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Present-‐day	  data-‐assimila/on	  methods	  
for	  NWP:	  

• 	  EnKF:
	  	  	  

• 	  3/4DVar:	  	  
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Issues	  with	  both	  methods:	  
4DVar	  
1)	  Prior	  is	  assumed	  Gaussian	  
2)	  Previous	  observa/ons	  inform	  first	  guess,	  not	  B	  matrix,	  so	  

	  B	  matrix	  is	  sta/c	  
3)	  No	  error	  es/mate,	  
4)	  Separate	  ensemble	  predic/on	  system	  
5)	  Possibility	  of	  ge_ng	  stuck	  in	  local	  minima	  
	  
EnKF	  
1)	  Prior	  is	  assumed	  Gaussian	  
2)	  Low-‐rank	  approxima/on	  to	  B,	  so	  needs	  localisa/on	  
3)	  Needs	  infla/on	  
4)	  Less	  efficient	  when	  number	  of	  observa/ons	  is	  large	  
5)	  ‘Doesn’t	  minimise	  anything’	  
	  



Combina/ons	  of	  the	  two:	  
Hybrid	  Methods	  

4EDnVKaFr:
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EnKF	  

4DVar	  
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Opera/onal	  Hybrid	  methods	  

1.  ETKF-‐3/4DVar	  with	  control	  variable	  transform	  

2.  Ens4DVar	  ‘ensemble	  of	  data	  assimila/ons’	  EDA	  

3.  4DEnsVar	  
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1. ETKF-3DVar 
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ETKF-3/4DVar algorithm 

•  Run	  ETKF	  to	  observa/on	  /me	  (low	  resolu/on)	  
•  Form	  new	  hybrid	  B	  matrix	  

•  Centre	  around	  3/4Dvar	  forecast	  
•  Precondi/on	  
•  Calculate	  3/4DVar	  solu/on(high	  resolu/on)	  
•  Run	  ETKF	  to	  next	  observa/on	  /me	  (low	  resolu/on)	  
•  Etc.	  
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Single-‐observa/on	  increments	  

Single	  850	  hPa	  Tv	  observa4on	  (1K	  O-‐F,	  1K	  error)	  

EnKF

GSI

hybrid
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Single-‐observa/on	  increments	  

Single	  850	  hPa	  zonal	  wind	  observa4on	  (3	  m/s	  O-‐F,	  1m/s	  error)	  Hurricane	  Ike	  

EnKF

GSI

hybrid



The	  excellent	  news	  



Prac/cal	  implementa/on	  
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The	  3DVar	  cosfunc/on	  reads:	  
	  
	  
	  
	  
	  
with	  now:	  
	  
	  
Use	  alpha	  control	  variable	  transform:	  
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Prac/cal	  implementa/on	  
With	  this	  control	  variable	  transform	  	  
	  
	  
	  
	  
we	  find	  for	  the	  background	  term:	  

�x = �cB
1/2
c v + �eX

0 � ↵

1

2

⇣
�
c

B1/2
c

v + �
e

X 0 � ↵
⌘
T �

�2
c

B
c

+ �2
e

P b � C
loc

��1
⇣
�
c

B1/2
c

v + �
e

X 0 � ↵
⌘
=

=
1

2
vT v +

1

2
↵TC�1

loc

↵

1

2
�x

T
B

�1
�x =



Meaning	  of	  control-‐variable	  transform	  
The	  control-‐variable	  transform	  can	  be	  wriCen	  as:	  
	  
	  
	  
•  The	  increment	  is	  now	  a	  weighted	  sum	  of	  the	  sta/c	  Bc	  component	  

	  and	  the	  flow-‐dependent,	  ensemble	  based	  Be	  
•  The	  flow-‐dependent	  increment	  is	  a	  linear	  combina/on	  of	  

	  ensemble	  perturba/ons	  X’,	  modulated	  by	  the	  α	  fields	  
•  If	  the	  α	  fields	  were	  homogeneous	  δxe	  only	  spans	  Nens-‐1	  degrees	  of	  	  

	  freedom;	  	  
•  We	  allow	  for	  varying	  α	  fields,	  which	  effec/vely	  increases	  the	  degrees	  of	  	  

	  freedom	  
•  Cloc	  is	  the	  localisa/on	  matrix	  for	  the	  flow-‐flow-‐dependent	  increments:	  

	  	  it	  controls	  the	  spa/al	  varia/on	  of	  α	  
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ETKF-4DVar, e.g. Met Office 
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Prac/cal	  implementa/on	  
ETKF-‐4DVar	  

•  Up	  to	  now	  this	  has	  only	  been	  implemented	  in	  	  
	  strong-‐constraint	  4Dvar	  

•  Implementa/on	  similar	  to	  EnKF-‐3DVar.	  
•  All	  usual	  tricks	  like	  precondi/oning	  and	  incremental	  
	  4DVar	  are	  fully	  explored.	  



ETKF-4DVar 

1)	  Prior	  is	  assumed	  Gaussian	  
2)	  B	  matrix	  is	  informed	  by	  previous	  observa/ons,	  flow	  dependent	  B	  	  

	  matrix	  
3)	  Error	  es/mate	  from	  the	  EnKF	  ensemble	  
4)	  Natural	  ensemble	  predic/on	  system	  
5)	  Possibility	  of	  ge_ng	  stuck	  in	  local	  minima	  
6)	  Extra	  linearity	  by	  replacing	  ensemble	  mean	  by	  4Dvar	  solu/on	  



2.	  EnsVars	  	  
‘ensemble	  of	  data-‐assimila/ons’	  EDA 
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Perturb	  H(x)	  

First	  guess	  

4DVar	  low	  res	  

4DVar	  high	  res	  

Hybrid	  B	  matrix	  

New	  first	  guess	  
Etc…	  



EnsVars	  algorithm	  

•  Perturb	  H(x)	  in	  4Dvar	  cosfunc/on	  Ne	  /mes	  
	  (‘perturb	  observa/ons’)	  

•  Solve	  4DVar	  for	  each	  of	  these	  cosfunc/ons	  	  
	  (low	  resolu/on)	  

•  Solve	  high-‐res	  4Dvar	  over	  same	  window	  
•  Use	  ensemble	  of	  4Dvar	  ensemble	  forecasts	  to	  form	  	  
	  hybrid	  B	  matrix	  for	  4DVars	  of	  next	  /me	  window.	  

•  All	  usual	  tricks	  like	  precondi/oning	  and	  incremental	  
4DVar	  are	  fully	  explored.	  

	  



Characteristics of EnsVars 

1) Prior is assumed Gaussian
2) B matrix is informed by previous observations, flow dependent B  

matrix
3) Error estimate from the low-res 4DVar ensemble
4) Natural ensemble prediction system
5) Possibility of getting stuck in local minima
6) Extra linearity by replacing ensemble mean by high-res 4Dvar 

solution



Perform	  4DVar	  without	  an	  adjoint.	  
	  
	  
	  
	  
	  
	  
	  
Use	  ensemble	  to	  build	  space-‐/me	  covariance	  as	  
in	  an	  Ensemble	  	  Kalman	  smoother.	  Use	  this	  covariance	  	  
in	  an	  incremental	  4DVar.	  

3.	  4DEnsVar	  

x

x



Strong-‐constraint	  4DEnsVar	  

The	  cosfunc/on	  reads:	  
	  
	  
	  
	  
in	  which	  the	  background	  covariance	  comes	  from	  the	  	  
ensemble:	  
	  
with:	  
	  
	  

X

0
0 =

1p
Ne � 1

h
x

b,(1)
0 � x

b
0, ..., x

b,(Ne)
0 � x

b
0

i

P b = X 0
0X

0
0
T

J(x0) =
1

2
(x0 � x

b
0)

T
P

b�1
(x0 � x

b
0)

+
1

2

X

i

(yi �Hi (Mi(x0)))
T
R

�1 (yi �Hi (Mi(x0)))



The	  gradient	  of	  the	  cosfunc/on	  

where	  we	  mul/plied	  the	  observa/on	  term	  by	  
Now	  write:	  	  
	  
	  
	  
	  
	  
	  
Hence	  instead	  of	  the	  adjoint	  operator	  	  	  	  	  	  	  	  	  	  we	  now	  have	  the	  	  
measured	  ensemble	  at	  /me	  i.	  	  No	  adjoint	  needed!	  
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A	  schema/c	  of	  4DEnsVar	  

Pure	  model	  
forecasts	  

4DVar	  
analysis	  

ETKF	  

ETKF	  ensemble	  will	  provide	  new	  star/ng	  points	  for	  ensemble	  members	  	  
in	  upper	  figure.	  Can	  be	  done	  in	  parallel	  with	  4DVar.	  



Example	  of	  Hybrid	  methods	  

Lorenz	  1963	  model	  
3	  variables	  
	  
One	  revolu/on	  is	  	  
about	  100	  /me	  steps	  



Comparison	  for	  a	  window	  length	  of	  24	  /me	  steps	  



Comparison	  different	  window	  lengths	  
with	  observa/on	  period	  12	  /me	  steps	  



4DEnsVar	  on	  large	  systems	  

•  When	  the	  system	  is	  high	  dimensional	  and	  the	  number	  	  
	  of	  ensemble	  members	  is	  much	  smaller	  we	  need	  
	  localisa/on.	  	  

•  There	  is,	  however,	  an	  issue	  with	  localisa/on	  on	  ensemble	  
	  perturba/on	  matrices	  that	  are	  far	  apart	  in	  /me,	  e.g.	  

	  
	  
•  At	  what	  /me	  do	  we	  localise,	  at	  t=0,	  or	  t=i	  ?	  

X 0
0(X

0
i)

T



Example:	  Korteweg-‐DeVries	  model	  

@u

@t
+ u

@u

@s
+

@3u

@s3
= 0

•  Has	  soliton	  solu/ons,	  so	  solu/ons	  that	  don’t	  change	  	  
	  shape	  over	  /me.	  	  

•  We	  run	  it	  on	  a	  periodic	  domain	  and	  study	  how	  a	  	  
	  covariance	  matrix	  is	  evolved	  by	  this	  system.	  



Example
propagation 
of soliton
with KdV
equation.



Propaga/on	  of	  B	  with	  KvD	  model	  
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Propaga/on	  of	  B	  with	  KdV	  model	  
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When	  the	  assimila/on	  window	  is	  long	  and	  winds	  are	  strong	  
observa/ons	  at	  the	  end	  of	  this	  window	  cannot	  influence	  the	  	  
State	  at	  the	  beginning	  of	  the	  /me	  window:	  
	  
	  
	  
	  
Two	  solu/ons	  have	  been	  proposed:	  
1.  Advec/ng	  the	  localisa/on	  area	  with	  the	  flow	  	  

	  (e.g.	  Meteo	  France)	  
2. 	  Using	  a	  weak-‐constraint	  formula/on	  
	  

Localisa/on	  issues	  

X

Observa/on	  at	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  /me	  t	  

Point	  at	  /me	  0	  
that	  cannot	  see	  	  
observa/on	  



Weak-‐constraint	  varia/onal	  methods	  
A	  weak-‐constraint	  varia/onal	  method	  might	  par/ally	  
solve	  the	  localisa/on	  issue	  as	  the	  observa/ons	  influence	  
the	  state	  local	  in	  /me,	  and	  not	  only	  at	  the	  beginning	  of	  
the	  /me	  window:	  

x
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x

x

First	  guess	  

Weak	  constraint	  

Strong	  constraint	  



Weak-‐constraint	  4DEnsVar	  
The	  cosfunc/on	  reads:	  
	  
	  
	  
	  
	  
	  
	  
	  
where	  we	  introduced	  the	  model	  error	  term.	  
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The	  gradient	  of	  the	  cosfunc/on	  

We	  can	  again	  use:	  	  
	  
	  
and	  also	  	  
	  
to	  avoid	  the	  adjoint	  operator	  	  	  	  	  	  	  	  .	  So	  again	  no	  adjoint	  needed!	  MT
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Conclusions	  hybrid	  methods	  
Varia/onal	  methods	  are	  the	  most	  popular	  data-‐assimila/on	  	  
scheme,	  but	  use	  sta/c	  B	  matrix	  and	  need	  adjoint.	  
	  
Ensemble-‐Kalman	  Filters	  are	  used	  to	  make	  B	  flow	  dependent:	  	  
ETKF-‐4DVar,	  EnsVars	  (EDA),	  4DEnsVar.	  The	  laCer	  doesn’t	  need	  	  
an	  adjoint.	  
	  
Strong-‐constraint	  4DEnsVar,	  in	  which	  the	  space-‐/me	  covariances	  	  
are	  generated	  by	  an	  ensemble	  run	  has	  issues	  with	  localisa/on.	  
	  
Weak-‐constraint	  4DEnsVar	  par/ally	  solves	  localisa/on	  issue.	  
	  
MORE	  WORK	  IS	  NEEDED	  !	  


