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@ X the signal process - “hidden component”
@ Y the observation process - “the data”

The filtering problem : Find the conditional distribution of the signal X; given

Ve =0(Ys,s € [0,t]), i.e.,
m(A) =P(X € Al)), t>0, AecBRY).
Continuous framework:

dXt = f(Xt)dt + U(Xt)th,
dY = h(X;)dt + dw;.

Discrete framework:

{Xt}tZO Markov chain P(Xt (S A|Xt,1 = Xt,]_) = Tt(A|Xt,1),
{Xt; Yi}t=o P(Yr € dy[Xt = Xt) = ge(y[x)dy
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Y 0" co W define an approximation ?
The description of a numerical approximation for the solution of the filtering
problem should contain three parts:

1. The method of recording the approximation:

particle approximations Gaussian approximations
d d dad
(& (t),vj1 t),....vi ()L | ( (t),v]-1 ),y (t),wjll (t),...ow ()L,
weight position weight mean covariance matrix
n n
T =300 8 (1) dy T =218 (YN (vi (1), wi (1))

2. The law of evolution of the approximation:

particle approximations | Gaussian approximationg

mutation selection forecast assimilation
n -~ =n n n~==n ~= n
T rodel Tt v s | T o ks 0 s
mode {Ys}sep,1+9] mode {Ys}sep,1+9]

3. The measure of the approximating error:

sup E[|7f () = m()ll, & =720, lnt = mellrv.
{p€Ch, [lell<1}
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The quantized information is modelled by n stochastic processes

{pi(t),t >0} i=1,...n, pt) RN,

@ We think of the processes p; as the trajectories of n (generalized)
particles.
@ Typically N > d, where d is the dimension of the state space.

o =AN(pi(t),t >0 i=1,..,n).

@ Generalized particle filters:

o classical particle filters

@ gaussian approximations
@ wavelets

@ grid methods
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| Gurimimdkise
Equidistant partition of the interval [0, T] with mesh size 4.

Algorithm for 7 = Y701 &()N(Vj(t), w;(t)).
Step 1: Initialisation
¢ Weight, mean, variance (a;(0) = 1/n, vj(0) ~ mo, wj(0) = ), a o 1/y/n.
Step 2: Prediction/Forecast [(i — 1)4,16)
dvi(t) = F(vj(t))dt + VI — aa(v;(t))dv,D,
dwi(t) = ao?(vi(t)dt, w((i —1)8) = a
Step 3: Correction/Assimilation  (atid):
day(t) = a;(t)h(v;(t))dYr, a((i —1)d) =1
_ ai(t
0= s o
e Replace N(vj(id—),w;(id—)) with 0;(id) particles N(v;(id), ). (use TBBA)

V(i) ~ N(vj(i0—),wj(i0-)), E[oj(id)] = na(t).

e Re-index the positions of the particles N(v;(id), w;(id)).
e Re-initialize a;(id) = 1.
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Theorem (DC-Li (2012))

c
sup  E[lm(¢) - m(p)ll < —=.
{pecy, lleli<1) v
Theorem (DC-Li (2012))
The process /n(# — ) converges in distribution to a process U.
o~ + i
t t \/ﬁ
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dX, —F(X))dt + dV,
dY: :h(Xt)dS + th7

f(x) = 0.3tanh(0.3x), W and V standard Bm, h(x) = 0.8x.
Xo =0.0, T =10.0.
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N C .ature methods
The Kallianpur-Striebel formula

e ()
m (SD) B Pt(l) ’
where
ple) = E [so(xoexp (/chk xavi 1 [ 3on (xs>2ds>‘ytl
0 k=1 01

E[A(V,Y)] = / A, Y )dPy ()

weC([0,00),RY)

A three-step scheme:
@ approximate A; x with an explicit/simple version At
o replace Py with Py = 1Y 4, - V approximates the signature of
@ control the computational effort (use the TBBA)

) = D Feelen)
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Theorem (DC, Ortiz-Latorre 2011)

E[[nS" (p) - m (p) | < C (5a Lt %) |

@ The cubature method is essentially deterministic. The diffusion
approximation uses a set of ordinary differential equations to approximate
the distribution of the solution of the SDE.

@ The (exponentially) increase in the computational effort is controlled by
the TBBA (a random method).
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_ 00000 Numerical implementation |
Consider the 1-dimensional Benes filter:
X
dX; = potanh (l“) dt + odV;
o

dv; (haX¢ + hp)dt + dU,

Then

pe= WIN(AT/(2Br),1/(2B)) + W™ N (AT /(2B),1/(2By),

H,
(>

exp ((AF)?/(4B)) /(exp ((AF)?/(4By)) + exp ((A7)?/(4B)))

h2 + hiXo h
BT LRI TS
osinh(hyot) o coth (hsot)

>
H,
|>

24l hw
ag

hy
% coth (hyot),

' sinh(hyos)
_/0 sinh(hlgt)dWS’

Lo
>

hS
>
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|
Comparison with the classical particle filter implemented using the Euler
scheme plus the TBBA to perform the resampling at each time step.
Number of launches M = 10
Number of particles used in the KLV algorithm N = 100
Number of particles used for the classical particle N = 10000
Parameter values

(=005 h; =08 h,=00, o=10x =00 T =20.0.
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| SEe-ieFmRem

High dimensional problems are harder than their low dimensional
counterparts. Example:

Consider
@ Ny = N((0,...,0),l4) (mean (0O, ...,0) and covariance matrix ly).
o My, =N((1,...,1),14) (mean (0O, ...,0) and covariance matrix ly).

@ d(My, Ma)rv = 2P[[X][ < d/2], X ~N(0,1).
@ as d increases, the two measures get further and further apart, becoming
singular w.r.t. each other exponentially fast.

@ it becomes increasingly harder to use standard importance sampling, to
construct a sample from [, by using a proposal from ;.

Solution: The problem of ‘moving’ from I1; to I, is equivalent to that of
moving from a standard normal distribution A(0, 1) to a normal distribution
N(d, 1) (the total variation distance between A/(0,1) and A/(d, 1) is the same
as that between IM; and IM,). Rather than jumping from A/(0,1) to N(d, 1) in
one step we get there in d steps: at each step moving from N'(k — 1, 1) to
N(k,1) forindexk =1,2,...,d. This algorithm can be immediately
transferred to the corresponding multidimensional set-up.
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| SEe-lnFEiE

BICKEL, P, LI, B. & BENGTSSON, T. (2008). Sharp failure rates for the
bootstrap particle filter in high dimensions.
‘Unfortunately, for truly high dimensional systems, we conjecture that
the number of intermediate steps would be prohibitively large and
render it practically infeasible’

SMC algorithms with computational cost O(Nd?) are stable. They require
O(d) intermediate steps. If one takes O(d1*?) steps with any § > 0, then the
corresponding essential sample size (ESS) converges in probability to N and
the Monte Carlo error is the same as with i.i.d. sampling. If —1 < § < 0 then
ESS will go-to zero. That is, O(d) steps are a critical order for the stability of
the algorithm.
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Sequential Monte Carlo

Sample from a target distribution with density M on RY with respect to
Lebesgue measure, known up to a normalizing constant. We introduce a
sequence of ‘bridging’ densities which start from an easy to sample target and
evolve toward I1:

Ma(x) oc N(x)%, x e RY, )

for0 < ¢p < -+ < 1 < ¢n < -+ < ¢p = 1. The effect of exponentiating with
the small constant ¢ is that M(x)% is much ‘flatter’ than M. One can sample
from the sequence of densities using an SMC sampler, which is, essentially, a
Sequential Importance Resampling (SIR) algorithm or particle filter that
targets the sequence of densities:

n—1
Mn(X1:n) = Ma(Xn) H L (Xj+1axj)
j=1
with domain (R)" of dimension that increases with n = 1, ..., p; here, {L,} is
a sequence of artificial backward Markov kernels that can, in principle, be
arbitrarily selected.
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_ Stability for the high-dimensional problem
Let {K,} be a sequence of Markov kernels of invariant density {l1,} and T a
distribution; The backward Markov kernels L, are chosen as follows:
n x")K X', x
Ln(X,X/): n+1( ) n+1( ) ) )
nn+l(x)

The Algorithm

0. Sample X3, ... X} i.i.d. from T and compute the weights for each particle
ie{l,....,N}

Wo(X)) =
Setn=1and| =0.

1. If n < p, for each i sample X/ | x,Ll from K, and calculate the weights

Ma(X)_4)

17w (X
|'|n_1(X,'1,1) n 1( I.n72)

Wn (X 1) =

with the convention x). | = x{.
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Calculate the Effective Sample Size (ESS):

ESSim(N) = )
Yies Wn(Xj._1)
If ESS(Ln)(N) <a
resample x},...xN according to their normalised weights
Wn(X{n_1)/ Y Wa(Xlp 1) : (3)
j=1

setl =n;
re-initialise the weights by setting Wn(x,‘:n_l) =1,1<i<N;
let x},...xN now denote the resampled particles.
Setn=n+1.
Return to the start of Step 1.
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Theorem (Beskos, DC, Jasra, 2011, (no resampling))

Under additional assumptions, for any fixed N > 1, ES$y 4)(N) converges in
distribution to \
_ [>ois. P

EN -
N 2X:
> img €25

where X; "< N(0, 02).

Theorem (Beskos, DC, Jasra, 2011, (with resampling))
Under additional assumptions, for any fixed N > 1, any k € {1,...,m* + 1},
times tx_1 < t, and sx(d) € (t—_1(d),t(d)) any sequence converging to a
point sy € (tk_1,t%), we have that ESS, ,(d).s.(a))(N) converges in distribution
to a random variable )

(i e P

ZiNzl e

i.i.d.
where X} " NV(0,02_)and o2 . < o2

—_ *
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_ == ’picanontothe observed Navier Stokes equation |
2D Stochastic Navier-Stokes equation on the torus T2 = [0,L) x [0, L) with
periodic boundary conditions:

g—l: —vAuU+u-Vu+Vp=~f+W(t,x) forall (x,t) € T? x (0,00), (4)
V-u=0 for all (x,t) € T2 x (0, 00),
u(x,0) = up(x) for all x € T2.

@ u:T? x [0,00) — R? - the velocity

@ p:T? x [0,00) — R? - the pressure

o f : T? — R? - the forcing

@ W(t,x) - noise

LZ(TZ))Z

HZ2 {L — periodic trig pol. u : [0,L)2 — RZ‘V ‘U= 0,/ u(x)dx = 0}
T2

P : (L3(T?))? — H - the Leray-Helmholtz orthogonal projector. An
orthonormal basis for H is given by

1 0
wk<x)é|kk|exp (”"[X) k= (kka)T €22\ {0} k" = (ko ko) T
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ForueH.
u= > u(t)e(x).
kez2\{0}
W(tx)= Y at(x)Wf eH
kez2\{0}

{W{} (t>0, kez2\ (o} I-1-d. Brownian motions and

> (ArPkP)yef <oo  forseR,
keZ?\ {0}

and then W(t,-) € H.
The stochastic Navier-Stokes equation can be written as

du

at + vAU + B(u,u) =f + W (t,x). (5)

e A = —PA is the Stokes operator
e B(u,u) =P(u-Vu)
o f is the original forcing projected into H.
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The equations for the modes:

dug (1) = | —veuie(t) — oy D u®)ui(t) +fic | dt + e dW
I+j=k
2mi(laj1 —l1j2) (Kij1+Koj : .
(XL’J' _ i(l2i L‘:Il(llz‘)lﬁ‘j:ll.ll 22) i k= | +J7.
0 otherwise;

Define the projection operators P, : H — Hand Q) : H — H by
Pau= > w(t)dk(x), Qu=1-Py;

kez2\{0}
|27k |2< AL2

and consider the projected eigenvalues, we obtain the following evolution
equation for the approximation of u(t), which is denoted by U (t), for each
k € Z\ {0} with |27k |> < AL?:

diiy (t) = (—w\kﬁk(t) — oy D (1) (t) +fk> dt + e dW(; (6)
r

where the set I £ {(I,j)‘l +j =k and 2712 < AL? and |27]|2 < ALZ}.
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Model parameters

ewe use k1,k2 =—32,...,0,...32 (i.e. a 642 grid for the discrete fourier
components).
e Smoothing problem approximate p(Xo|y1:5) where each y; is a 4x4 grid on
the torus and

yi(i) = u(x,ti) + N(0,0.2).
e the dynamics are initialised by a random sample from the prior N(0, JA%)
o for the prior, 6 =5and o = 2.2.
e torus size is 27.
e forcing is Vcos(x - x) with s = (1, 1) for the stationary regime and « = (5, 5)
for the chaotic
e v is 1/50 for chaotic and 1/10 for stationary

MCMC plot: computation cost roughly 10° iterations per day, i.e. with the slow
mixing need more than 10 days for a decent but not super-reliable answer.

SMC plots: computational cost around 18 hours for N=500 particles and 5
intermediate steps.

Numerics done by N. Kantas (UCL).
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true initial vorticity

SMC estimated initial vorticity
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SMC posterior estimates

MCMG posterior estimates
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