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1.  (a) Starting from the Boussinesq form of the vertical momentum 

equation 

𝑓0
𝜕𝜓𝑔

𝜕𝑧
= 𝑏′, 

where 𝑏′ is buoyancy and 𝜓𝑔is geostrophic streamfunction, 

and given the vertical component of vorticity 
𝜉 = ∇2𝜓𝑔, 

derive an expression for thermal wind balance that includes 
the vorticity term.  

[6 marks] 
 

 (b) By assuming a horizontal sinusoidal pressure perturbation 
field, derive the relationship between pressure perturbations 
and vorticity. 
 
Similarly, by assuming a horizontal sinusoidal perturbation 
field in potential temperature, derive the relationship between 
the vertical gradient of vorticity and buoyancy. 

[10 marks] 
 

 (c) Consider a cold-cored cut off low pressure system associated 
with a tropopause depression. Considering your answer to (b) 
sketch the wind field associated with this low at both the 
surface and tropopause level. 

[6 marks]  



Page 3 
 

MTMW15/ 2015/16/ A001        Turn over 
  

  
(d) 

 
Using the quasi-geostrophic thermodynamic equation, 

𝐷𝑔

𝐷𝑡
𝑏′ +𝑁2𝑤 = 0, 

and vorticity equation, 
𝐷𝑔

𝐷𝑡
𝜁𝑔 = 𝑓0

𝜕𝑤

𝜕𝑧
, 

derive the equation for the total geostrophic derivative of 
quasi-geostrophic potential vorticity, 𝑞, in adiabatic 
frictionless flow where 

𝑞 = 𝜁𝑔 + 𝑓0
𝜕

𝜕𝑧
(
𝑏′

𝑁2). 

State any assumptions you make. 
 
What can you infer from your equation about changes in 𝑞 
following the flow? 

[12 marks] 
 

 (e) The cut off low (described in part (c)) has a maximum 
potential temperature anomaly of 20 K and height anomaly of 
700 m at a height of about 8 km. The anomalies are 700 km 
across in the horizontal. Assume typical midlatitude values for 
other parameters as required. 
 
Stating your assumptions, estimate the pressure anomaly, 
buoyancy, and relative geostrophic vorticity at 8 km height. 
 
Assuming that the buoyancy anomaly is zero at the surface, 
estimate the value of the quasi-geostrophic potential vorticity. 
 
[Note that an anomaly in geopotential height, 𝑍′, on a 
pressure surface is related to geostrophic streamfunction by 
𝜓𝑔 = 𝑔𝑍′ 𝑓0⁄ ].   

 
[16 marks] 
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2.  (a) Describe the basic state of the Eady model of baroclinic 
instability and briefly discuss its main results in relation to the 
behaviour of observed cyclones. 
 
You should include a sketch of and discussion of the growth 
rate curve in your answer and consider typical values for the 
maximum growth rate of cyclones, and the wavelength at 
which this occurs.  
 
Note that the maximum growth rate and shortwave cutoff in 
this model occur for wavenumbers, 𝑘, of 1.6𝑓0/𝑁𝐻 and 
2.4𝑓0/𝑁𝐻, respectively. 

[24 marks] 
  

 (b) What does the shortwave cutoff imply for the tropopause 
height, 𝐻, for cyclones intensifying through baroclinic 
instability? 

[4 marks] 
 

 (c) A theory for the height of the tropopause states that 𝐻 is 
determined by the criterion that the atmosphere is not unstable 
for Eady waves of any wavelength. Calculate 𝑘 for the largest 
wave that will fit on a latitude circle at 45oN.   
 
Calculate the value of 𝐻 for which this wave becomes stable. 
  
Is this a reasonable value for the height of the tropopause? 
 

[10 marks] 
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 (d)  If Eady waves are not assumed to be infinite in the meridional 
direction, but instead confined to a region of width 𝐿, the 
shortwave cutoff occurs at  

𝐾cutoff =
2.4𝑓0

𝑁𝐻
, 

where 

𝐾cutoff = (𝑘2 +
𝜋2

𝐿2
)
1/2

. 

 

For what value of 𝐿 would the tropopause height be 10 km 
according to the theory in (c). 
 
Discuss whether this is a reasonable theory for the tropopause 
height. 

[12 marks] 
 
3. The Omega equation (written in terms of vertical velocity) is given 

by 

𝑁2∇ℎ
2𝑤 + 𝑓0

2 𝜕𝑤

𝜕𝑧2
= 𝑆, 

where S is a source term that can be written in two different ways: 

𝑆 = 𝑓0
𝜕

𝜕𝑧
(𝐯𝑔 ∙ ∇𝜉𝑔) − ∇ℎ

2(𝐯𝑔 ∙ ∇𝑏
′) + 𝑓0𝛽

𝜕𝑣𝑔

𝜕𝑧
   (1), 

or 
𝑆 = 2𝛁 ∙ 𝐐   (2), 

where in (2) 

𝐐 = −|∇ℎ𝑏
′|𝐤 ×

𝜕𝐯𝑔

𝜕𝑠
   

and 𝑠 is distance along a buoyancy contour. 
 

 (a) Give the interpretation of each of the 3 terms on the right 
hand side in equation (1) and explain what they indicate 
about vertical motion. 

[12 marks] 
 

 (b) Give an illustrative example (including a labelled sketch) of 
how equation (2) can be used to predict the locations of the 
ascent and descent associated with a jet exit region. 

[14 marks] 
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 (c) Using your answer to (b) explain why cyclones that track from 
the southern side of a jet entrance region to the northern side 
of a jet exit region typically intensify rapidly. 

[4 marks] 
 

 (c) Describe an advantage of equation (2) over equation (1) as 
the source term for the Omega equation. 

[4 marks] 
 

 (d) In the presence of latent heating the source term of the 
Omega equation is modified by the addition of extra term 

∇ℎ
2 𝑏̇, 

where  

𝑏̇ =
𝑔

𝜃0
𝜃̇ 

and 𝜃̇ is a latent heating rate.  
 
Consider a midtropospheric (3 km altitude) region of heating 
of 2 Kh-1 and a width of 300 km. Assuming this extra term is 
the only source term in the Omega equation and assuming 
typical midlatitude values where required (state the values 
assumed), estimate the value of the source term. 
 
From this estimate the midtropospheric ascent rate 
attributable to this heating.  

[12 marks] 
 

 (e) Considering the quasi-geostrophic vorticity equation 
𝐷𝑔

𝐷𝑡
𝜁𝑔 = 𝑓0

𝜕𝑤

𝜕𝑧
, 

estimate the change in geostrophic absolute vorticity beneath 
the heating region over 12 hours (neglecting the advection of 
vorticity). 

[4 marks] 
 

(End of Question Paper) 
 


