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1.  
 (a) Starting from these expressions for the vertical component of 

relative vorticity and hydrostatic balance 
 

𝜉𝑔 = ∇ℎ
2𝜓𝑔 

𝑓0
𝜕𝜓𝑔

𝜕𝑧
= 𝑏′, 

 
where 𝜓𝑔is the geostrophic streamfunction, derive the  

thermal wind balance relationship linking the vertical variation 
of relative vorticity to the buoyancy anomaly. 

[4 marks] 
 

 (b)  Consider a warm anomaly at the ground. Describe two 
mechanisms that can generate such a surface anomaly.  
  

[4 marks] 
 

 (c) If the circulation associated with this warm anomaly decays 
with increasing height show, using your answer to (a), that 
this circulation must be cyclonic (assume Northern 
hemisphere). 
 

[6 marks] 
 

 (d)  Consider a thermal wave at the ground composed of 
alternating warm and cold anomalies propagating on a 
background temperature gradient typical of that of the 
Northern Hemisphere. The temperature anomalies are 
advected by the winds that they induce.  
 
Draw sketches to demonstrate how this occurs. State the 
direction in which the thermal wave propagates.  
 

[10 marks] 
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 (e) A mathematical expression for the structure of the 
geostrophic streamfunction associated with the wave is given 
by  

𝜓𝑔 = 𝜓0 sin(𝑙𝑦) sin(𝑘(𝑥 − 𝑐𝑡))exp (−
𝜅𝑁𝑧

𝑓0
), 

 
where 𝜓0is a constant, k and l are the horizontal 

wavenumbers, 𝜅2 = 𝑘2 + 𝑙2, and c is the phase speed.  
 
Calculate the percentage reduction in amplitude of the wave 
at 10 km height given that the thermal anomalies have a 
wavelength of 1000 km. Assume typical midlatitude values for 
parameters where required and state your assumptions. 

[9 marks] 
 

 (f) Derive expressions for the buoyancy and meridional wind 
component associated with this wave. 
 
On a vertical cross-section (with axes of z and kx) sketch 
contours showing the potential temperature and meridional 
wind structure. 
 

Explain why this wave does not lead to net polewards heat 
transport. 

[13 marks] 
 

 (g) Given that the thermal wave has an amplitude of 10 K 
evaluate the magnitude of the associated pressure 
perturbation at the ground.  
 

[4 marks] 
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2.  
 (a) Sketch the potential temperature and circulation associated 

with an upper-tropospheric positive potential vorticity anomaly, 
indicating the variation with both height and horizontal 
distance. 
 

[6 marks] 
 

 (b) The potential vorticity anomaly relative to a resting background 
state is related to the geostrophic streamfunction, 𝜓𝑔, by 

 

𝑞′ = ∇ℎ
2 𝜓𝑔 + 𝑓0

2 𝜕

𝜕𝑧
(

1

𝑁2

𝜕𝜓𝑔

𝜕𝑧
). 

 
Consider an anomaly of magnitude 𝑞′ = 2 × 10−4 s-1 and 

horizontal and vertical scales of 𝐿 = 500 km and 𝐻 = 5 km 
respectively. Using scaling arguments and typical midlatitude 
values for parameters where required, estimate  𝜓𝑔 and so the 

magnitudes of the wind and potential temperature anomalies 
associated with this potential vorticity anomaly. 

[16 marks] 
 

 (c) The quasi-geostrophic Omega equation is given by 
 

𝑁2∇ℎ
2𝑤 + 𝑓0

2
𝜕2𝑤

𝜕𝑧2
= 𝑓0

𝜕

𝜕𝑧
(𝐯𝐠 ∙ ∇ℎ𝜉𝑔) − ∇ℎ

2 (𝐯𝐠 ∙ ∇ℎ𝑏′) + 𝑓0𝛽
𝜕𝑣𝑔

𝜕𝑧
 

 

where the three source terms are on the right hand side of the 
equation and the subscript h indicates horizontal components. 
 
If the potential vorticity anomaly defined in (b) is moving East 
explain, using the Omega equation and considering the 
differential vorticity advection source term, why vertical motion 
is expected and where ascent and descent are likely to occur 
relative to the anomaly.  
 
 

[10 marks] 
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 (d) The quasi-geostrophic horizontal momentum equations are 
 

𝐷𝑔𝑣𝑔 + 𝛽𝑦𝑢𝑔 + 𝑓0𝑢𝑎𝑔 = 0   

𝐷𝑔𝑢𝑔 − 𝛽𝑦𝑣𝑔 − 𝑓0𝑣𝑎𝑔 = 0, 

 
where 𝐷𝑔is the Lagrangian time derivative given by  

𝐷𝑔 =  
𝜕

𝜕𝑡
+ 𝑢𝑔  

𝜕

𝜕𝑥
+ 𝑣𝑔

𝜕

𝜕𝑦
 and the subscripts 𝑔 and 𝑎𝑔 refer to 

geostrophic and ageostrophic wind components respectively. 
 
Using these equations and the continuity equation derive the 
following equation for quasi-geostrophic absolute vorticity: 
 

𝐷𝑔𝜁𝑔 = 𝑓0
𝜕𝑤

𝜕𝑧
. 

[10 marks] 
 

 (e) Assume that the vertical motion in (c) can be expressed as 
 

𝑤 = 𝑤0 sin (
𝜋𝑧

𝐻
) 

 
where the maximum vertical velocity, 𝑤0 = 20 cm s-1 and 𝐻 is 
as defined in (b). Using the quasi-geostrophic vorticity 
equation estimate the geostrophic Lagrangian rate of change 
of absolute vorticity at the ground. 
 
  
How long (in hours) would it take to spin up absolute vorticity 
of magnitude equal to the typical value of planetary vorticity in 
the midlatitudes? 
 
 

[8 marks] 
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3.  
 (a) Consider a front aligned along the y-axis. Show the 

circumstances under which the absolute momentum,  
𝑀 = 𝑓𝑥 + 𝑣𝑔, is conserved. 

 
In a moist environment the frontal surface can be defined as 
the slope of surfaces of either equivalent potential 
temperature, 𝜃𝑒, or absolute momentum, 𝑀. Derive 

expressions for these slopes and show that they can be 
expressed as 
 

(
𝑑𝑧

𝑑𝑥
)

𝑀
= −

ℱ2

𝒮2  

(
𝑑𝑧

𝑑𝑥
)

𝜃𝑒

= −
𝒮2

𝒩𝑠
2 

where ℱ2 = 𝑓 (𝑓 +
𝜕�̅�

𝜕𝑥
) = 𝑓𝜁,̅ 𝒮2 =

𝜕𝑏′

𝜕𝑥
= 𝑓

𝜕�̅�

𝜕𝑧
, and 𝒩𝑠

2 =
𝑔

𝜃0

𝜕�̅�𝑒

𝜕𝑧
 

and the overbar indicates the basic state flow which is 
independent of time and direction y. 
 

 [16  marks] 
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 (b) The dispersion relation for small amplitude perturbations of 

the form 𝜓 = 𝜓0𝑒𝑖(𝑘𝑥+𝑚𝑧)+𝜎𝑡 to a geostrophically balanced 
front is 

𝜎2 =
−ℱ2 + 2𝒮2𝛼 − 𝒩𝑠

2𝛼2

1 + 𝛼2
 

       

where 𝛼 = 𝑘
𝑚⁄  is the aspect ratio and 𝛼 ≪ 1 if the hydrostatic 

approximation is made. 
 
Identify the criterion for the solutions to be unstable (making 
the hydrostatic approximation) and show that this can be 
expressed as 

ℱ2 <
𝒮4

𝒩𝑠
2 

 
Show that this criterion can be expressed as 

Ri <
𝑓

𝜁̅
 

where Ri is the Richardson number given by Ri = 𝒩𝑠
2 (

𝜕�̅�

𝜕𝑧
)

−2
  

(assume 𝑓 𝜁̅ > 0⁄ ). 
 

 [12 marks] 
 

 (c) By calculating the Richardson number for the following data 
from a certain frontal rainband determine whether the 
atmosphere is unstable to conditional symmetric instability 

(CSI): 
𝜕�̅�

𝜕𝑧
= 10−2s-1, 𝜁̅ = 0.7𝑓, and 𝒩𝑠

2 = 5 × 10−5s-2. 

[6 marks] 
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 (d) By consideration of the observed properties of convection, 

state why it is reasonable to take 𝑓 = 0 in the growth rate 
equation in (b) if we want to apply it to extratropical 
convection. 

[4 marks] 
 

 (e) Write down the growth rate equation for 𝑓 = 0 and hence 
deduce the convective instability criterion. 
 
Why does this growth rate equation suggest that the linear 
theory is inappropriate for describing atmospheric 
convection? 

[8 marks] 
 

 (f) Which processes, if included in the theory, could improve its 
predictions? 

[4 marks] 
 

 
 
 
 
 

(End of Question Paper) 
                  


