though further systematic studies beyond the present work will be necessary

to draw further conclusions. Each of the Skyrme parameter sets in this study was

chosen for their particular strengths, with SkI4 chosen for its ability to reproduce

the bulk properties of superheavy nuclei for which experimental data is available.

However, its overestimation of the spin-orbit splitting in heavy nuclei limits its

reliability for studying single-particle properties when extrapolating beyond this

region. Both SLy5 and Skx have been forces of choice for investigations into nu-

clear structure properties with the addition of the tensor force. In the case of SLy5
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the tensor coupling strength parameters have been added perturbatively. However,

the conclusions of [56] point out that a complete refit of the entire parameter set is

imperative when adding the tensor terms, which is the case for Skxta and Skxtb.

These forces, including Skx, tend to predict a different ordering of single-particle

levels for the superheavy nuclei compared to other common parameter sets. It

is therefore essential that further investigations and new fits are made for studies

of the single-particle properties of superheavy nuclei, incorporating missing ingre-

dients such as the tensor terms, with an emphasis on reproducing single-particle

properties of a wide range of nuclei, including the properties of the superheavy

elements for which experimental data is available.



Chapter 5

Time-Odd and Tensor Densities in

Nuclear Collisions

In recent years the developments in experimental techniques have led to an increase

in the availability of radioactive beams, which have opened new possibilities for

the study of nuclei away from the line of β-stability [145]. The resulting exotic

structures in these nuclei are not only interesting in themselves, but they also

provide a diverse and uncharted playground for studying the effects of the reactions

that occur between them.

A complete understanding of the interplay between the strong, Coulomb and

weak interactions, as well as the correlations within many-body systems may be

gained from a description nuclear properties that is derived from a fully microscopic

treatment. Considerable theoretical efforts over the decades have aimed towards

such a treatment, allowing calculations to be performed for the investigation of

structure and dynamics in nuclei with ever-increasing accuracy that include more

and more complex components of the underlying interactions within the time-

dependent mean-field approach [3, 46].

The time-dependent Hartree-Fock method provides a useful foundation for

a fully microscopic many-body theory and is a versatile tool within both the

small amplitude domain, for collective excitations [146, 147], as well as for low-

energy heavy-ion reactions [78, 79]. Such methods were first applied to nuclear

69
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physics problems, and were originally dedicated to fusion reactions, over 30 years

ago [148,149]. They have since been able to successfully reproduce the qualitative

features of a wide variety of heavy-ion reaction phenomena in terms of macroscopic

observables that can be compared with the available experimental data [69]. The

independent particle hypothesis, or a one-body mean-field that governs the struc-

ture and low-energy dynamics of nuclei, is justified due to the large mean-free path

of the nucleons (much larger than the size of the nucleus itself), which means that

nucleons within the nucleus rarely encounter collisions. This may be surprising due

to the strength of the nuclear force, but is a direct result of the Pauli exclusion

principle, which plays a crucial role in terms of the success of the time-dependent

Hartree-Fock approach [2]. This success comes despite the fact that in the past

several symmetries and simplifications to the underlying interactions have had to

be imposed in order to make the method computationally tractable. Furthermore,

the parameters of the effective interactions have generally only been adjusted to the

static properties of nuclei, rather than to the reaction, or other dynamic, properties

that they are attempting to describe.

Nowadays no such symmetry restrictions are necessary and three-dimensional

calculations may be performed using the effective nucleon-nucleon interactions to

their full potential [67,69]. The time-even spin-current pseudotensor density has not

commonly been included in its full form within three-dimensional calculations until

now and has been (at least in part) neglected in the fitting process of the Skyrme

parameters to experimental data, although the antisymmetric vector component,

J2, is generally included within the energy functional. The density in its full form is

included in this work and its energy contributions investigated, along with its effect

in the case of nuclear collisions. The time-odd densities, which vanish for static

calculations of even-even nuclei, but are necessary to preserve Galilean invariance

in dynamic calculations, are also included to provide a more complete description

of time-dependent processes.

As a testing ground for the inclusion of all the previously neglected components

of the Skyrme interaction that have been implemented in this work, a symmetric

collision between two 16O nuclei is considered using the three-dimensional time-
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dependent Hartree-Fock code, Oak3D. The collision takes place on a grid in coor-

dinate space, with dimensions (-12,+12) fm in the y- and z-coordinates, (-24,+24)

fm in the x-direction and with a grid spacing of 1.0 fm. The nuclei are boosted to-

wards each other with a centre-of-mass energy of Ecm = 100 MeV for both head-on

(b = 0 fm) and off-axis collisions at a variety of impact parameters (b = 2, 4, 6, 6.5

fm). The SLy5 Skyrme force has been chosen, since it was originally fitted to in-

clude the vector part of the spin-current tensor density, unlike SLy4 or SLy4d, and

was the force of choice in [55] when including the optimised values of the tensor

parameters, which are adopted here where appropriate.

The results of the static calculations, which contain various different com-

ponents of the Skyrme mean field, are summarised in table 5.1 for a variety

of properties, including the binding energy, which has an experimental value of

E(BE) = 127.62 MeV [150]. In this set of calculations the centre-of-mass correc-

tions are ignored in order to be consistent with the dynamic calculation, which

may lead to slightly different values of the calculated static properties than have

been published in previous studies that generally include the correction terms.

Basic J2 Full Full + tensor

BE (MeV) 114.34 114.33 114.33 114.39

KE (MeV) 229.76 229.75 229.75 229.85

β2 0.2E-10 0.9E-10 0.3E-9 0.2E-9

rms radius (fm) 2.72 2.72 2.72 2.72

Coulomb (MeV) 12.72 12.72 12.72 12.73

J2 (MeV) 0.00 4.7E-3 4.7E-3 -0.01

Time-even (MeV) -349.48 -349.47 -348.52 -348.47

Time-odd (MeV) 2.8E-19 -3.3E-19 -4.5E-18 5.8E-17

Table 5.1: Static properties, including binding energy, kinetic energy, quadrupole

deformation and contributions to the Skyrme energy, for 16O using SLy5 for calcu-

lations including various terms in the mean field.

The second column of the table, labelled as ‘basic’, indicates the standard



72 Time-Odd and Tensor Densities in Nuclear Collisions

form of the Skyrme energy functional employed by several authors for static and

dynamic calculations of nuclei in both the spherical and fully three-dimensional

cases [148, 149, 151, 152]. This contains only the vector component of the spin-

current tensor density, J , with coefficients that come solely from the spin-orbit

potential, as well as the minimum time-odd densities required for Galilean invari-

ance, namely the current density, j, and the time-odd spin-orbit contributions,

given that the tensor terms and the component of the spin-current tensor density

coming from the exchange part of the central Skyrme interaction have generally

been excluded from the functional. The third column indicates results based on

the inclusion of the spin-current tensor density in its full form, but with the tensor

parameters set to zero and the fourth column indicates the addition of the missing

time-odd densities, which should be zero for static calculations of even-even nuclei.

The final column includes all the terms just mentioned with non-zero values for the

tensor coefficients (as discussed in Chapter 3), which leads to a negative contribu-

tion from J2 to the Skyrme energy, along with small shifts to the binding energy

and other properties.

The static solutions are then used as the basis for a series of time-dependent

calculations in order to investigate the contributions from the various densities and

currents to the total energy. In the first instance, for the cases stated above, a

single 16O nucleus is given a boost along the x-direction with an energy of E = 100

MeV, which must be conserved as the nucleus is translated throughout the time-

evolution process. The Galilean invariant combinations of time-even and time-odd

terms should also provide a constant energy contribution, although the individual

terms themselves may vary throughout the process. Table 5.2 shows these invariant

combinations from the calculations using the basic (which includes ρτ − j2), full

(including S ·T −J2
µν) and full plus tensor (including S ·F −1/2

[
(Jµµ)

2 + JµνJνµ
]
)

versions of the Skyrme functional at the end of the static calculation and at the

beginning (t = 0 fm/c) and end (t = 150 fm/c) of the dynamical process in each

case.
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Term (MeV) Static Dynamic (t = 0) Dynamic (t = 150)

ρτ − j2 46.69 46.70 46.70

ρτ 46.69 69.42 69.41

−j2 -1.1E-19 -22.73 -22.71

S · T − J2
µν 4.7E-3 4.7E-3 4.7E-3

S · T -1.6E-18 2.4E-8 -1.1E-5

−J2
µν 4.7E-3 4.7E-3 4.8E-3

S · F − 1/2
[
(Jµµ)

2 + JµνJνµ
]

-0.01 -0.01 -0.01

S · F -1.4E-17 3.5E-6 8.2E-4

−1
2J

2
µµ 1.9E-10 3.2E-9 1.8E-5

−1
2JµνJνµ -0.01 -0.01 -0.01

Table 5.2: Galilean invariant combinations of terms at the end of the static cal-

culation and at the beginning (t = 0 fm/c) and end (t = 150 fm/c) of a dynamic

calculation for the translation of 16O in the x-coordinate.

5.1 Head-On Collisions

A series of 16O + 16O collisions are also performed, in which the two nuclei, sep-

arated by an initial distance of D0 = 15 fm, are given a boost towards each other

with a total centre-of-mass energy of Ecm = 100 MeV. In the case of head-on (b = 0

fm, or l = 0h̄) collisions for a number of functionals that have different terms active

(as described in table 5.1), the two nuclei clearly separate after the collision process,

losing ∼ 85% of their initial kinetic energy throughout the time-evolution, which

is converted into internal excitation of the fragments. In each case the dynamical

process is terminated at t = 400 fm/c, before the fragments reach the edge of the

spatial bounding box. Figure 5.1 illustrates one such collision as a series of density

plots at various time intervals throughout the process.

The total centre-of-mass energy, which is a combination of the kinetic energies

associated with the motion of the two fragments and a contribution due to the

Coulomb repulsion between them, is shown in figure 5.2 for the basic functional,

along with the kinetic and Coulomb contributions. The sharp reduction in energy
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Figure 5.1: Density contour plots throughout a collision between two 16O nuclei at

Ecm = 100 MeV in the (x,z) plane.

at around t = 80 fm/c is due to the dissipation of kinetic energy, which is converted

into excitation energy as the two nuclei start to interact with each other by way of

collisions between the nucleons and the walls of the mean-field potential. During

the collision period, 50 ≤ t ≤ 180 fm/c, the fact that the two nuclei are not clearly

separated means that numerical artifacts appear in the function for the centre-of-
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mass energy, which have no significant physical meaning. Only once the fragments

have fully separated does the centre-of-mass energy function reveal the total extent

of the dissipation throughout the collision process. For the collision represented in

figure 5.2, the centre-of-mass energy after the fragments have separated is Ecm ≃ 18

MeV.
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Figure 5.2: Total centre-of-mass energy as a function of time during a collision

between two 16O nuclei using the basic Skyrme functional within a time-dependent

Hartree-Fock calculation. The kinetic energy and Coulomb repulsion contributions

to Ecm are also shown.

Figures 5.3 and 5.4 also show the centre-of-mass energy as a function of time

for a series of calculations, which contain some or all of the previously missing

densities as part of the mean-field and Skyrme energy (as indicated in the figures).

Figure 5.3 shows all the terms that become active in the mean-field, but with the

tensor parameters set to zero, and figure 5.4 includes the non-zero tensor parame-

ters, which leads to the extra terms in the functional, S ·F , as well as the cartesian

spin-current tensor density components (Jµµ)2 and JµνJνµ. Although these terms
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individually have some small effects on the energy dissipated throughout the colli-

sion, generally when all the terms are included together, these effects on Ecm are

cancelled out, leading to a result similar to that of the basic functional described

in figure 5.2.
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Figure 5.3: Centre-of-mass energy as a function of time with various terms included

as part of the Skyrme functional (as labelled) but with the tensor parameters set

to zero.

The individual contributions to the Skyrme energy from each of the terms in

the functional are illustrated in figures 5.5, 5.6 and 5.7. The first of these indicates

the terms already present in the basic functional, which includes all the time-even

terms except for the central and tensor contributions to the spin-current tensor, and

the time-odd current density, j2, not to be confused with the spin-current tensor,

J2, as well as the full spin-orbit interaction, which contains time-even and time-

odd components. In each of these cases the individual terms maintain a constant

value, as determined by the solution from the static calculation, indicating the

nuclei are in their ground states, until they start to interact with each other at
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Figure 5.4: Centre-of-mass energy as a function of time with various terms included

as part of the Skyrme functional (as labelled) an with non-zero tensor parameters.

the collision impact point (at around t = 60 fm/c). The exceptions to this are

the ρτ and j2 terms, which are required in the Galilean invariant combination in

order to produce a constant value throughout the initial dynamic process, so as

to preserve translational symmetry up until the time the nuclei interact with each

other. In this instance a flow of particles is induced from the applied boost leading

to a non-zero j2 term in the dynamic calculation. It should also be mentioned

that while most of the densities in the Skyrme functional are uniquely defined by

their independent coupling constants, there are several that are not, since they

may be expressed in terms of other densities through integration by parts. These

dependent terms are outlined in equations (2.41), in which the first order vector

density, ∇ρ, is obtained from the second order scalar density, ∇2ρ, as well as

(2.50) and (2.52), which describe how the time-even and time-odd components of

the spin-orbit interaction may be expressed as their dependent terms.

The time-odd terms that have been implemented as part of this work are shown
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Figure 5.5: Energy contributions from each of the terms present in the basic version

of the Skyme functional.

in figure 5.6 and are calculated both with and without a contribution from the

tensor force parameters. In this case the time-odd densities are initially zero, as

expected, until the two nuclei begin to interact with each other. Each of these terms

provide only a small contribution to the total energy of the fragments throughout

the collision process in comparison with the time-even ones, however their non-

zero values are still significant. The addition of the tensor component also provides

small shifts in the energies of all the terms, even though the coefficients themselves

only directly contribute to the S ·T , S ·F , S ·∇2S, (∇ ·S)2 and J2 terms. In the

case of S ·T , the tensor component serves to decrease the overall magnitude of the

energy contribution from this term significantly, whereas the S ·F term, which only

appears when the Skyrme tensor parameters are non-zero, provides contributions

that are larger than S · T by an order of magnitude. The (∇ · S)2 term also

only contributes to the Skyrme energy when the tensor parameters are non-zero,

however in this case its contribution remains close to zero throughout the collision.
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Despite the fact that the energy contributions from both the (∇ ·S)2 and S ·∇2S

terms are computed and illustrated in figure 5.6, they have been excluded from

the mean-field, which forms the basis for the iterative solution of the Hartree-Fock

equations, and which is integrated over to derive the total Skyrme energy. This

is due to the appearance of instabilities in these terms, which may be numerical,

caused by the calculation of the gradient of the spin density, which needs to be

investigated further. The origin and nature of such instabilities in the context

of nuclear energy density functionals have been investigated by Kortelainen and

Lesinski [153] away from issues of a numerical nature, in which the stability of

the functionals is found to be dependent on particular perturbations of the nuclear

ground-state density. However, the terms excluded from the mean-field here are not

required in combination with any time-even terms to preserve Galilean invariance

and are shown to have small contributions to the total energy of the system when

calculated from the energy functional in this case, so they are unlikely to lead to

large shifts in the calculated dynamical properties when included.

As illustrated in table 5.2, the current density term, j2, should be formed in

combination with the time-even ρτ term, which has an energy value of E(ρτ) =

46.69 MeV for a single 16O nucleus at the end of the static calculation. At the

beginning of the collision calculation, the energy contribution from both nuclei is

shared between the two terms. In both cases, after an initial excitation as the two

nuclei collide, the individual components oscillate around an equilibrium value,

with the j2 component contributing ∼ 5% of the total energy of the term, which

loses ∼ 25% of its initial energy after the two nuclei separate. Both the S · T and

S · F components are also required in combination with the time-even cartesian

components of the spin-current tensor. In these calculations the full J2 term has

only a small energy contribution to the ground-state in 16O, so that the time-odd

parts of each Galilean invariant combination remain close to zero at the start of

the dynamic simulation.

Figure 5.7 shows the full time-even spin-current tensor density, J2, decomposed

into its separate components. On the left-hand side the density is decomposed into

its pseudoscalar, vector and pseudotensor contributions as outlined in equation
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Figure 5.6: Energy contributions from each of the time-odd terms that have been

implemented in the full version of the Skyme functional both with and without the

tensor terms.

(2.74) and on the right-hand side it is recoupled into the cartesian components as

described by equations (2.72) and (2.73), where µ, ν = {x, y, z}. The contribution

to J2 in the ground-state of 16O is small (E(J2) = 4.7 × 10−3 MeV with the

tensor force parameters set to zero and E(J2) = −0.01 MeV with non-zero tensor

contributions), since the nucleus is doubly magic and spin saturated. The 16O

nucleus is also spherical in shape, which means that only the vector component,

J2 or J2
1 as it is labelled in figure 5.7, has a non-zero contribution in the static

calculation as discussed in chapter 2. The terms also remain small throughout

the collision, with the inclusion of the tensor component leading to a change in
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sign for the vector part, or a reduced contribution in terms of J2
µν in cartesian

coordinates. A collision between nuclei that are spin unsaturated, or have a ground-

state deformation will lead to larger energy contributions from the spin-current

tensor in the static calculation, which may therefore have larger contributions and

exhibit different features in the case of a collision also.
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Figure 5.7: Contributions to the Skyrme energy from the spin-current tensor den-

sity both with and without the tensor force terms. The left-hand side shows the

components of the full density written as a pseudoscalar, vector and pseudoten-

sor contribution, whereas the right-hand side decomposes the full term into its

cartesian components.

The combined energy contribution from the full spin-current tensor to the

Skyrme energy is shown in figure 5.8, which is simply the sum of the individ-

ual components on the left-hand side of figure 5.7, or of those on the right-hand

side (which of course produce the same result). The maximum energy from this

term during the interaction between the two nuclei reaches E(J2) = 0.68 MeV at
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t = 107.8 fm/c in the case of a non-active tensor force, with approximately equal

contributions arising from the vector and pseudotensor components of J2. The in-

clusion of non-zero tensor parameters leads to a negative overall energy for the full

term over the entire collision process, having produced a value of E(J2) = −0.01

MeV in the static calculation. In this case the energy contribution from the full

spin-current tensor density is composed almost entirely of the cartesian component,

JµνJνµ, which is strictly zero unless the tensor force is included, with the full term

reaching an energy of E(J2) = −0.74 MeV at t = 115.8 fm/c during the collision

process. This energy can also be composed in terms of a negative contribution

from the vector component, J2, which has the opposite sign and is double the

magnitude compared to the calculation without the tensor force parameters, and

a positive contribution from J2
2 that has a similar magnitude and behaviour as the

case without the tensor terms.
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Figure 5.8: Energy from the spin-current tensor density as a function of time, which

is the sum of the individual components written in terms of a pseudoscalar, vector

and pseudotensor part, or in terms of cartesian components.
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Finally, the overall contributions from the time-even and time-odd components

of the Skyrme energy are illustrated in figure 5.9. In both cases the energies remain

constant up to around t = 60 fm/c, when the two nuclei first collide with each other

and start to interact. There is an initial excitation and the contributions from

each term oscillate before reaching an equilibrium with energies that are excited

compared to the original values. In the case of the time-odd components, the

majority of the energy arises due to the contribution from the current density, j2,

whereas for the time-even terms the contribution is built from a large negative

value of ρ2 and positive contributions from the ρτ and ρ∇2ρ terms. The spin-orbit

interaction contributes to approximately 1% of the total Skyrme energy at the

start of the dynamical process, growing to ∼ 4% after the collision, or ∼ 6% when

the tensor terms are included with parameter values of te = 296 MeV fm5 and

to = −136 Mev fm5. The total energy within the system is then a combination of

the Skyrme energy, Coulomb energy and the kinetic energy of each fragment plus

the contributions from the initial boost of the two fragments towards each other,

which must be conserved throughout the full dynamical process. This is the case to

within ∼ 0.5% for all the calculations performed in this work. The internal kinetic

energy, associated with the single-particle motion within the system, has values of

E(KE) ≃ 550 MeV at the beginning of the dynamical process and E(KE) ≃ 450

MeV at the end (t = 400 fm/c), in which ∼ 90% of the total collision energy has

been converted into internal excitation of the fragments.
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Figure 5.9: Time-even and time-odd components of the Skyrme energy as a function

of time for the 16O + 16O collision both with and without tensor terms.
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5.2 Off-Axis Collisions

A series of off-axis 16O + 16O collision calculations have been performed using the

full Skyrme energy functional (with non-zero tensor parameters where indicated).

A selection of impact parameters, b = 2, 4, 6, 6.5 fm, have been chosen, equivalent

to l = 12.4, 24.8, 37.3, 40.4h̄ using [154]

l = b(2µEcm)
1/2, (5.1)

where µ is the reduced mass, and the energy contributions from the time-odd and

spin-current tensor densities have been investigated. In the case of collisions with

an impact parameter of b = 2 fm (l = 12.4h̄) the calculations lead to a clear

separation of the two nuclei after the reaction, similar to the head-on case, with

the fragments reaching a separation distance of D = 20.1 fm at t = 400 fm/c,

in which ∼ 80% of the total centre-of-mass energy is dissipated throughout the

process with the kinetic energy of each fragment at the end of the calculation

dropping to E(KE) = 5.65 MeV. For collisions at larger impact parameters, b = 4

fm (l = 24.8h̄) and b = 6 fm (l = 37.3h̄), the two 16O nuclei fuse to produce an

excited compound nucleus, which rotates around the total centre-of-mass of the

system. Figure 5.10 shows the total particle density from the two nuclei at a series

of timesteps throughout the collision for an impact parameter of b = 6 fm, which

illustrates the fusion reaction process at a centre-of-mass energy of Ecm = 100

MeV. In the cases where fusion occurs the calculations were performed for an

extended period of time, t = 2000 fm/c, allowing for the compound nucleus to

decay via particle emission but ensuring that it does not undergo fission. The

final Hartree-Fock energy, root mean square radius and quadrupole deformation

parameter of the resulting compound nuclei were calculated to be EHF = −128.39

MeV, r = 6.81 fm and β2 = 0.75 for the collision at an impact parameter of b = 4

fm and EHF = −128.22 MeV, r = 6.44 fm and β2 = 0.61 for b = 6 fm respectively

at the end of the simulations. Calculations were also performed to include the non-

zero tensor force parameters and produced similar values for each of the properties

under the same conditions, but with some small adjustments to the Hartree-Fock
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energy from the extra terms in the mean-field.

Figure 5.10: Density contour plots throughout a collision between two 16O at Ecm =

100 MeV in the (x,z) plane for an impact parameter of b = 6 fm.

As the impact parameter value is increased still further to b = 6.5 fm (l =

40.4h̄), the reaction no longer induces fusion between the two nuclei, which scatter
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off each other but barely interact before reaching the edge of the spatial bounding

box at t ≃ 350 fm/c. The total energy dissipated in this case is ∼ 50% of the initial

centre-of-mass energy, with each fragment having a kinetic energy of E(KE) = 25.4

MeV and a Coulomb repulsion between them of E(Coul) = 3.3 MeV by the time

the fragments reach the box boundary.
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Figure 5.11: Skyrme energy as a function of time for the 16O + 16O collision at

different impact parameters without the tensor terms. The time-even and time-odd

components are also shown separately.

Figure 5.11 shows the time-even and time-odd contributions to the Skyrme

energy for each of the impact parameters as discussed. In each case as the impact

parameter increases, the initial excitation of the contributing terms at the point

of the collision between the two nuclei occurs at a later time and with a smaller

overall effect on the Skyrme energy. For an impact parameter of b = 4 fm, in

which the reaction undergoes fusion, the terms exhibit the largest magnitude of

oscillations throughout the time evolution, particularly for the time-even terms in
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the mean-field. At the largest impact parameter, b = 6.5 fm, for which inelastic

scattering occurs, there is little effect on the different components of the energy in

the fragments as a function of time.
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Figure 5.12: The J2 contribution to the Skyrme energy as a function of time for

the 16O + 16O collision at different impact parameters with non-zero tensor force

parameters where indicated.

Figure 5.12 shows the contribution to the Skyrme energy from the full J2 terms

for each impact parameter with the tensor parameters set to zero in the top panel

and non-zero tensor values as previously discussed in the bottom panel. At impact

parameters of b = 0 fm and b = 2 fm the energies from J2 follow a similar trend

throughout the collision, with a large initial excitation at the point of impact of the

two nuclei, followed by an oscillating contribution around a value that is slightly

larger than the energy at the beginning of the reaction process. At b = 6.5 fm,

which also produces a clear separation of the two fragments after the collision, the

calculation produces the smallest initial excitation of the J2 terms, but returns to
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a value similar to that produced at impact parameters of b = 0 fm and b = 2 fm,

whereas for the impact parameter values that lead to fusion, b = 4 fm and b = 6 fm,

the J2 terms remain at a slightly more excited level at the end of the simulation

than for the cases that result in inelastic scattering. The inclusion of non-zero

tensor parameter values leads to a total contribution from the J2 terms that has

the opposite sign to those in which only the central and spin-orbit components are

included for all impact parameters, however the overall trend in each case remains

similar.

5.3 Fusion Properties

Further calculations have been performed to investigate the fusion properties for

the 16O + 16O reaction using a selection of modern Skyrme forces that include the

fitted tensor force parameters as discussed in Chapter 3. Comparisons are made

with the work of Umar and Oberacker [78], along with the available experimental

data, and the influence of the time-even and time-odd densities attributed to the

tensor interaction are studied in this context for the first time.

Nuclear fusion occurs when two initially well separated nuclei collide to form

a compound nucleus, losing its memory of the entrance channel. Energy and mo-

mentum conservation laws imply that the compound nucleus is generally formed

at high internal excitation and angular momentum and as a consequence the fused

system cools via particle-emission, γ-emission or fission, with several competing

decay channels leading to a range of outcomes that may be difficult to distin-

guish experimentally. At low energies fusion is driven by one-body dissipation,

since Pauli blocking prevents nucleon-nucleon collisions. Fusion therefore occurs

by transferring relative motion into internal excitation via one-body mechanisms,

inducing couplings between these degrees of freedom that are well treated within

the three-dimensional time-dependent Hartree-Fock approach. Such couplings have

to be explicitly included within other approaches, including coupled-channel calcu-

lations, giving the self-consistent mean-field method an advantage in this context.

However, since it is a semi-classical theory, providing classical trajectories for the
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time-evolution and expectation value of one-body observables, only cross-sections

above the fusion barrier may be calculated (since tunnelling below the Coulomb

barrier is not accounted for), with the time-dependent Hartree-Fock approach ex-

hibiting the best agreement with experimental data for reactions involving light

nuclei, since in these systems fusion comprises almost the entire reaction cross-

section.

The fusion barrier is defined as the centre-of-mass energy, above which fusion

occurs for a head-on collision. Experimentally this quantity is approximated by the

centroid of the so-called barrier distribution for a given cross-section. The width

is then generated by tunnelling for a quantum system. The simplest approach to

modelling fusion reactions within the time-dependent Hartree-Fock method is to

consider the relative distance between the centres of mass of the two nuclei, which

reduces the reaction to a dynamical evolution in a potential that is deduced from

the long-range Coulomb repulsion between the nuclei and their short-range nuclear

attraction. Using the sharp cutoff approximation [148] the fusion cross-section can

then be expressed as a function of the initial centre-of-mass energy for the reaction

and the maximum orbital angular momentum, lmax, for which fusion occurs,

σf =
πh̄2

2µEcm
(lmax + 1)2. (5.2)

In the time-dependent Hartree-Fock approach, a series of head-on collisions are

considered at different energies on the three-dimensional cartesian grid with di-

mensions (-14,+14) in each coordinate, a grid spacing of 1.0 fm and an initial

separation of the two nuclei of D0 = 15 fm in keeping with the work of [78]. Sev-

eral modern Skyrme forces are used and the fusion barrier located in each case,

which lies between the highest centre-of-mass energy for which there is no fusion

and the lowest one for which fusion occurs, as well as the fusion window by also

considering the threshold energy, above which fusion is no longer observed but only

inelastic collisions occur. The two nuclei are deemed to have fused if the fragments

remain at relative separation distances that are small (D ≤ 10 fm) after the colli-

sion is run forward for a given amount of time, having observed several rebounds

of the root-mean-square radius of the compound system and the disappearance of
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the two-centre structure of the nuclear density. Such approaches have generally

been able to describe the qualitative features of fusion barriers well, despite the

fact that the parameters of the effective interactions have not been adjusted to

reaction properties and also have not included vital components of the interaction,

namely the tensor terms, in the past.

Force Barrier (MeV) Threshold (MeV) Threshold [78]∗

SkM∗ (basic) 9 77 62

SkM∗ (inc. J2) 9 71 —

SkM∗ (full) 9 73 56

SLy5 (full) 10 68 55

SLy5 (tensor) 10 65 —

T12 9 60 —

T14 9 70 —

T22 9 62 —

T24 9 71 —

T26 9 85 —

T42 9 67 —

T44 9 76 —

T46 9 85 —

Table 5.3: Fusion barrier and threshold energies for the 16O + 16O collision using

various parameterisations of the Skyrme interaction. ∗Communication [155] with

the author of [78] has since led to the discovery of a mistake in the original publi-

cation, which once corrected produces threshold energies in agreement with all the

calculations in this work.

Table 5.3 shows the results of the calculations for the fusion barrier and upper

threshold energy using the Skyrme parameterisations indicated. The threshold

values are compared with those of previous calculations where available for the

various forces and versions of the effective interaction. In the first case, the SkM∗

force is used, in which the basic version of the Skyrme functional is employed (i.e.
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containing all time-even densities, with the exception of the J2 density, the full

spin-orbit interaction with its time-even and time-odd contributions, and the time-

odd current density, j2, which is required for Galilean invariance of the functional

in this form). A separate calculation is also performed, in which the J2 term

is included, although it should be mentioned that the SkM∗ force was originally

fitted without this term. Its inclusion leads to a 6 MeV drop in energy for the

fusion threshold, although an increase from this value of 2 MeV is observed once

the full interaction is employed, including the time-odd densities (but with the

tensor force parameters set to zero), leading to an overall drop in threshold energy

of 4 MeV compared with the most basic form of the Skyrme functional. This

force is chosen so that a comparison may be made with the work of Umar and

Oberacker [78], who performed similar calculations to investigate fusion threshold

energies. A calculation based on the SLy5 parameterisation, which includes the J2

term in the fitting procedure, has also been performed, along with one in which

the optimum tensor parameters found in [55] have been included (labelled as SLy5t

from here on in), leading to a further lowering of the threshold energy by 3 MeV.

The observed threshold energies in this work are∼ 15 MeV higher than those of [78]

for all available comparable calculations, however, the overall effect of including

all the components of the effective interaction remain similar, with the inclusion

of the J2 and time-odd densities in the mean-field leading to a lowering of the

upper threshold energy for fusion. Further calculations have been performed and

compared against those of the author of [78] in order to identify possible sources

of discrepancy and it has since been established that a mistake in the previously

reported calculations [78] led to a decrease in the threshold energy values of the

order reported in this work [155].

A selection of the parameterisations by Lesinski et al. [56], that were fitted

to include the tensor coupling strengths, have also been investigated. In these

fits, a similar protocol to the SLy set was used and a range of values for the

isoscalar and isovector coupling constants for the J2 terms (including the tensor

components, as well as the central and exchange parts of the term) were covered.

The range of values encompassed coupling strengths that are analogous to several
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of the established modern Skyrme forces that could be used for comparison. The

SLy5 force consists of coupling strength parameters that lie between those of the

T12 and T14 parameterisations, which is reflected in the observed fusion threshold

energies, since they fall either side of energy observed for SLy5. In the case of T22,

which has coupling strengths equivalent to the SLy4 force, the contribution from

the J2 terms to the Skyrme energy vanishes, leading to one of the lowest threshold

energies calculated in this study. For forces with indices T2j only the like-particle

component of the J2 terms are non-zero. In this case as the coefficients are increased

the threshold energy is also shown to increase significantly from Ethreshold = 62 MeV

for T22 to Ethreshold = 85 MeV for T26. A similar situation is observed for forces with

indices Ti2, in which only the proton-neutron part of the J2 terms contribute to the

overall energy, although the increase in threshold energy is less pronounced as the

coupling strength parameters are increased, leading to energies of Ethreshold = 60

MeV for T12 up to Ethreshold = 67 MeV for T42. Finally, it is shown that for forces

with identical isoscalar components but different isovector ones, such as for T26 and

T44, the threshold energy is increased as the isovector coefficient is increased, with

larger coupling strength values leading to higher threshold energies in all cases.

These results lead to the conclusion that the fusion threshold is sensitive to the

details of the different parameteriations, making it essential for further studies

to be made in which the interaction parameters are constrained using dynamical

properties as well as static ones.

Despite the sensitivity to the different choices of Skyrme force for determining

the threshold energy, the fusion barrier energy remains robust for all the forces

that were investigated and are consistent with the results of previous calculations

that report a minimum energy for fusion of 8.8 MeV [156].

Figure 5.13 shows the separation of the two nuclear fragments as a function of

time throughout the reaction process using the SLy5 parameterisation for the full

Skyrme functional and with the tensor parameters set to zero. A series of centre-

of-mass energies are shown, which represent both the inelastic scattering case and

fusion reactions for the set of head-on collisions. It is clearly shown that initial

centre-of-mass energies of Ecm = 11, 67, 68 MeV lead to fusion, with the separation
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Figure 5.13: Fragment separation as a function of time for the 16O + 16O head-on

collision at different centre-of-mass energies, in which inelastic scattering or fusion

is observed.

of the two fragments remaining small at the end of the dynamical process, whereas

above the fusion threshold, for energies of Ecm = 69, 70 MeV, the two nuclear

fragments clearly separate after the collision, leading to inelastic scattering. At

a centre-of-mass energy of Ecm = 10 MeV the reaction occurs below the fusion

barrier and the fragments do not have sufficient energy to overcome the Coulomb

repulsion between them and so the two nuclei do not fuse.

Fusion cross-sections have been calculated for a selection of the forces discussed

at a centre-of-mass of Ecm = 34 MeV and compared to earlier calculations and ex-

perimental data. The cross-sections are calculated using equation (5.2) by search-

ing for the maximum impact parameter, bmax, for which fusion occurs in each

case, corresponding to a maximum orbital angular momentum, lmax, calculated

using equation (5.1). The maximum impact parameters were found to be fairly
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robust for all parameterisations, at either bmax = 6.70 fm for SkM∗, T42 and T44,

or bmax = 6.65 fm for all the other forces listed in table 5.4. However, the results

of [78] previously found that the maximum impact parameters for SkM∗ and SLy5

were 0.05 fm lower, leading to slightly lower values for the fusion cross-section than

for the current work, which overestimate σf by approximately 25-30% compared

to the experimental value [78] depending on the parameterisation.

Force bmax (fm) lmax (h̄) σf (mb) Comparison [78]

SkM∗ (full) 6.70 24.26 1388 1368

SLy5 (full) 6.65 24.08 1368 1347

SLy5 (tensor) 6.65 24.08 1368 —

T12 6.65 24.09 1347 —

T22 6.65 24.09 1347 —

T24 6.65 24.09 1347 —

T42 6.70 24.27 1366 —

T44 6.70 24.27 1366 —

Experiment [157] — — 1075 —

Table 5.4: Maximum impact parameter, orbital angular momentum and fusion

cross-section for the 16O + 16O collision at Ecm = 34 MeV using various parame-

terisations of the Skyrme interaction.

Figure 5.14 shows the contribution to the Skyrme energy from the full J2 com-

ponent, including the tensor terms, as a function of time for a selection of forces

at an impact parameter of b = 6.65 fm. This impact parameter corresponds to

bmax for SLy5t, T22 and T24 and leads to fusion for all the cases shown. Only the

SLy5t, which includes non-zero tensor parameters, has a negative contribution to

J2, although the sign of this term is reversed when the tensor coupling strength

parameters are set to zero (as illustrated earlier in figure 5.8), indicating that this

effect may be a result of including the tensor parameters perturbatively rather

than refitting all parameters. As mentioned earlier, the T22 parameterisation has

a vanishing J2 contribution, whereas T24 and T42 contain only particle-like and
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proton-neutron components of the term respectively, with T44 containing the same

isovector coefficient as T22, but a larger isoscalar component, which leads to T44

having the largest overall J2 contribution over the full collision process. In each

case the contribution remains constant and close to zero while the two nuclei are

well separated, then grows as they collide and start to interact with each other.

The term remains significantly larger than the individual contributions from the

two initial ground-state nuclei throughout the formation of the compound nucleus.
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Figure 5.14: Energy contribution from the J2 component of the Skyrme functional

as a function of time for the 16O + 16O collision at Ecm = 34 MeV and b = 6.65

fm for different Skyrme force parameterisations.

Finally, the contributions to the total energy from the time-odd components of

the Skyrme interaction are shown in figure 5.15. The full time-odd contribution

is shown for two impact parameter values, in which fusion occurs in one case, but

inelastic scattering is observed in the other. The time-odd current density, j2, is

also shown alongside Eodd, since this was the only time-odd term to be included
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Figure 5.15: Energy contribution from the time-odd terms as a function of time

for the 16O + 16O collision at Ecm = 34 MeV for different Skyrme force parameter-

isations with impact parameters corresponding to a fusion reaction and inelastic

scattering.

in the basic form of the functional in previous calculations. The top panel in

figure 5.15 illustrates these terms for the SLy5t force including the added tensor

parameters for the maximum impact parameter for fusion, bmax = 6.65 fm, as well

as b = 6.7 fm, for which inelastic scattering occurs with the two collision fragments

reaching the edge of the spatial bounding box at t ≃ 450 fm/c. The lower panel

shows the results for a similar set of reactions using the T42 parameterisation, which

has bmax = 6.70 fm for fusion in this case. It is clearly shown that initially the

largest contribution to Eodd comes from the j2 term, which is almost entirely the

sole contributor at the start of the dynamical simulations, shrinking to ∼ 60% of

Eodd in the case of SLy5t (or ∼ 40% for T42) at t ≃ 400 fm/c, with contributions

from the S2 density and the time-odd part of the spin-orbit interaction providing
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larger contributions. After this time, the j2 term provides ∼ 70% of the full time-

odd energy contribution, with Eodd exhibiting the same behaviour over time as the

current density component.

The time-odd densities and tensor components of the Skyrme effective interac-

tion have been implemented and investigated for a series of dynamical calculations

using the time-dependent Hartree-Fock approach. The inclusion of the time-odd

terms is shown to be necessary, not only for preserving the Galilean invariance

of the Skyrme functional, but they also lead to significant modifications in the

context of fusion properties, despite the fact that these terms only have a small

contribution to the total Skyrme energy (much smaller than the contribution from

the time-even components). The fusion threshold energies are also found to be

modified by the choice of coupling strength parameters for the J2 terms, and in

particular the contributions from the tensor part of the effective interaction, which

have not been studied in dynamical calculations until now. The parameterisations

of Lesinski et al. [55] allow the possibility for the systematic study of the effect of

the full J2 terms on both the static and dynamic properties of nuclei and clearly

have significant impacts on fusion properties in the case of the symmetric colli-

sion between doubly magic, spin saturated nuclei. Further insights may also be

provided in cases where deformation is present in the nuclear ground-state, or in

non-symmetric collisions, which are investigated in the next chapter.



Chapter 6

Nuclear Collisions for Deformed

Systems

Heavy-ion collision experiments provide a sensitive probe of the size and structure

of atomic nuclei, as well as the reaction mechanisms that take place between them.

Recent advancements in experimental techniques using radioactive ion beams have

opened significant opportunities for the exploration of the properties of the exotic

nuclei that populate the majority of the nuclear chart. In these regions, reaction

properties, such as fusion cross-sections, have been demonstrated to be strongly

influenced by nuclear deformation and orientation [158] and have received partic-

ular attention for the formation of heavy and superheavy elements [159], but also

influence processes between light nuclei.

In the context of simulating nuclear reactions within the time-dependent Hartee-

Fock approach, a fully three-dimensional treatment is necessary that incorporates

the most modern effective interactions. For collisions in which one or both nuclei

exhibit a ground-state deformation, it is also necessary to account for the different

relative orientations of the two nuclei as they approach each other. The evaluation

of cross-sections then requires a suitable average over all possible orientations to

be performed [75].

At a given centre-of-mass energy, Ecm, and impact parameter, b, some relative

orientations between the two nuclei may contribute to fusion, while others lead

99
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to inelastic scattering. This is reflected in the fusion barrier properties that are

observed experimentally, which generally have distributions with a width that arises

in part from tunnelling, but is mainly understood as an effect of the different

relative orientations of the two nuclei [160]. If the elongation of the deformed

nucleus matches the reaction axis for a collision, then the fusion barrier is lowered,

whereas if the deformation is perpendicular to the reaction plane then the barrier

is increased, leading to two limiting cases that give rise to the observed barrier

distribution. In the lowest-order approximation it may be assumed that all relative

orientations of the system occur with equal probability. This assumption is valid

for collisions between relatively light nuclei, however, Coulomb excitation in heavier

systems generally results in a preferential alignment of the deformed nucleus, which

must be accounted for when calculating cross-sections [160].

A series of calculations have been performed for the light 28Si + 16O system

to investigate the role of the time-odd and tensor densities in the case of a non-

symmetric collision between a deformed and a spherical nucleus at different relative

orientations of the system. Time-dependent Hartree-Fock calculations have been

performed on a cartesian grid with dimensions (-24,+24) fm along the collision

plane and (-12,+12) fm in the other coordinates, with a grid spacing of 1.0 fm

and an initial fragment separation of 15 fm. The SLy5 Skyrme parameterisation

has been employed with added tensor force parameters of te = 296 MeV fm5 and

to = −136 MeV fm5 where indicated (labelled as SLy5t).

6.1 28Si Ground-State

The results of the static calculations for 28Si are summarised in table 6.1 for a

variety of properties using the full Skyrme functional with the SLy5 and SLy5t

forces, as well as a selection of the parameterisations refitted with the inclusion of

the tensor force. A similar set of results are shown in table 5.1 for the 16O ground-

states, on which the dynamic calculations are based for SLy5 and SLy5t. In these

calculations the centre-of-mass corrections are ignored, which may once again lead

to differences when comparing to previous static calculations of ground-states that
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include the correction, as mentioned in Chapter 5, but this provides consistency

for the purposes of performing dynamic simulations. Pairing is also ignored in the

static solution (since it cannot currently be treated within the dynamical calcula-

tions using the Oak3D code), despite the fact that pairing correlations may have an

impact on the structure properties in 28Si, which has 6 particles above the Z=N=8

shell closure in both protons and neutrons.

SLy5 SLy5t T22 T24 T42 Exp [161]

BE (MeV) 218.33 232.05 221.13 218.50 224.13 236.6

KE (MeV) 468.90 509.37 482.93 468.32 491.51 —

β2 0.29 0.10 0.23 0.30 0.18 -0.42

rms radius (fm) 3.14 2.99 3.08 3.14 3.05 —

Coulomb (MeV) 36.48 37.80 36.98 36.48 37.28 —

J2 (MeV) 0.99 -2.46 0.05 3.50 5.95 —

Time-even (MeV) -680.02 -705.83 -683.32 -669.76 -665.28 —

Time-odd (MeV) -5.2E-18 -2.1E-18 -1.2E-18 -6.0E-18 -2.8E-19 —

Table 6.1: Static properties of 28Si using the full Skyrme functional with various

parameterisations as indicated.

It is found that the inclusion of non-zero tensor parameters added to the SLy5

force leads to modifications to the total binding energy and root-mean-square ra-

dius in this case, as well as to small shifts to the single-particle levels and the

overall shape of the nucleus. All calculations result in a deformed, oblate ground-

state in 28Si, with quadrupole deformation values of β2 = 0.29 and β2 = 0.10 (with

γ = 60.0 in both cases) for SLy5 and SLy5t respectively. Since the nucleus is

spin unsaturated, with only partially filled shells for both protons and neutrons,

the spin-current tensor density has a significant contribution to the Skyrme en-

ergy, with the tensor component of this term also leading to further modifications.

This is reflected in table 6.1, in which the role of the added tensor parameters

is to increase the overall energy contribution from J2, with the exception of the

T22 parameterisation, which contains coupling strength parameters that lead to a

vanishing J2 contribution under the assumptions of spherical symmetry. Only for
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SLy5t is the sign of this contribution changed, most likely due to the perturbative

inclusion of the tensor parameters. The added energy contributions from the J2

terms in the Skyrme energy functional, along with the ground-state deformation

in this nucleus may also produce significant effects on the properties in terms of

collision dynamics.

6.2 Head-On Collisions for Deformed Systems

A set of 28Si + 16O collision calculations have been performed at an impact pa-

rameter of b = 0 fm and a centre-of-mass energy of Ecm = 100 MeV using the

SLy5 and SLy5t forces for the two limiting cases of relative orientation between

the two nuclei. In the static solution the 28Si nucleus exhibits a ground-state oblate

deformation, which is elongated along the x-coordinate, so that a collision along

the (x, z) plane results in the orientation of the deformation being aligned parallel

to the collision plane, lowering the fusion barrier compared to the opposite orienta-

tion of 28Si. The opposite limiting case for the relative orientation of the system, in

which the deformation is aligned perpendicular to the collision plane, is achieved

by initialising the collision along the (z, x) plane. This orientation produces an

increased barrier for fusion. Figures 6.1 and 6.2 illustrate these two cases in terms

of the evolution of the total density as a function of time throughout the collision

process for SLy5.

It is shown that with the tensor parameters set to zero, at Ecm = 100 MeV the

collision with a relative orientation that is parallel to the deformation in 28Si (figure

6.1) is above the fusion threshold and so inelastic scattering is observed for this

system. In the case where the elongation of the deformed nucleus is perpendicular

to the collision plane, the reaction results in fusion (figure 6.2). In this case the

resulting compound nucleus has a Hartree-Fock energy, root-mean-square radius

and prolate quadrupole deformation of EHF = −231.74 MeV, r = 6.46 fm and

β2 = 0.35 (with γ = 1.7) respectively, after t = 800 fm/c.

For the case in which inelastic scattering is observed (figure 6.1), the two nuclei

clearly separate, losing ∼ 85% of their initial kinetic energy after t = 650 fm/c, at
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Figure 6.1: Density contour plots throughout a 28Si + 16O collision at Ecm = 100

MeV along the (x, z) plane for SLy5.

which time the fragments reach the edge of the bounding box, having exchanged

approximately 2 protons and 2 neutrons from the 16O nucleus. Once the tensor

parameters are included, however, the fusion threshold for the collision along the

(x, z) plane is increased, so that a reaction at Ecm = 100 MeV also results in the

formation of a compound nucleus with EHF = −246.21 MeV, r = 6.74 fm and



104 Nuclear Collisions for Deformed Systems

Figure 6.2: Density contour plots throughout a 28Si + 16O collision at Ecm = 100

MeV along the (z, x) plane for SLy5.

β2 = 0.32 (with γ = 0.97, indicating a prolate shape) after t = 800 fm/c. This

finding is contrary to that of previous calculations for the 16O + 16O collision,
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in which the inclusion of the time-odd densities and tensor component led to a

decrease in the upper threshold energy for fusion.
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Figure 6.3: Energy contributions from each of the time-odd terms that have been

implemented in the full version of the Skyme functional both with and without the

tensor terms for the 28Si + 16O collision, including the two limiting cases for the

relative orientation of the system.

The individual contributions from each of the time-odd terms to the Skyrme

energy functional are shown in figure 6.3. Illustrated are the results from the set

of 28Si + 16O collisions at Ecm = 100 MeV, two of which are orientated along

the (x, z) plane, parallel to the elongation in 28Si, using SLy5 and SLy5t (labelled

as (tensor) in figure 6.3) and one collision with the opposite relative orientation,

labelled as (z, x) for SLy5t.
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Each of the time-odd terms in figure 6.3 have only a small contribution to

the full Skyrme energy throughout the dynamical process compared to the time-

even terms, but in most cases the inclusion of the tensor parameters increases the

magnitude of these terms. Only for S · T do the added tensor terms serve to

decrease its contribution, so that its magnitude is negligible compared to all the

other terms in the functional. In this example there are shown to be no significant

effects related to either the collision geometry, in terms of the relative orientation

of the system, or the added tensor parameters to each of the time-odd terms in

these calculations, even between the different collision processes for which fusion

or inelastic scattering is observed.

Figure 6.4 shows the full time-even spin-current tensor density, J2, decomposed

into its separate components, in which the pseudoscalar, vector and pseudotensor

terms on the left-hand side add to produce an identical contribution to the sum

of the cartesian components on the right-hand side of the figure. At the end of

the static calculation, the contribution to J2 from the 16O nucleus is small, since

it is a spin saturated system. This nucleus is also spherical, so the pseudoscalar

and pseudotensor terms are strictly zero in this case, with only the vector term

having a contribution. In the case of 28Si, which is a spin unaturated system,

the ground-state solution exhibits an oblate deformation. This leads to a small

contribution from the pseudotensor component, J2
2 , of J2 (although J2

0 is still

strictly zero). At the beginning of the collision, almost all of the energy from the

full spin-current tensor density is therefore attributed to the 28Si nucleus, with

the cartesian components, (Jµµ)2 and JµνJνµ, only playing a role in the static

calculation and throughout the collision process for the case of non-zero tensor

parameters.

The addition of the tensor terms to the calculation results in a sign change

for the overall J2 density, with the vector component maintaining the largest con-

tribution throughout the time evolution both with and without the added tensor

parameters. In terms of the cartesian components, the role of adding non-zero

tensor parameters serves to decrease the magnitude of J2
µν , but introduces a neg-

ative JµνJνµ contribution with a magnitude much larger than that of J2
µν , which
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Figure 6.4: Contributions to the Skyme energy functional from the individual

components of the spin-current tensor density for the 28Si + 16O collisions, two of

which occur in the (x, z) plane (for SLy5 and SLy5t) and one collision in the (z, x)

plane for SLy5t. The left-hand side decomposes the J2 term into the pseudoscalar,

vector and pseudotensor components, while the right-hand side is recoupled into

the cartesian components.

therefore provides the largest contribution to J2 in this case.

For the collision in which inelastic scattering is observed (the red curves in

figure 6.4), the total energy from the spin-current tensor density exhibits a different

behaviour to those in which fusion is observed, having a smaller, but positive energy

contribution to EHF . This may simply be due to the perturbative inclusion of the

tensor parameters in the other two cases (which both exhibit fusion). Further

studies in which off-axis collisions are performed may provide deeper insights into

the behaviour of both the time-odd and J2 terms both with and without the tensor

force contribution.
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6.3 Off-Axis Collisions for Deformed Systems

Finally, several off-axis collision calculations have been performed for the 28Si +

16O reaction at a centre-of-mass energy of Ecm = 60 MeV and both limiting cases

for the relative orientation of the system using SLy5 and SLy5t. It is found that

the alignment of the deformed 28Si nucleus along the collision plane plays a role

on the maximum orbital angular momentum, lmax, and therefore the maximum

impact parameter, bmax, for which fusion is observed, with calculated values of

lmax = 33.57h̄ (or bmax = 7.0 fm) and lmax = 37.57h̄ (or bmax = 7.8 fm) for the

collision along the (x, z) plane (with the elongation of 28Si parallel to the collision

axis) and the (z, x) plane (with the deformation perpendicular to the collision axis)

respectively using SLy5. These orientation effects must be accounted for in terms

of calculating fusion cross-sections, in which the maximum impact parameter for

fusion over all relative orientations of the system should be calculated using the

time-dependent Hartree-Fock approach and averaged over in order for σf to be

evaluated.

Once the tensor terms are included, using SLy5t, it is found that the relative

orientation of the system no longer has such a pronounced effect on the maximum

impact parameters for fusion, with both orientations producing lmax = 35.58h̄, or

bmax = 7.4 fm, for the collision along (x, z) and lmax = 36.58h̄, or bmax = 7.6

fm, along the (z, x) plane. This is due to the fact that the tensor terms within

the static solution for the ground-state in 28Si produce modifications to the single-

particle properties, which lead to a smaller quadrupole deformation of the nucleus.

As a consequence the orientation of the system plays less of a role on the fusion

properties. This leads to the conclusion that a better understanding of the tensor

component of the Skyrme force and their parameters within the effective inter-

action is essential, not only for reproducing ground-state bulk and single-particle

properties of nuclei, but also on its role within collision dynamics, which in turn

rely on an accurate description of static properties.

Figure 6.5 shows the time-even and time-odd contributions to the Skyrme en-

ergy for collisions at Ecm = 60 MeV and b = 7.2 fm (l = 34.59h̄) along both the
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(x, z) plane and (z, x) plane using SLy5 and SLy5t. Both the collisions in which

the elongation of the deformed 28Si nucleus is perpendicular to the collision plane

(labelled as (z, x) in figure 6.5) result in fusion with a root-mean-square radius

and prolate deformation of r ≃ 4.3 fm and β2 ≃ 0.5 for the compound nucleus

in both cases after t = 800 fm/c. The collision in which the deformed nucleus is

aligned parallel to the collision plane (labelled as (x, z) in the figure) also results

in fusion with similar properties to those just mentioned once the non-zero tensor

parameters are included, whereas for SLy5 with the tensor parameters set to zero

the collision results in inelastic scattering, with approximately one neutron having

been transferred from the 16O nucleus to the 28Si.
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Figure 6.5: Time-even and time-odd contributions to the Skyrme functional

throughout the 28Si + 16O collision at Ecm = 60 MeV and b = 7.2 fm for the

two limiting cases of relative orientation of the system.

Although there is some modification to the value of the time-even and time-

odd contributions at the start of the dynamic calculation depending on whether
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the tensor terms are included in the functional, all three collisions that result in

fusion exhibit a similar behaviour over the full time evolution process. For the

case resulting in scattering, both the time-even and time-odd terms result in much

smaller contributions over time, with less oscillation than those resulting in fusion.

In general the time-odd terms only contribute to ∼ 1% of the total Skyrme energy

throughout the calculation in each case, but despite this, the terms have proved to

have significant effects on the collision properties.

Figure 6.6 illustrates the energy contribution from the full spin-current tensor

density, J2, for the same set of collisions using SLy5 (top panel) and SLy5t, which

contains the added tensor force parameters (bottom panel) with both orientations

of the system as discussed previously. In this case the tensor force component

of J2 plays a large role on the overall energy contribution from this term in the

static ground-states, particularly for the deformed 28Si nucleus. The tensor terms

serve to increase the magnitude of the contribution from J2 and reverse its sign.

Over the full dynamical process all the calculations that result in a fusion reaction

lead to a J2 contribution that exhibits a similar behaviour (despite the decreased

magnitude for the collision using SLy5). For the calculation resulting in inelastic

scattering, the J2 terms follow a different pattern, leading to a contribution that

becomes slightly exited after the initial collision impact between the two nuclei

and with only a small oscillation of the energy throughout the time evolution. In

all cases the pseudoscalar and pseudotensor components remain small through-

out the simulation, with the vector component of J2 providing the largest energy

contribution, similar to those shown in figure 6.4. If these terms are decomposed

into the cartesian components then only J2
µν is non-zero if the tensor components

are excluded from the energy functional, but for non-zero tensor parameters the

JµνJνµ component provides the largest (negative) energy contribution. The energy

provided by these terms, and particularly the tensor component, has been shown

to lead to modifications to the single-particle properties in the ground-states of

nuclei, which leads to an effect on the deformation properties, but as mentioned

above they also have profound effects on the collision dynamics between nuclei,

leading to shifts in the fusion barriers and thresholds.
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Figure 6.6: J2 contributions to the Skyrme functional throughout the 28Si + 16O

collision at Ecm = 60 MeV and b = 7.2 fm for the two limiting cases of relative

orientation of the system.

The set of 28Si + 16O collision calculations performed in this work have pro-

vided insights into the role of the time-odd and tensor components of the Skyrme

interaction in the presence of ground-state deformation in nuclei and collision asym-

metry between them, allowing the three-dimensional time-dependent Hartree-Fock

approach to be used to its full potential with the most modern Skyrme force param-

eterisations. These calculations have also illustrated the role of collision geometry,

in which the different relative orientations of the whole system lead to different

limiting cases for fusion barrier distributions and thresholds, which themselves are

directly influenced by the calculated ground-state properties of the individual nu-

clei under investigation. It has been shown that the J2 terms, and in particular

the tensor parts, which have been neglected in most parameter fits to experimental

data, have a role to play in modifying the calculated single-particle structures in

nuclei and in turn the ground-state deformation, which have a profound influence
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on the dynamical properties that are affected by collision geometry. Even in situa-

tions where the time-odd and tensor densities only provide small contributions to

the total Hartree-Fock energy, their influence in modifying single-particle properties

can have large consequences in dynamics.



Chapter 7

Conclusions

In this work self-consistent mean-field theory, in particular the spherical Hartree-

Fock and fully symmetry unrestricted time-dependent Hatree-Fock methods have

been employed using the Skyrme effective interaction in order to investigate both

the ground-state structure properties of nuclei as well as collision dynamics. The

tensor and time-odd components of the Skyrme energy functional have been im-

plemented within a three-dimensional dynamical model and the contributions from

these terms calculated.

The influence of the tensor component of the Skyrme effective nucleon-nucleon

interaction has been studied on the single-particle structure in the superheavy el-

ements using the spherical Skyrme-Hartree-Fock plus BCS pairing model and a

selection of modern Skyrme forces, including the added tensor terms with realistic

coupling strength parameters. It was found that the inclusion of the tensor terms

within the energy functional leads to a small increase in the spin-orbit splitting

between the proton 2f7/2 and 2f5/2 partners, opening the Z=114 shell gap over

a range of nuclei, although this increase in splitting and the calculated two pro-

ton separation function, δ2p, are not conclusive to predict a Z=114 shell closure.

The Z=126 shell gap, predicted to be a closure by most parameterisations of self-

consistent mean-field models in the absence of the tensor component, is shown to

be strongly dependent on nucleon number, with the tensor terms serving to open a

possible Z=138 shell closure in neutron-rich isotopes of superheavy elements. This
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finding may have consequent implications for the synthesis of superheavy elements

in the more neutron-rich regions of the nuclear landscape. Despite the modifica-

tions to the proton shell structures as a consequence of including the tensor force

within the current calculations, the predictions for the single-neutron structures

are shown to remain largely unchanged.

The strong nucleon number dependence of shell structure in the superheavy

region is a consequence of the high level density in these nuclei. The theoretical

predictions are therefore sensitive to the details of the different parameterisations

of the effective interaction. The high ratio of neutrons to protons in these systems

may also mean that it is necessary to consider the behaviour of the forces for

describing the density dependence in asymmetric matter, which becomes relevant

at the very extremes of nuclear existence. However further systematic study beyond

the present work will be necessary to draw solid conclusions. It is also essential

that further investigations are made as new experimental data becomes available

and that Skyrme parameterisations are made in the future that incorporate missing

ingredients such as the tensor force, with an emphasis on reproducing the single-

particle properties of a wide range of nuclei including those of the established

superheavy elements.

Away from calculations of static properties from the Hartree-Fock equations

under the assumptions of spherical symmetry, the extra contributions to the spin-

orbit and tensor densities have been considered, along with all the time-odd densi-

ties for the purposes of dynamical simulations. A series of calculations have been

performed for the symmetric collision between 16O nuclei at a variety of centre-

of-mass energies and impact parameters, for which fusion is observed, as well as

inelastic scattering. The inclusion of the time-odd terms is shown to be necessary,

not only for preserving the Galilean invariance of the Skyrme functional, but they

also lead to significant modifications to the fusion threshold energy, despite the

fact that these terms only have a small contribution to the total Skyrme energy in

comparison with the time-even ones. The threshold energies are also found to be

modified by the choice of coupling strength parameters for the J2 terms, and in

particular the contributions from the tensor part of the effective interaction, which
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have not been studied in dynamical calculations until now.

A further set of calculations for the 28Si + 16O collision have been performed in

this work and have provided insights into the role of the time-odd and tensor com-

ponents of the Skyrme interaction in the presence of ground-state deformations

in nuclei and collision asymmetry between them, allowing the three-dimensional

time-dependent Hartree-Fock approach to be employed to its full potential using

the most modern Skyrme force parameterisations. These calculations have also

illustrated the role of collision geometry, in which the different relative orientations

of the whole system lead to different limiting cases for fusion barrier distributions

and thresholds, which themselves are directly influenced by the calculated ground-

state properties of the individual nuclei under investigation. It has been shown

that the J2 terms, and in particular the tensor force components of these terms,

which have been neglected in most modern parameter fits to experimental data,

have a role to play in modifying the calculated single-particle structures in nu-

clei and in turn the ground-state deformations, which have a profound influence

on the dynamical properties that are affected by collision geometry. It has been

found that even in situations where the time-odd and tensor densities only provide

small contributions to the total Hartree-Fock energy in both static ground-states

and collisions, their influence in modifying single-particle properties can have large

consequences in dynamics, particularly in the context of fusion properties such as

barrier distributions and thresholds.

Despite the necessity of the time-odd densities within the energy functionals for

dynamical simulations, they have been little studied in the past, with the success of

the time-dependent Hartree-Fock approach, particularly for describing properties

such as fusion barriers, arising despite the fact that the parameters of effective

interactions have generally not been fitted to data other than the static properties

in even-even nuclei. The tensor component of the Skyrme interaction has also been

neglected in general, particularly within the fitting procedure of many modern

forces, although the several recent studies have provided new parameterisations

with which these terms may be investigated. It has been shown that the different

parameterisations generally lead to large uncertainties, particularly when it comes
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to the calculation of dynamical properties, such as fusion thresholds, which in many

cases may be larger than the effects of the time-odd and tensor densities themselves.

It is therefore vital for further efforts to be focussed on constraining the parameters

of effective interactions, particularly the tensor components, with future Skyrme

parameterisations incorporating not only the bulk and single-particle properties

of ground-state nuclei, but also the dynamical features that may provide further

insights into the role of the time-odd components of mean-fields.
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Appendix A

Identity (2.62)

The expressions in equations (2.58) and (2.62) need to be recoupled into a set of

densities with a similar form to the terms outlined in sections 2.2.1-2.2.4 This is

achieved through the identities defined in [45] along with identity (2.62) that deals

with the components coming from the tensor part of the Skyrme force, which have

a slightly different form to the other terms. To deal with this component, lets

define

z∑

µν=x

Sµ(r, r
′)
(
∇′

µ∇′
ν +∇µ∇ν

)
Sν(r, r

′)
∣∣∣
r=r′

= 2S(r) ·G(r). (A.1)

The identity given in equation (2.62) then results from performing integration by

parts on the left-hand side of the expression, before using relation (2.40), to produce

2S(r) ·G(r) = −
z∑

µν=x

[
(∇′

µSµ(r, r
′))(∇′

νSν(r, r
′))

+ (∇µSµ(r, r
′))(∇νSν(r, r

′))
]∣∣∣

r=r′

= −
z∑

µν=x

[(
1

2
∇µSµ(r)− iJµµ(r)

)(
1

2
∇νSν(r)− iJνν(r)

)

+

(
1

2
∇µSµ(r) + iJµµ(r)

)(
1

2
∇νSν(r) + iJνν(r)

)]

= −1

2
(∇ · S(r))2 +

(
z∑

µ=x

Jµµ(r)

)2

. (A.2)
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Following a similar prescription for the density S(r) · F (r), defined in equation

(2.17), leads to

2S(r) · F (r) = −
z∑

µν=x

[
(∇′

µSµ(r, r
′))(∇νSν(r, r

′))

+ (∇µSµ(r, r
′))(∇′

νSν(r, r
′))
]∣∣∣

r=r′

= −1

2
(∇ · S(r))2 −

(
z∑

µ=x

Jµµ(r)

)2

. (A.3)

These two expressions are then combined and rearranged to produce equation

(2.62),

2S(r) ·G(r) = −
(
2S(r) · F (r) + (∇ · S(r))2

)
, (A.4)

which form part of the Skyrme energy functional, arising solely from the tensor

force.
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Skyrme Coupling Constants

Listed below are the isoscalar, C0, and isovector, C1, coupling constants corre-

sponding to each of the densities and currents in equation (2.71). They are written

in terms of the Skyrme force parameters that relate to the individual terms in equa-

tion (2.21). The coupling constants relating to time-even densities are calculated

as,

Cρ
0 =

3

8

(
t0 +

1

6
t3ρ(r)

α

)

Cρ
1 = −1

8

[
t0 (1 + 2x0) +

1

6
t3 (1 + 2x3) ρ(r)

α

]

Cτ
0 =

1

16
[3t1 + t2 (5 + 4x2)]

Cτ
1 = −1

8
[t2 (1 + 2x2)− t1 (1 + 2x1)]

C∆ρ
0 = − 1

64
[t2 (5 + 4x2)− 9t1]

C∆ρ
1 =

1

64
[3t1 (1 + 2x1) + t2 (1 + 2x2)] , (B.1)

the time-odd ones are,
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CS
0 =

1

8

[
t0 (2x0 − 1) +

1

6
t3 (2x3 − 1) ρ(r)α

]

CS
1 = −1

8

[
t0 +

1

6
t3ρ(r)

α

]

C∆S
0 =

1

64
[3t1 (1− 2x1) + t2 (1 + 2x2) + 6 (te − to)]

C∆S
1 =

1

64
[3t1 + t2 − 2 (3te + to)]

CT
0 =

1

8
[t1 (2x1 − 1) + t2 (1 + 2x2)− 2 (te + 3to)]

CT
1 =

1

16
[t2 − t1 + 2 (te − to)]

CF
0 =

3

8
(te + 3to)

CF
1 = −3

8
(te − to)

C∇S
0 =

9

32
(te − to)

C∇S
1 = − 3

32
(3te + to) , (B.2)

and the coupling constants for the spin-orbit part of the Skyrme interaction are

C∇J
0 = −3

4
W0

C∇J
1 = −1

4
W0, (B.3)

which contains both time-even and time-odd components.
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[17] C. Forssén, P. Navrátil, W. E. Ormand, and E. Caurier, Phys. Rev.

C 71, 044312 (2005).

[18] M. Wloch, D. J. Dean, J. R. Gour, M. Hjorth-Jensen, K. Kowal-

ski, T. Papenbrock, and P. Piecuch, Phys. Rev. Lett. 94, 212501 (2005).

[19] R. Roth, H. Hergert, P. Papakonstantinou, T. Neff, and H. Feld-

meier, Phys. Rev. C 72, 034002 (2005).

[20] R. Roth, Nucl. Phys. A 805, 416 (2008).
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[55] G. Coló, H. Sagawa, S. Fracasso, and P. F. Bortignon, Phys. Lett.

B 646, 227 (2007).

[56] T. Lesinski, M. Bender, K. Bennaceur, T. Duguet, and J. Meyer,

Phys. Rev. C 76, 014312 (2007).
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T. Vertse, and S. Ćwiok, Phys. Rev. C 61, 034313 (2000).

[132] M. Bender, W. Nazarewicz, and P. G. Reinhard, Phys. Lett. B 515,

42 (2001).

[133] S. Hofmann, Rep. Prog. Phys. 61, 639 (1998).

[134] Y. T. Oganessian, V. K. Utyonkov, Y. V. Lobanov, F. S. Abdullin,

A. N. Polyakov, I. V. Shirokovsky, Y. S. Tsyganov, G. G. Gul-

bekian, S. L. Bogomolov, B. N. Gikal, A. N. Mezentsev, A. Iliev,

V. G. Subbotin, A. M. Sukhov, A. A. Voinov, G. V. Buklanov,

K. Subotic, V. I. Zagrebaev, M. G. Itkis, J. B. Patin, K. J. Moody,



132 Bibliography

J. F. Wild, M. A. Stoyer, N. J. Stoyer, D. A. Shaughnessy, J. M.

Kenneally, P. A. Wilk, R. W. Lougheed, R. I. Il’kaev, and S. P.

Vesnovskii, Phys. Rev. C 70, 064609 (2004).

[135] Y. T. Oganessian, J Phys. G: Nucl. Phys. 34, R165 (2007).

[136] P. Armbruster, Ann. Rev. Nucl. Part. Sci. 50, 411 (2000).

[137] P. T. Greenlees, N. Amzal, J. E. Bastin, E. Bouchez, P. A. But-

ler, A. Chatillon, O. Dorvaux, S. Eeckhaudt, K. Eskola, B. Gall,

J. Gerl, T. Grahn, A. Görgen, N. J. Hammond, K. Hauschild,

R. D. Herzberg, F. P. Hessberger, R. D. Humphreys, A. Hürstel,

D. G. Jenkins, G. D. Jones, P. Jones, R. Julin, S. Juutinen,

H. Kankaanpää, A. Keenan, H. Kettunen, F. Khalfallah, T. L.

Khoo, W. Korten, P. Kuusiniemi, Y. L. Coz, M. Leino, A. P.

Leppänen, M. Muikku, P. Nieminen, J. Pakarinen, P. Rahkila,

P. Reiter, M. Rousseau, C. Scholey, C. Theisen, J. Uusitalo,

J. Wilson, and H. J. Wollersheim, Eur. Phys. J A 25, 599 (2005).

[138] U. Mosel and W. Greiner, Z Phys. 222, 261 (1969).

[139] S. G. Nilsson, J. R. Nix, A. Sobiczewski, Z. Szymanski, S. Wycech,
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