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Probability density functions
Probability density function:

Probability:

Cumulative density function
Statistical support of the variable
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Properties and operations
Normalization:

Expected value: center of mass of the distribution (barycentre/centroid)

Variance: mean quadratic deviation from the expected value
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Joint, conditionals, marginals
conditionaljoint marginal

marginal
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Representing pdf's
Parametric representation

Empirical or weak representation (sample)

Eg:
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The Dirac delta function

Properties:

The Dirac delta 'kills' integrals:
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Bayes theorem

How to get these elements?

Prior distribution of the state variable .

Marginal distribution of the observations.

Likelihood of the state to give these observations 

Posterior probability distribution of the state variables given the observations.

<latexit sha1_base64="FBXHDpZ1rWM2A/R9A30e4B7Qan0=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEjNUiWoAhakChbGItGH1EaV4zqtVSexbAc1Sruy8CssDCDEyh+w8Tc4bQZoOdLVPTrnXtn3eJxRqWz721hZXVvf2CxsFbd3dvf2zYPDpoxigUkDRywSbQ9JwmhIGooqRtpcEBR4jLS80U3mtx6IkDQK71XCiRugQUh9ipHSUs+EvDyeJBa8gl1fIJzycjIZW9OsW1PtWT2zZFfsGeAycXJSAjnqPfOr249wHJBQYYak7Dg2V26KhKKYkWmxG0vCER6hAeloGqKASDedXTKFp1rpQz8SukIFZ+rvjRQFUiaBpycDpIZy0cvE/7xOrPxLN6UhjxUJ8fwhP2ZQRTCLBfapIFixRBOEBdV/hXiIdCJKh1fUITiLJy+T5lnFOa9U76ql2nUeRwEcgxNQBg64ADVwC+qgATB4BM/gFbwZT8aL8W58zEdXjHznCPyB8fkD0ROZKA==</latexit>

p(x|y) = p(y|x)
p(y)

p(x)
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Nonlinear data assimilation 
3DVar and 4Dvar and (Ensemble) Kalman Filters and Smoothers assume Gaussian pdfs, 
so we only need the mean and covariance. For nonlinear data assimilation we need the 
whole pdf. 

Assume the model equation reads

with

then the corresponding evolution equation for the pdf of x reads:

<latexit sha1_base64="E2bdKxdWCkvrAs2SfjkCh33Tw2s=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRKkJJpKgXoejFYwX7AW0pm82mXbrZhN2JtISCf8WLB0W8+ju8+W/ctjlo9cHA470ZZuZ5seAaHOfLyi0tr6yu5dcLG5tb2zv27l5DR4mirE4jEamWRzQTXLI6cBCsFStGQk+wpje8mfrNB6Y0j+Q9jGPWDUlf8oBTAkbq2Qf+CF/hoDQ6wT7gU+x3PAakZxedsjMD/kvcjBRRhlrP/uz4EU1CJoEKonXbdWLopkQBp4JNCp1Es5jQIemztqGShEx309n5E3xsFB8HkTIlAc/UnxMpCbUeh57pDAkM9KI3Ff/z2gkEl92UyzgBJul8UZAIDBGeZoF9rhgFMTaEUMXNrZgOiCIUTGIFE4K7+PJf0jgru+flyl2lWL3O4sijQ3SESshFF6iKblEN1RFFKXpCL+jVerSerTfrfd6as7KZffQL1sc3TqWTzQ==</latexit>

dx = f(x)dt+ d�

<latexit sha1_base64="fWh2ZuAhBQw+QOnPzOdLSlht1O4="></latexit>

@p(x, t)

@t
= rxf(x)p(x, t) +r2

xQp(x, t)

<latexit sha1_base64="Sh5BRE3OhbqeOyqQbUaXaZ40MdA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxCBSmJFHVZdONKWrAPaEKZTCbt0MmDmRuhhuKvuHGhiFv/w51/47TNQqsHLhzOuZd77/ESwRVY1pdRWFpeWV0rrpc2Nre2d8zdvbaKU0lZi8Yill2PKCZ4xFrAQbBuIhkJPcE63uh66nfumVQ8ju5gnDA3JIOIB5wS0FLfPPAdjwHBjuIhvq1Yp00fTvpm2apaM+C/xM5JGeVo9M1Px49pGrIIqCBK9WwrATcjEjgVbFJyUsUSQkdkwHqaRiRkys1m10/wsVZ8HMRSVwR4pv6cyEio1Dj0dGdIYKgWvan4n9dLIbh0Mx4lKbCIzhcFqcAQ42kU2OeSURBjTQiVXN+K6ZBIQkEHVtIh2Isv/yXts6p9Xq01a+X6VR5HER2iI1RBNrpAdXSDGqiFKHpAT+gFvRqPxrPxZrzPWwtGPrOPfsH4+AZdMZPh</latexit>

d� ⇠ N(0, Qdt)
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Nonlinear data assimilation 
Forecast between observations:

Analysis at observation times:

But how to do this in high-dimensional systems???

- Bayes Theorem

Continuous system:
- With model error (Wiener process): Fokker-Plank equation.
- Without model error: Liouville equation

Discrete system:
- With model error. Transition probabilities. Chapman-Kolmogorov equation.
- Without model error. Chapman-Kolmogorov equation using Dirac deltas.
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The simplest particle filter



13

What are these weights?
The weight is the normalised value of the likelihood of the state      to give these  
observations.
For Gaussian distributed variables it is given by:

One can just calculate this value
That is all !!!

Or is it? More needed for high-dimensional problems…
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Particle filtering in time

If we iterate this in time we need to 
weight every time there is an 
observation.

Note that after some time one 
particle gets all the weight…



Weight degeneracy and resampling



Simple Importance Resampling

Particle filters in high-
dimensional systems are 
degenerate even with 
resampling:

Snyder et al 2008

Ades and Van Leeuwen 2013



A simple resampling scheme
1. Put all weights after each other on the unit interval: 

0 1
w1 w2 w3 w4 w5 w6 w7w8 w9w10

2. Draw a random number from the uniform distribution over [0,1/N], in this case with 10
members over [0,1/10].

3. Put that number on the unit interval: its end point is the first member drawn.

4. Add 1/N to the end point: the new end point is our second member. Repeat this until 
N new members are obtained.

0 1
w1 w2 w3 w4 w5 w6 w7w8 w9w10

5. In our example we choose m1 2 times, m2 2 times, m3, m4, m5 2 times, m6 and m7.

0 1



Example: Kuramoto-Shivashinski



Non-linear observations



Example: Kuramoto-Shivashinski

Truth

PF no resampling PF-SIR

EnKF SC4DVar
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What can we do?

Three options have been explored:
1. Localization
2. Proposal densities
3. Particle Flows



Easy to make weights spatially varying, similar to observation-space localisation in ETKF.

Two issues:
- How to combine particles from different areas in the domain.
- Number of observations is often too large in local area, still degenerate.

Ensemble Transform Particle Filter (ETPF, Reich, 2014)
Poterjoy (2014, 2022) Complicated scheme that mixes prior and posterior samples and sets 
minimum weight(!)

Localization in Particle Filters



Rewrite Bayes Theorem as

in which q(x|y) is a so-called proposal density that depends on the observations!
Now draw samples xi from the proposal density instead of from p(x), leading to weights

The samples xi know about the observations so the likelihood will be larger, leading to 
more equal weights. 

Proposal densities

<latexit sha1_base64="Vc5sP/qVjxi7g+lEaCTeS8jKN5g=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VoNyWR+tgIRTcuK9gHtKVMppN26OThzEQa0nyJG3/FjQtFBFf6N07SCNp6YbiHc87lzj2Wz6iQhvGl5ZaWV1bX8uuFjc2t7R19d68pvIBj0sAe83jbQoIw6pKGpJKRts8JcixGWtb4KtFb94QL6rm3MvRJz0FDl9oUI6movn7ilybTsAwvYNfmCEd+KZxOynHSy/EPlRB3qS+etb5eNCpGWnARmBkogqzqff2jO/Bw4BBXYoaE6JiGL3sR4pJiRuJCNxDER3iMhqSjoIscInpRel4MjxQzgLbH1XMlTNnfExFyhAgdSzkdJEdiXkvI/7ROIO3zXkRdP5DExbNFdsCg9GCSFRxQTrBkoQIIc6r+CvEIqUykSrSgQjDnT14EzeOKeVqp3lSLtcssjjw4AIegBExwBmrgGtRBA2DwAJ7AC3jVHrVn7U17n1lzWjazD/6U9vkNryGiQA==</latexit>

p(x|y) = p(y|x)
p(y)

p(x)

q(x|y)q(x|y)

<latexit sha1_base64="cPleAl+sYeqNbs/jw3kzAP7m+0A=">AAACHHicbZDLSgMxFIYz9VbrbdSlm2AR2k2Z0aJuhKIblxXsBdoyZNJMG5q5mGTUYToP4sZXceNCETcuBN/GTDuCth4I+fn+c0jObweMCmkYX1puYXFpeSW/Wlhb39jc0rd3msIPOSYN7DOft20kCKMeaUgqGWkHnCDXZqRljy5Sv3VLuKC+dy2jgPRcNPCoQzGSCln60Z1F4RmEXYcjHAelaHxv0XKSqnLyA6foJr3HClt60agYk4LzwsxEEWRVt/SPbt/HoUs8iRkSomMagezFiEuKGUkK3VCQAOERGpCOkh5yiejFk+USeKBIHzo+V8eTcEJ/T8TIFSJybdXpIjkUs14K//M6oXROezH1glASD08fckIGpQ/TpGCfcoIli5RAmFP1V4iHSCUiVZ4FFYI5u/K8aB5WzONK9aparJ1nceTBHtgHJWCCE1ADl6AOGgCDB/AEXsCr9qg9a2/a+7Q1p2Uzu+BPaZ/fQLChhg==</latexit>

wi =
p(y|xi)

p(y)

p(xi)

q(xi|y)



The proposal density depends on the observations, hence we can use any other data-
assimilation method to generate the samples:
- 3Dvar, gives the so-called optimal proposal density
- 4DVar
- LETKF
- something simple, such as nudging
- synchronization

This is a very natural and principled way to build hybrid schemes without approximations 
(apart from the finite ensemble). 

This has not been explored to the full…

How to choose the proposal density?



Posterior pdf                                                    Prior pdf

Nonlinear data assimilation: Particle flows

The prior and posterior can be for a model state (filter) or a model trajectory (smoother)
or a set of parameters, or a combination of these.

<latexit sha1_base64="FBXHDpZ1rWM2A/R9A30e4B7Qan0=">AAACCXicbVC7TsMwFHV4lvIKMLJYVEjNUiWoAhakChbGItGH1EaV4zqtVSexbAc1Sruy8CssDCDEyh+w8Tc4bQZoOdLVPTrnXtn3eJxRqWz721hZXVvf2CxsFbd3dvf2zYPDpoxigUkDRywSbQ9JwmhIGooqRtpcEBR4jLS80U3mtx6IkDQK71XCiRugQUh9ipHSUs+EvDyeJBa8gl1fIJzycjIZW9OsW1PtWT2zZFfsGeAycXJSAjnqPfOr249wHJBQYYak7Dg2V26KhKKYkWmxG0vCER6hAeloGqKASDedXTKFp1rpQz8SukIFZ+rvjRQFUiaBpycDpIZy0cvE/7xOrPxLN6UhjxUJ8fwhP2ZQRTCLBfapIFixRBOEBdV/hXiIdCJKh1fUITiLJy+T5lnFOa9U76ql2nUeRwEcgxNQBg64ADVwC+qgATB4BM/gFbwZT8aL8W58zEdXjHznCPyB8fkD0ROZKA==</latexit>

p(x|y) = p(y|x)
p(y)

p(x)Bayes Theorem



Particle flow in pseudo time

Posterior pdf                                                    Prior pdf



Particle Flow converged on posterior pdf

Hu, C-C, and P.J. van Leeuwen (2021) A particle flow filter for fully nonlinear high-dimensional data assimilation., 
Q.J. Royal Meteorol. Soc., doi: 10.1002/qj.4028

Not degenerate by construction

Posterior pdf                                                    Prior pdf



What is a particle flow filter/smoother?

• A particle flow moves particles iteratively from samples of the prior to samples of the 
posterior with a flow field            in which is a model state/trajectory over the time window

hence, for pdf:

• The flow field             can be chosen in many ways, let’s choose an optimal way.
• ‘Optimal’ depends on distance metric, we use Kullback-Leibler divergence between 

intermediate pdf              and the posterior pdf              .
• To solve the problem we embed the flow field in a Reproducing Kernel Hilbert Space (Liu & 

Wang 2016).

<latexit sha1_base64="6qJOvLQMvHdpMbc6QEq82MyI+14=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1E1JRNSNUHTjsoJ9QBvCZDJph04ezEykJWbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfd4CWdSWda3UVhaXlldK66XNja3tnfM3b2mjFNBaIPEPBZtD0vKWUQbiilO24mgOPQ4bXmDm7HfeqBCsji6V6OEOiHuRSxgBCstueZBNxCYZP4wz3yZoysUuLIyPHHNslW1JkCLxJ6RMsxQd82vrh+TNKSRIhxL2bGtRDkZFooRTvNSN5U0wWSAe7SjaYRDKp1scn+OjrXioyAWuiKFJurviQyHUo5CT3eGWPXlvDcW//M6qQounYxFSapoRKaLgpQjFaNxGMhnghLFR5pgIpi+FZE+1oEoHVlJh2DPv7xImqdV+7xq3Z2Va9ezOIpwCEdQARsuoAa3UIcGEHiEZ3iFN+PJeDHejY9pa8GYzezDHxifP1WGlaU=</latexit>

dx

ds
= fs(x)

<latexit sha1_base64="jB+sn7gYPr+Ar253oZwUT16lRfs="></latexit>

@ps(x)

@s
= �rx · (ps(x)fs(x))

fs(x)
<latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit><latexit sha1_base64="z02aMt//0Wo0nwuhPxiGgLdfHOk=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+qZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnD/gtjrc=</latexit>

ps(x)
<latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit><latexit sha1_base64="wI+pmFembUCmNw7k6GaLEDV/JRg=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBHqpeyKoMeiF48V7Ae0S8mm2TY2myxJVixL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2jUo1ZQ2qhNLtkBgmuGQNy61g7UQzEoeCtcLRzdRvPTJtuJL3dpywICYDySNOiXVSM+mZytNZr1T2qt4MeJn4OSlDjnqv9NXtK5rGTFoqiDEd30tskBFtORVsUuymhiWEjsiAdRyVJGYmyGbXTvCpU/o4UtqVtHim/p7ISGzMOA5dZ0zs0Cx6U/E/r5Pa6CrIuExSyySdL4pSga3C09dxn2tGrRg7Qqjm7lZMh0QTal1ARReCv/jyMmmeV32v6t9dlGvXeRwFOIYTqIAPl1CDW6hDAyg8wDO8whtS6AW9o4956wrKZ47gD9DnDweWjsE=</latexit>

fs(x)
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p(x|y)



Finding the flow field

Kullback-Leibler divergence (or relative entropy): 

Hence

Use FP equation for the intermediate pdf ps(x):

KL(ps(x)kp(x|y)) =
Z

ps(x) log
ps(x)

p(x|y) dx
<latexit sha1_base64="Dq81do+ZKlaZo/RwROO4G2KjqGE="></latexit>

dKL

ds
=

Z
dps(x)

ds


1 + log

ps(x)

p(x|y)

�
dx

<latexit sha1_base64="IeI/PlYJwzmcu8XRfzesFkdeuwo="></latexit>

<latexit sha1_base64="jRFTXnw3E0dGddm84zOFF5h1K9I="></latexit>

dKL

ds
= �

Z
r(ps(x)fs(x))


1 + log

ps(x)

p(x|y)

�
dx



A practical method for the flow field
We found:

Assume fs(x) is in a Reproducing Kernel Hilbert Space:

Since we have ‘total’ freedom on fs(x) we still solve full problem.
Use this in the expression above to find:

with                  the gradient of KL. 

fs(x) = hK(x, .), f(.)i
<latexit sha1_base64="CxlfxeG0aUE70dWljpL+adMBf+s=">AAACGnicbVDLSgMxFM34rPVVdekmWIQplGFGBd0IRTeCmwr2AW0ZMumdNjSTGZKMtJR+hxt/xY0LRdyJG//G9LHQ1gP3cjjnXpJ7goQzpV3321paXlldW89sZDe3tnd2c3v7VRWnkkKFxjyW9YAo4ExARTPNoZ5IIFHAoRb0rsd+7QGkYrG414MEWhHpCBYySrSR/JwX+sruF/AlbnIItelEdDjgW7tfdArF0HYKuClZp2ssObH8XN513AnwIvFmJI9mKPu5z2Y7pmkEQlNOlGp4bqJbQyI1oxxG2WaqICG0RzrQMFSQCFRrODlthI+N0sZhLE0JjSfq740hiZQaRIGZjIjuqnlvLP7nNVIdXrSGTCSpBkGnD4UpxzrG45xwm0mgmg8MIVQy81dMu0QSqk2aWROCN3/yIqmeON6p496d5UtXszgy6BAdIRt56ByV0A0qowqi6BE9o1f0Zj1ZL9a79TEdXbJmOwfoD6yvH8Hunjk=</latexit>

dKL

ds
= �

Z
ps(x)fs(x) ·rx log

✓
ps(x)

p(x|y)

◆
dx

<latexit sha1_base64="E93F1sZMVIgHnuloe9FHQOQvfKg="></latexit>

= hrKL, fs(.)iF
<latexit sha1_base64="z+UyTzm+M8uzYMt6vJWVw3sxH44="></latexit>

dKL

ds
=

⌧Z
ps(x)K(x0, .)rx log

✓
ps(x)

p(x|y)

◆
dx, fs(.)

�

F
<latexit sha1_base64="Y6OsReLnG+d32hcX0KQy0Va/3LU="></latexit>

rKL
<latexit sha1_base64="cZ+PPIZLtN97bhCxPnOZbT7X4Pg=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL4IeIpiHJEvonUySIbOzy8ysEJZ8hRcPinj1c7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRoiir00hEqhWgZoJLVjfcCNaKFcMwEKwZjK6nfvOJKc0j+WDGMfNDHEje5xSNlR47EgOB5PauWyy5ZXcGsky8jJQgQ61b/Or0IpqETBoqUOu258bGT1EZTgWbFDqJZjHSEQ5Y21KJIdN+Ojt4Qk6s0iP9SNmShszU3xMphlqPw8B2hmiGetGbiv957cT0L/2UyzgxTNL5on4iiInI9HvS44pRI8aWIFXc3kroEBVSYzMq2BC8xZeXSaNS9s7KlfvzUvUqiyMPR3AMp+DBBVThBmpQBwohPMMrvDnKeXHenY95a87JZg7hD5zPHwyNj+k=</latexit>



The flow field

The distance reduces if

for some scalar a. 
We can write:

Using a particle representation for ps(x) gives for the flow field: 

fs(x) = �arKL(x)
<latexit sha1_base64="Rl6L95hAGltMhqwbGXvsdKhrPkE=">AAACA3icbVDLSgNBEJyNrxhfq970MhiEeDDsRkEvQtCLoIcI5gHJsvROZpMhs7PLzKwYQsCLv+LFgyJe/Qlv/o2Tx0GjBQ1FVTfdXUHCmdKO82Vl5uYXFpeyy7mV1bX1DXtzq6biVBJaJTGPZSMARTkTtKqZ5rSRSApRwGk96F2M/PodlYrF4lb3E+pF0BEsZAS0kXx7J/RV4f4An+FDjAG3BAQc8NW10Xw77xSdMfBf4k5JHk1R8e3PVjsmaUSFJhyUarpOor0BSM0Ip8NcK1U0AdKDDm0aKiCiyhuMfxjifaO0cRhLU0LjsfpzYgCRUv0oMJ0R6K6a9Ubif14z1eGpN2AiSTUVZLIoTDnWMR4FgttMUqJ53xAgkplbMemCBKJNbDkTgjv78l9SKxXdo2Lp5jhfPp/GkUW7aA8VkItOUBldogqqIoIe0BN6Qa/Wo/VsvVnvk9aMNZ3ZRr9gfXwDqQeU+Q==</latexit>

rKL(x) =

Z
ps(x

0)K(x0, x)rx0 log

✓
ps(x0)

p(x0|y)

◆
dx0

<latexit sha1_base64="ZlR2rF3d5LIsTgc2ewRjO82dpDc="></latexit>

= �
Z

ps(x
0) [K(x0, x)rx0 log p(x0|y) +rx0K(x0, x)] dx0

<latexit sha1_base64="2SY9VKhJrDAEf+PLYPPX9NaLPks="></latexit>

<latexit sha1_base64="lR1c39qMzDOdbkEUlefHbleNbcM="></latexit>

fs(x) =
1

N

NX

i=1

⇥
k(xs

i , x)rxs
i
log p(xs

i |y) +rxs
i
k(xs

i , x)
⇤



Particle implementation

The evolution equation for each particle is now

This leads to an iterative scheme

until                                              

|rKL|  ✏KL
<latexit sha1_base64="jjeBOuFz58d87jF2PpwvxZyaP7E=">AAACCXicbVC7SgNBFJ2NrxhfUUubwSBYhd0oaBm0EZIignlAdgmzk7vJkNnZdWZWCJu0Nv6KjYUitv6BnX/j5FFo4oELh3Pu5d57/JgzpW3728qsrK6tb2Q3c1vbO7t7+f2DhooSSaFOIx7Jlk8UcCagrpnm0IolkNDn0PQH1xO/+QBSsUjc6WEMXkh6ggWMEm2kTh6PXEF8TjCuVPEIuxzusQuxYty4aaU67uQLdtGeAi8TZ04KaI5aJ//ldiOahCA05USptmPH2kuJ1IxyGOfcREFM6ID0oG2oICEoL51+MsYnRuniIJKmhMZT9fdESkKlhqFvOkOi+2rRm4j/ee1EB5deykScaBB0tihIONYRnsSCu0wC1XxoCKGSmVsx7RNJqDbh5UwIzuLLy6RRKjpnxdLteaF8NY8ji47QMTpFDrpAZXSDaqiOKHpEz+gVvVlP1ov1bn3MWjPWfOYQ/YH1+QMgx5la</latexit>

dxi

ds
= fs(xi) = �arKL

<latexit sha1_base64="m1pn4Q1vg4WU+wtomNgirfcdHrw=">AAACE3icbZDLSgMxFIYz9VbrrerSTbAIVbDMeEE3QtGNoIsK9gJtGc5kMm1oJjMkGbEMfQc3voobF4q4dePOtzG9LLT6Q+DLf84hOb8Xc6a0bX9ZmZnZufmF7GJuaXlldS2/vlFTUSIJrZKIR7LhgaKcCVrVTHPaiCWF0OO07vUuhvX6HZWKReJW92PaDqEjWMAIaGO5+b1WIIGkPr532SD11QCf4cBVRXPdNbgPuCXA44Cvrt18wS7ZI+G/4EyggCaquPnPlh+RJKRCEw5KNR071u0UpGaE00GulSgaA+lBhzYNCgipaqejnQZ4xzg+DiJpjtB45P6cSCFUqh96pjME3VXTtaH5X62Z6OC0nTIRJ5oKMn4oSDjWER4GhH0mKdG8bwCIZOavmHTBhKRNjDkTgjO98l+oHZScw9LxzVGhfD6JI4u20DYqIgedoDK6RBVURQQ9oCf0gl6tR+vZerPex60ZazKziX7J+vgGELucWw==</latexit>

<latexit sha1_base64="amL45S9zfe5FG1EhSp20CoBvrDM=">AAACFHicbZDLSgMxFIYzXmu9jbp0EyxCS7HMSFE3QtGNywr2Am0dMmmmjc0kQ5IRy9CHcOOruHGhiFsX7nwb03YW2nog8OX/zyE5vx8xqrTjfFsLi0vLK6uZtez6xubWtr2zW1cilpjUsGBCNn2kCKOc1DTVjDQjSVDoM9LwB5djv3FPpKKC3+hhRDoh6nEaUIy0kTy7+ODR2yR/VxjBc5jykWtuRdgmkaJMcBh4Km+sgmfnnJIzKTgPbgo5kFbVs7/aXYHjkHCNGVKq5TqR7iRIaooZGWXbsSIRwgPUIy2DHIVEdZLJUiN4aJQuDIQ0h2s4UX9PJChUahj6pjNEuq9mvbH4n9eKdXDWSSiPYk04nj4UxAxqAccJwS6VBGs2NICwpOavEPeRRFibHLMmBHd25XmoH5fck1L5upyrXKRxZMA+OAB54IJTUAFXoApqAINH8AxewZv1ZL1Y79bHtHXBSmf2wJ+yPn8AYAiciQ==</latexit>

x(j)
i = x(j�1)

i + ✏fs(xi)



• The flow field is found as

• The attracting term pulls the particles towards the posterior mode
• The repelling term ensures coverage of the posterior pdf
• We use a matrix-valued kernel as in Hu and Van Leeuwen (QJRMS, 2021)

attracting term repelling term

kernel grad posterior pdf

The flow field in a Particle Flow Filter/Smoother 

<latexit sha1_base64="ZGFBBgWmp+UAivb6dRCTPb9kYvk="></latexit>

fs(x) =
B

N

NX

i=1

K(xi, x)rxi log p(xi|y) +rxiK(xi, x)



• 2-layer Quasi-geostrophic model of the Antacrtic Circumpolar Current,                   
526,850 gridpoints
• Assimilation of upper-layer variables once a day, of every 5th gridpoint,   

9600 observations
• ,  Observation error 5 cm^2, 
• 50 particles, initialized from samples from long model run

Example of SSH field (m), 
grid spacing 5 km,  
5125 km by 1285 km.

Particle Flow Filter on a high dimensional ocean model

<latexit sha1_base64="sVEBf1EOc8rVJl/eWyWQ+gpJf38=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9ISol5MiF44YiIfESrZLlvYsN02u1sDafgXXjxojFf/jTf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0log4Q8lG0PK8qZoA3NNKftSFIceJy2vNHtzG89UalYKO71JKJugAeC+YxgbaSHWnF8jq7R+LHcyxfskj0HWiVOSgqQot7Lf3X7IYkDKjThWKmOY0faTbDUjHA6zXVjRSNMRnhAO4YKHFDlJvOLp+jMKH3kh9KU0Giu/p5IcKDUJPBMZ4D1UC17M/E/rxNr/8pNmIhiTQVZLPJjjnSIZu+jPpOUaD4xBBPJzK2IDLHERJuQciYEZ/nlVdIsl5yLUuWuUqjepHFk4QROoQgOXEIValCHBhAQ8Ayv8GYp68V6tz4WrRkrnTmGP7A+fwB2fo99</latexit>

H(x) = x
2



Update mean SSH field (m)

Prior 

True 

Posterior 

Note: 
1) The observation 

operator is SSH 
squared !

2) The large difference 
between prior and 
true field.

3) The close 
resemblance 
between posterior 
and true fields.



Update mean streamfunction lower layer (m2s-1)

Prior 

True 

Posterior 

Note: 
1) This layer is not 

observed
2) The large difference 

between prior and 
true field.

3) The close 
resemblance 
between posterior 
and true fields.



Streamfunction value

Probability p(x)

Red bars denote 
this single 
observation in 
state space

Example of histogram for H(x) = x^2, at one grid point



SSH value

Probability p(x)

Red bars denote 
this single 
observation in 
state space

Example of histogram for H(x) = x^2, at one grid point



• 1000 dimensional
• Assimilation window 10 time steps of time step 0.02
• Initial state error 1.0
• Observation every other gridpoint at end of assimilation window
•
• Observation error 0.1
• 50 particles
• Comparison with perturbed-observation ensemble of 4DVars 

Example of Particle Flow Smoother on Lorenz 1996 model

<latexit sha1_base64="DDBWuNVABhAZKc9JoDMpknA6qBA=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9Iaol5MiF44YiIfERqyXbawYbttdrcGUvgXXjxojFf/jTf/jQv0oOBLJnl5byYz87yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo4YKY0lonYQ8lC0PK8qZoHXNNKetSFIceJw2veHdzG8+UalYKB70OKJugPuC+YxgbaTHanF0jm7QZDTp5gt2yZ4DrRInJQVIUevmvzq9kMQBFZpwrFTbsSPtJlhqRjid5jqxohEmQ9ynbUMFDqhyk/nFU3RmlB7yQ2lKaDRXf08kOFBqHHimM8B6oJa9mfif1461f+0mTESxpoIsFvkxRzpEs/dRj0lKNB8bgolk5lZEBlhiok1IOROCs/zyKmlclJzLUvm+XKjcpnFk4QROoQgOXEEFqlCDOhAQ8Ayv8GYp68V6tz4WrRkrnTmGP7A+fwAUT4/l</latexit>

H(x) = |x|

<latexit sha1_base64="YA71gJ+HucshTmABudOv2Us9t6s="></latexit>

dxi

dt
= (xi+1 � xi�2)xi�1 � xi + F



Convergence of Particle Flow Smoother

Convergence of particles at end of 
assimilation window

Convergence of particles at start of 
assimilation window

x900 x900

Iteration number Iteration number



Histograms comparison with Ensemble of 4DVars 

Histograms at start of assimilation window Histograms at end of assimilation window

Particle Flow smoother
Ensemble of 4DVars

Particle Flow smoother
Ensemble of 4DVars

x900 x900



Example pdfs at final time for different grid points

250 bimodal marginal 
pdfs using 50 particles

These will be used for 
forecasts!

xi



Conclusions

• Fully nonlinear data-assimilation methods exist and are slowly becoming mainstream.
• Standard Particle Filers are extremely flexible and easy to implement, but suffer from 

weight degeneracy
• Localization in particle filters is maturing, but weight collapse in local areas remains a 

problem
• Particle Flow filters (and smoothers) are not degenerate by construction.
• Very promising in high-dimensional applications
• Cost equivalent to ensemble of 3DVars (filter) or strong-constraint 4DVars (smoother).
• Working on implementation in DART (filter) and JEDI (smoother).
• Much need for more scientists working in. nonlinear DA!


