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1. The mass continuity equation can be written:
%)
L +V.(pu) =0
ot

a) Show what this equation implies for the total mass contained
within a fixed volume when the velocity across the boundary of
the volume is zero.

[8 marks]

b) Calculate the rate of change in density following a fluid parcel
at an instant when the density is 1.2 kg m™ and the velocity
divergence is 10° s™.

[7 marks]

c) Draw the streamlines associated with the steady flow with
velocity components u=axand v=—ay.

[6 marks]
d) Small, unsteady velocity perturbations are now added to this
flow. Describe briefly how two neighbouring trajectories can
differ from the streamlines, using a sketch, and the implications
for fluid behaviour.

[5 marks]
e) The dispersion relation for barotropic Rossby waves is:
k
@ =Uk~ %
(k= +1%)
where U is a uniform zonal flow and k and | are the
wavenumbers in the zonal and meridional directions
respectively.
Explain what the parameter 8 means.
[3 marks]

f) Derive an expression for the group velocity of Rossby waves
from the dispersion relation and show that its zonal component
is greater than the zonal phase speed of the waves.

[14 marks]

g) Discuss the implications of difference in group and phase
speeds for the behaviour of Rossby waves in the mid-latitude
westerlies.

[7 marks]
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2. a) Show that a fluid parcel displaced upwards by distance sz differs
in potential density from its environment (of potential density p,) by:

ap,
op,=——201
Lo oz

stating carefully any approximations that you make.

[10 marks]

b) When is the environmental profile statically stable? Why?
[5 marks]

c) The vertical momentum equation can be written:
Dw ] p, 1op

Dt p, P Oz
Neglecting the effects of pressure perturbations, show that the
frequency of oscillation, N, of disturbed fluid parcels is given by:

N2:_ g aIOe

p. OZ

[12 marks]
d) Disturbances to a shallow layer of fluid initially at rest can be
described by the linearised shallow water equations:

ou _oh
E__g OX
o _oh
oy

oh’ ou ov
=—H| —+—
ot ox oy

where H is the average fluid depth and h' is a perturbation to it.
Show that waves of the form h'=he' ™" obey the dispersion

relation:
o* = gH (k* +1?)
[12 marks]
e) Calculate the angular frequency, w, for an external gravity wave
with a total wavelength of 200m on top of a dense fluid layer with
average depth 20m. How does it compare with the fastest internal

gravity wave frequencies in the atmosphere?
[11 marks]
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3. The vorticity equation for a rotating fluid can be written in the form:
o¢ VpxVp
8—;=—(g.V)§—§(V.g)+(g.V)g+ N (Eqn. 3.1)

(1) (2) 3) (4) (5)

where ¢ is the absolute vorticity vector, but uis the velocity relative
to a rotating frame of reference.

a) Give a physical description of each of the 5 terms in Egn (3.1)

and sketch the two mechanisms changing vorticity via term (4).
[10 marks]

b) Consider a laboratory experiment where a tank contains water
which rotates with it at rate Q about a vertical axis. The water
Is now disturbed by stirring gently for a short time while still
rotating. Show that the full vorticity equation reduces in this
situation to:

(Q -V)Q ~0 (Eqgn. 3.2)
stating carefully your reasoning and approximations made.
[18 marks]
c) Describe what happens to the distribution of dye that is
dropped into the rotating tank and compare it with the evolution
of dye when the fluid is not rotating. Use Equation 3.2 to
explain why there is a difference in the two experiments.
[10 marks]
d) Under scaling appropriate for large-scale atmospheric flow, the
vorticity equation is well approximated by:
DS _ . ow
Dt ‘&z
Where ¢ is the vertical component of relative vorticity and f, is
the value of Coriolis parameter at a reference latitude.

Estimate the vertical velocity in the mid-troposphere
associated with the spin-up of cyclone vorticity from 0.1f, to

0.4f,in one day.

[12 marks]
[End of Question paper]
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