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1. (Ensemble) Kalman filtering

Dynamical model

Model error KF is optimal when:
X = f(xt-1)+‘ - E(v,)=0 * The forecast and
xeR" Cov(v,)=Q observation
Observations . operators are linear.
y, =h(x,)+wv, — - Observationerror . the errors are
y e R E(w,)=0 Gaussian.
Cov(w,)=R

The validity of these conditions depends upon:

* Length of the forecast window / frequency of observations.
* Magnitude of observational error.

* Nonlinearity in the model dynamics.
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1. Ensemble Kalman filtering

Updating the ensemble mean and covariance is straightforward,
updating the perturbations is not.

X* - X?
Deterministic EnSRF Stochastic EnKF
- Adirect transformation from - Ensemble members are
background to analysis (not updated individually using
unique), can use observations perturbed observations.

serially or all-at-once.

- The KF covariance equation is
satisfied exactly.

- Any distortions of the
ensemble are prone to persist.

- The KF covariance equation is
fulfilled only statistically.

- The ensemble is constantly
‘refreshed’.
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1. Ensemble Transform Kalman Filter family

Within the EnSRFs, the ETKF family relies on a post-multiplication to
update perturbations all-at-once.

X% = Xbwe, W e RMxM creT = (YbTR-le) /(M - 1)

1
* One-sided ETKF (Bishop et al.,, 2001) W% =C({I+T) 2

* Symmetric ETKF (Wang et al., 2004;

1
Hunt et al., 2007) we =C(I+TI)2C!

* No-symmetric solutions (e.g. Sakovand 1
Oke, 2008) W =CI+T) 28

The one-sided ETKF is biased, the symmetric ETKF is unbiased, for the

not symmetric ETKFs it depends upon the particular (possibly random)
matrix S (Livings et. al, 2008).
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2. Ensemble clustering

Consider the univariate quadratic model (Anderson, 2010):
X1 =X +0.05(x +b]xx,)

It has an unstable fixed point; we use it as truth X' = 0. The model is
integrated with At =0.01 and we observe (H = I) every 2 steps. We use
S-ETKF for a linear (b =0) and a nonlinear (b =0.15)case, M =10.

LETKF M=10 b=0 LETKF M=10 b=0.15

— truth - . *
3| '« observations 1 -3 . trbuth ,
——background/analysis obse ons .
-4 ' : background/analysis
0 5 10 15 20 | -4 . A
time 0 5 10 15

I



2. Ensemble clustering

As soon as nonlinearity strikes EC appears in EnSRFs. It does not
happen in the stochastic EnKF. It results from the disparity of
nonlinear forecast and linear analysis (Anderson, 2010).

This has been studied in the Ikeda model (Lawson and Hansen, 2004),
the Lorenz 1963 and 1996 models (Anderson, 2010) with infrequent
observations and large observational errors.

It does not affect the ensemble covariance, but it does affect higher
order moments.

EnSHF, Linaar EnSRF, Monlinaar

The truth is not statistically
indistinguishable from the
TR _ _ . ensemble members (from
o w0 0 w0 a0 50 o w w w w | awson and Hansen, 2004).
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2. Questions about EC

a) Is there a simple way to diagnose it?

b) Isit anirreversible phenomenon of EnSRFs?

c) How much does it affect the accuracy of EnSRFs? Does it
handicap them?

d) Alternatives can be used to avoid it (e.g. Non Symmetric
ETKFs, Anderson’s Rank Histogram Filter). Are they
advantageous?
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3. Measuring EC

We use the following metric, which we denominate ‘clustering degree’.

b - 0',\2,,2_1 oD - Trace(P, ,)
Oy Trace(PM )
N =1 N >1

SETKF with M=10 b=0.1 with obs every 2 steps
1 I 1 i | 1 i ! ! i
e s em 18 W SN B MENEN HE MEEe mee  emen i
R AR TR YT TR R R R . -
0 L R I R R R T
L BT N T S T S R SR TR S R S T S
"4 ‘e +

P W B OO ~ 00 W
position of the truth

-
-
11 1 1 1 1 1

‘e + -
LR T R L NE R X

0 5 10 15 20 25 30 35 40 45
Time

i

S



3. Measuring EC

Varying the ensemble size and the strength of the nonlinearity:
S-ETKF for the model xm=xt+ﬂ.ﬂ5*(k[+h*xf]

« O < + 0O

o % O o % 0O O

b=0,M=10
b=0,M=20
b=0,M=100
b=0.05M=10
b=0.05,M=20
b=0.05,M=100
b=0.1,M=10
b=0.1,M=20
b=0.1,M=100
b=0.15,M=10
b=0.15,M=20
b=0.15,M=100

time




time for CD to get below CD_.=0.04

How fast does EC occur?

In this simple model it seems to
follow a power law independent
from b and weakly dependent on
M.

In this case, clustering is
inevitable. Is this always the case?

time

10'
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3. Avoiding EC: NS-ETKFs

(Unbiased) randomly-rotated EnSRFs avoid clustering.

4 S-ETKF, b=0.2, M=10, cbservations every 5 time steps \
~

2k *—*rﬁ\ A —
L EEILL FFEEE T ﬁﬁ%

1
2 =CI+I)zc’

1 |
0 1 2 3 = 5 6 7 8 g 10 11 12 13 14 15 16 17 18 18 20
assimilation cycle

NS-ETKF, b=0.2, M=10, observations every 5 time steps

AP a2

wa = C(I + r)‘isT
|

0 1D 11 12 13 14 15 16 1? 1B 19 EIJ
asmmllatmn cycle

The constant ‘scrambling’ of the ensemble prevents the outlier from
being persistent and eventually ‘escaping’.

ensemble values

ensemble values
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3. Avoiding EC: NS-ETKFs

However, this constrained resampling of the ensemble erases the
memory from individual trajectories, the effect of the ‘errors of the
day’ is modified. It is like “rebooting” at each analysis instant.

5 S-ETKF M=10 b=0.15 MNS-ETKF M=10 b=0.15
3 .
— truth — truth
* ogbservations * observations
——background/analysis = background/analysis

il -

U

0 05 1 15 2 35 05 1 15 2
time time

Following individual trajectories was one of the advantages of EnSRFs
(Anderson, 2001). Is it worth losing this ability?
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3. ‘Local’ nonlinearities

The growth/decay perturbations is not constant (neither linearly
nor nonlinearly) in an attractor.

1 TR

Bred vector growth in the Lorenz

40
1963 model showing the growth
30 ANy .

_ rate for perturbations. For
. / different regions, there can be
TN decay or growth (slow,

o fast).
50
e 20
i1
0 0.032 0.064

Reproduced from Evans et al., 2004.
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3. ‘Local’ nonlinearities

Xt+1

= X, +0.05(x, +b|xx )

Let’s draw a new b ~ N(0,1) every L ~Unif (L,,2L, ). steps, perform
DA in this model, and measure the clustering degree.

b~N(0,1} in intervals of length~U(1 0,20)

b~N(0,1) in intervals of length~U(50,100)

1 1 . T 1 - F |_ ....... I ) A li
1y i I i I 02 , n b ' 0.2
Nz l| . 1 i ] iy n nn
6 H"[' vy pol 7 3! hqilgd e e i I i 0.1
-~ il & i ' mlaliy Nl i | .I
705 Hows t ! | i ;'_ 0 05 :I’"'jr:l":u"ﬁ'lr?-'n|l F b m:'n'l; e Y0 <
OE .. ! | 1 !I i II -! 'H' Ii‘i -.l-' |Il' |II' i |!|| | 'IL'0'1
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1
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3. ‘Local’ nonlinearities

(n 1) inintervals of length~U(50,100)

X.q =X, +0.05(x, +b]x|x)

w—truth
ensemble
members

“OONNETY X ‘ "4 ' | ! 1 TR
tiaMA EN ISl A el A A ik
2 ,

1 | | |
600 650 700 ime 750 800 850

' Time evolution b~N(0,1) in intervals of length~U(50,100) '

Clustering can be reverted by the alternation of nonlinear growth and
decay. It is an intermittent phenomenon.
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4. ECin the Lorenz 1963 (L63) model

The system: Ll I b
x\W) — O-(X(Z) _ X(l)) c=10 vy Y
X(Z) — X(l) (r _ X(B))— X(Z) r = 8/3 R
X&) =xWx@ _px®  p=p8 L]

Settings (Miller et al., 1997; -
Kalnay et al., 2007):At =0.0L, H=1,R =21"

“Frequent” observations: every 8 steps, linear regime.

{

. ‘Infreguent” observations: every 24 steESE nonlinear regime.
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4. ECin L63

Clustering degree for L63 using ETKF M=10, R=2I, obs every 24 model steps

] | | | | | | | | |

= .1 —_
o !
005 _
T
o
g
= | | | | | | | | e | | |

?65 167.5 17 172.5 175 177.5 180 time 182.5 185 187.5 190 192.5 195

197.5 200

time interval: [17D.4,171.1] time interval: [180,190.7] time interval: [199,199.7]
40 L B _____ensemble 40
35 IR S a members

EX

Clustering is intermittent.
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4. ECin L63

As usual, the Non-Symmetric ETKF does not present clustering.

M=3 ,obs every 8 model steps

M=20 ,obs every 8 model steps

T "

I’
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4. ECin L63

Clustering is intermittent, and less persistent than in the univariate
guadratic model. Why?

In the univariate model, only the magnitude of b could vary. Plus,
this model didn’t present mixing.

In the Lorenz 1963 model, both the direction and magnitude of the
nonlinear growth can vary. Besides, this model presents mixing.
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4. ECin L63

e e a) obs everyBsteps obs every 24 steps
Astatlstlcal' > s i ST R = T R
summary with 2 : : : .\ if"?’? 057 08?51
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4. Larger models: localization

Larger models require localization. A natural choice for the ETKF

family is grid-point R localization.
o An independent analysis is

_ Observa carried out for each grid-
point considering the
neighboring observations.

The analysis ensemble is
constructed by sets of rows.

R-localization allows for
spatially varying adaptive
inflation (Miyoshi, 2011).

*Figure courtesy of Steven Greybush.
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4. Larger models: localization

(Wl'M)g:j+1]

o (W), s

The transition
between these
matrices must be .
as smooth as
possible from one
point j to the
neighbors j-1, j+1

wg:j—l=

(Wl'.l)g:j (Wl"f')g:j]

(WM'l)g:j (WM'M)Q:J'

This was one of the reasons why the symmetric square root was
used in LETKF (Hunt et al., 2007).
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4. Larger models: localization

Correlation between the local weights of gridpoint 12 and the other gridpoints

Using the 40- ! — |
variable Lorenz
1996 model, let’s
compute the
correlation
among the
weights of 1
gridpoint and all
others.

—0.75

0.99+

LETKF
|
o
o
a1
MPNS-ETKF

—-0.25

0ggl 1 | | | | | | | | | | | | | | | | | | |
1 3 5 7 g 11 13 15 17 19 21 23 25 27 29 31 33 35 37 39
gridpoint

-05

The randomly rotated ETKF cannot be applied directly, since a smooth
transition among weight matrices (W) of neighboring gridpoints is not
guaranteed.
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4. Larger models: localization/inflation

Using L96, we perform experiments observing (a) all variables and (b)
every other variable using R-localization and adaptive inflation. The
observations are taken every 2 model steps (R = I).

No perceivable difference in analysis RMSE is noted. What happens

with the rank verification of truth?
Rank histograms. M=10, 3=4
1200 . T T

~e-s.4 || Inflation can lead
—&— NS, all [

~+-5e || toover-dispersive

—F— N3, eo [] .
\ ensembles in all
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settings.
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4. Larger models: localization/inflation

The inflation is adaptive. Why are the ensembles overdispersive?
It is tough to find the optimal inflation, it is close to filter divergence.

RMSE LETKF

[ ]

[y}

localization radiusy,

.01250.025 0.0375 0.05 0.06250.075 0.0875 01 011250125
inflation 5




3. Larger models: a simplified AGCM

SPEEDY (Simplified Parameterizations, primitivE-Equations
Dynamics, Molteni 2003)

- Time step is 40 minutes.
- Model variables: u, v, T, g, ps

- Spectral model with T30L7 resolution using c-coordinates.
OBSERVATION STATIONS (REALISTIC NETWORK NOBS=415)

EC in determinist




3. Larger models: a simplified AGCM

Computing analysis RMSE and sample skewness for all variables.
2 months of experiments, M=20, R-localization and adaptive inflation.

950 hPa 835 hPa 685 hPa 510 hPa 340 hPa 200hPa 80hPa 950hPa 835hPa 685hPa 510hPa 340hPa 200hPa 80hPa
[T T T T T T T T T I T ] 0-1_I T T T T T T T T T T T T |_
-IIIIIIII}IIIIIJO-IEEEIEEEEEI;IE-

ET NS ET NS5 ET NS ET NS ET NS ET NS ET NS EIT NIS EIT NIS EIT NIS EIT NIS EIT NIS EIT NIS EIT NIS
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For some variables (T and q) we get asymmetric ensembles.



3. Larger models: a simplified AGCM

SPEEDY: What happens with 7?

950 hPa 835 hPa 685 hPa 510 hPa 340 hPa 200hPa 80hPa

950hPa 835hPa 685hPa 510hPa 340hPa 200hPa 80hPa

0.2 .
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Asymmetric ensembles mainly in the tropics and in the SH. This does not
seem to affect RMSE.
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5. Summary

* Clustering is not an irreversible phenomenon of (deterministic)
EnSRFs. It is intermittent.

* The local (in time and space) nonlinear expansion/contraction of
the ensemble triggers/reverses clustering.

* As the model grows, the persistence of clustering is shorter.

* We only found EC affecting the performance (in terms of RMSE)
of data assimilation when the ensemble size is much larger than
the state dimension (M>>N).
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5. Summary

* Non-symmetric solutions of the ETKF do not present clustering.
Nonetheless, they lose track of individual trajectories.

* For R-localization, it is indispensable to have a symmetric solution
(for smoothness). One can apply rotations as an extra step.

* When localization and inflation are used, their effects tend to
dominate and clustering is more difficult to find.

* In a simplified AGCM we find evidence of asymmetric ensembles
for some variables, but this does not affect the RMSE. No episodes
of clustering were observed.
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