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Part 1. Quasi-small-angle scattering using the photon variance-covariance method
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ABSTRACT

A fast, approximate method is described for the calculatibthe intensity of multiply scattered lidar returns fronoatls.
At each range gate it characterizes the outgoing photoritition by its spatial variance, the variance of photordiion and
the covariance of photon direction and position. The rasuthat for anN-point profile the calculation is @) efficient yet
implicitly includes all orders of scattering, contrastingth the ON™/m!) efficiency of models that explicitly consider each
scattering order separately for truncationredrder scattering. It is also shown how the shape of theestagt phase function
near 180 may be taken into account for both liquid water droplets ar&particles. The model considers only multiple-
scattering due to small-angle forward scattering everttigiwnis suitable for most ground-based and airborne lidaestd their
small footprint on the cloud. For spaceborne lidar, it musstdiin combination with the wide-angle multiple scatteningdel
described in Part 2 of this two-part paper.

1. Introduction | = No attenuation (regime 0) Footprint X
. . ---- Single scattering (regime 1)
Lidar and radar have been used extensively from t --- QSA multi-scattering (regime 2)
— Full multi-scattering (regime 3)

ground to study clouds (Ackerman and Stokes 20C-
lllingworth et al. 2007) but from space (Stephens et ¢§
2002; Winker et al. 2003) the interpretation of thg
backscattered signals is made more complicated by
much larger instrument footprints, which result in
greater fraction of the detected photons having undergc
multiple scattering. It was shown by Hogan et al. (200
that if consideration of lidar multiple-scattering effeeatre
omitted in combined radar-lidar retrievals of ice clouds

from space then the retrieved optical depth will be undefis;. 1: Depiction of the four scattering regimes that activesses en-
estimated by around 40%. This two-part paper present®anter, as discussed in the text. The axes on the left itedibe ap-
new method for modeling such returns that is fast enou ent backscatter that a nadir-looking instrument_ wolldgeove in_ a
to be incorporated as a forward model in cloud retrievgﬂ%%gﬁgﬁf é’esp?é?: tﬁgcr:‘;‘éﬂ g‘egiczrigtr?fgffh“er éﬁ)gJ?(e;}OLNm
schemes (e.g. Donovan et al. 2001; Delanoé and Ho@@dashed arrow showing the trajectory of a photon subjeatduasi-
2007), small-angle (QSA) forward scattering event on both the aingy and

By way of an introduction to the problem of multipléet“m journey, but only one large-angle scattering evéhe thin solid
row shows the trajectory of a photon subject to wide-asghgtering

Scattering’ we consider the four Scattering regimes t@r re being returned to the receiver; in this regime theagath length
may be experienced by active remote sensors; a Simigafis to the photon appearing to have originated below thedcl The
taxonomy was provided by Nicolas et al. (1997) but omylevant regime is determined by whether such returnedoplkatypi-
for lidar. The regimes are shown schematically in Fig.Cf!ly lie within or outside the receiver footprint.

and are as follows:

0. No attenuation.The trivial case occurs when theyaye radar observations of light to moderate rain.
optical depth of a mediund < 1, and the apparent 1 gingle scatteringln an optically thicker medium,
backscatte (or in the case of radar, the apparent radar fgrovided that any scattered photons leave the field-of-
flectivity factorZ) is equal to the “true” backscatter of thejiew of the receiver and are not detected (except those in
mediumf (or Z) and can be interpreted unambiguouslyhe exact backscatter direction), the apparent backscatte
This is the case for lidar observations of thin aerosol lagheasured at a rangés given simply by
ers, mm-wave radar observations of ice clouds and cm-
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Logarithm of apparent backscatter

B(r) = B(r) exp[—25(r)] , 1
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experienced by a ground-based lidar observing an opti- There is extensive literature on methods to model QSA
cally thick aerosol layer, a mm-wave radar observing ligaultiple scattering. The simplest method was proposed
uid clouds, and a cm-wave radar observing heavy rain.by Platt (1973), who introduced a temyinto (1) to obtain

2. Quasi-small-angle multiple scatteringn the case .
of lidar, where cloud particles are typically much larger BY(r) = B(r) exp[—2n&(r)], 3)
than the wavelength, Babinet’s principle states that half
of the extinguished energy is scattered into a narrow fyhere the superscriptl” is used to distinguish between
ward lobe of Ve half-width ® = A/(ma), whereA is this “quasi-direct” return and the return due to wide-angle
the wavelength and is the radius of the particle (van descattering in Part 2. The value of can vary between
Hulst 1957; Hogan 2006). For typical ground-based lidar(the single-scattering limit) and 1/2 (the wide field-of-
observations of ice and liquid clouds, and spaceborneMiew limit). The latter case corresponds to all the photons
dar observations of ice clouds and aerosols, the fieldibfthe forward lobe remaining within the receiver field-
view is such that these quasi-small-angle (QSA) forwar@f-view; thusn has the effect of reducing the effective
scattered photons may remain within the field-of-vie@ptical depth such that these photons are treated as if they
of the detector and contribute to the apparent backsd@d not been scattered at all. If the medium is represented
ter, whereas photons that experience Wide-ang|e Scaﬁy’anN-point profile of extinction values, then the calcu-
ing will typically be transported outside the field-of-vieWation of (3) is ON) efficient. However, the problem with
such that they are not detected. As the distance traveledfti§ approach is that forward-scattered photons progres-
photons that have only undergone QSA scattering is é}ﬁlew escape from the field-of-view with increasing dis-
proximately the same as unscattered photons, the timéagice downstream of the scattering event, implying that
travel can still be converted unambiguously into the dighould increase with range. Unfortunately, there is no sat-
tance of the target from the instrument, even though tig&actory theory for deriving) and its range dependence
intensity is more difficult to interpret. The condition fofor @ particular lidar geometry and scattering phase func-

this behavior to occur is tion.
Eloranta (1998) took a more rigorous approach, ex-

0 < X < |, (2) plicitly calculating each scattering order separatelys Hi
algorithm achieved Q{™/m!) efficiency when consider-

whereX is the width of the “footprint” projected by theing up tom orders of scattering. Hogan (2006) (here-
field-of-view of the receiver at the range of the targedfter HO6) used Eloranta’s approach for double scattering,
Is = 1/asis the scattering mean-free-path,is the scat- but treated all orders of scattering above second order to-
tering coefficient], = Is/(1 — @g) is the transport mean-gether in such a way that the whole algorithm wasl&)(
free-path,& is the single scattering albedo agds the efficient. This was achieved by modeling the variance and
asymmetry factor defined as the average cosine of ttevariance of photon position and direction. It was found
scattering phase functiog:= (cos6). to be typically as accurate as Eloranta’s algorithm taken

3. Wide-angle multiple scatteringVhenX is of the to 5th order, but much more efficient.
same order or larger thap then wide-angle scattered In section 2 of this paper it is shown that the HO6
photons may remain within the field-of-view and be denethod can be regarded as one of a family of “photon
tected, but with a time delay that makes them appeanariance-covariance” (hereafter PVC) methods, a new ex-
have originated at a range beyond the distance to whanple of which is then presented that achievel )Cfi-
they actually penetrated. This “pulse stretching” is Hlugiency with only a small reduction in accuracy compared
trated in Fig. 1 and is particularly visible in spaceborre lio HO6. In section 3 the extra calculations necessary to ac-
dar observations of liquid water clouds (Platt and Winkepbunt for anisotropic scattering in the near-28drection
1995), but is also apparent in observations by the Cloun) liquid water droplets and ice particles are described.
Sat 94-GHz radar in deep tropical convective precipitatidinis is followed by comparisons with existing methods
(Battaglia et al. 2007). for QSA multiple scattering in section 4. An fast approxi-

Part 1 of this two-part paper presents a very fastate method to estimate the Jacobian is then presented in
method for calculating QSA multiple scattering (Regimsection 5, which is necessary if this method is to be used
2 above), which is suited for application on its own tas the forward model in a variational retrieval scheme (e.g.
ground-based lidar. Part 2 (Hogan and Battaglia 20@¢lanoé and Hogan 2007).
then presents a method to model wide-angle multiple scat-
tering (Regime 3 above) using the time-dependent tw®- M ethod
stream approximation. Even in Regime 3, the apparent
backscatter in the first few optical depths of penetrati@n
into the medium are dominated by scattering in Regimes The main scatterers that are important for lidar are
1 (for radar) or 2 (for lidar), requiring a hybrid approactcloud particles, aerosols and molecules. We denote the
This is described fully in Part 2. combined extinction coefficient of all scatterers and ab-

Introductory considerations



sorbers versus range a¢r). However, only cloud par- exponentis due to the doubled optical depth of the equiv-
ticles are sufficiently large compared to the wavelengihent medium.

to produce a narrow forward lobe in the phase function. The main task of the algorithm is to estimate the distri-
Since in Part 1 we are only concerned with QSA mubution of forward-scattered photons as a function aifd
tiple scattering, we introduce the “QSA extinction coeb. It is convenient to treat the forward-scattered photon
ficient”, a%(r), to represent the extinction that is causedistribution as the sum of several separate distributions
only by cloud particles. It should be noted that the ofE,, Ey, etc.), such that the “combined” distribution (un-
tical depth in (1) is defined in terms of the total extincscattered plus forward scattered) is given by

tion: o(r) = for a(r)dr. The scattering by aerosols and

molecules (and the component of scattering by cloud par-  E(1:S) = Eu(r;8) + Ea(r,8) + Eo(r,8) + -+, (6)

ticles that is not in the forward lobe) can still contribu'qarom which the apparent backscatter may be calculated
to multiple scattering, but only in the wide-angle regim ection 2d). In the case of the HO6 algorithEa,would

addrggseq n Par_t 2. Note that for radar, even the .Iar. epresent photons forward scattered only a single time
precipitation particles are too'small to pr.oduc'e a SIgNM e those that contribute to double scattering) wiile
cant forward lobe, so any multiple scattering will be in t ould represent photons forward scattered multiple times.

wide-angle regime' . L These distributions can be characterized by their total en-
The formulation of the algorithm is simplified by theergies P, P, etc.) and spatial variances’{ <., etc.)

use ogthet‘;equ|¥glengmeg|um§2\eorem",_wh|c_h haKs beWﬁich are functions of alone. It is convenient to nor-
proved to e valid under the QSA approximation (Katse»ie the energies by the energy in the unscattered beam

et al. 1997; Bissonnette 2005). This theorem states tQal, 1P — P/P, and similarly forP, etc. The normal-
the backscatter measured in a medium is the same as th}éad energies an(; the variances the; sat'isfy

from an equivalent hypothetical medium that has twice the
extinction and scattering coefficients (but the same phase P = 1+P+P+--; (7)
function) as the true medium on the outward journey, but P — P, +PF +BF+---. 8)
zero extinction and scattering on the return journey. Thus
the two-way problem is transformed into a simpler oné-turns out that the easiest way to calculate the variables
way propagation problem. describing the forward-scattered distributions is to first
The following assumptions are made in common widlculate the corresponding variables for the full distrib
Eloranta (1998) and HO6: (i) both the laser divergenten, I3(r) ands(r). Note that these variables have exact
and the forward-scattering lobe from a distribution of pagefinitions even though it is not implied that the full dis-
ticles may be represented as Gaussians, (ii) the extra pethution has a particular form (such as Gaussian). The
length of multiply scattered photons may be neglectathrmalized total energy of the combined distribution is
(iii) the lidar is mono-static so that the problem has agiven by
P f r
;r::]uetr;ales.ymmetry, and (iv) all angles are small such that B(r) = exp [/0 aq(r’)dr’} ’

)

b. Calculation of the energy and variance of the outgoiﬁN hi(.:h expresses the fact that fqrward scatte_ring by CIQUd
. Shoton distibution p%mcles has the effe_ct of rgducmg t_he eff_ectlve extorcti
by a factora®/2, leading toP increasing with range. The

Using similar nomenclature to HO6, we consider @se of the equivalent medium theorem leads to a doubling
laser transmitter that emits a short pulse of total en&gyof thea?/2 factor when used in (9).
in a Gaussian beam with gé@angular half-width ofpy. The bulk of this section is concerned with how to cal-
At a distance from the instrument, the energy density O(Eulate§(r) exactly, subject to the assumptions given at
outgoing unscattered photons (in 3 #in the equivalent the end of section 2a. In order to do this withN) (effi-
medium is a function of and the distance perpendiculagiency, it is necessary to keep track of two other variables,

to the laser axiss: the variance of photon directioZ?(r), and a variable rep-
P resenting the covariance of photon position and direction,
Eu(r,s) = _“(r) exp {__ ] , (4) C%(r). We require differential equations to express how
Ty (r) Su(r) these variables vary with range. Consider first the spatial

riance, which is the sum of the variances in the two or-
ogonal directionss? = x2 4 y2. Figure 2 shows that if

a photon travels away from the lidar a short distance d
2 (r) — (22 then its lateral distance in thedirection changes by

Su(r) = pyr”, )

. . \
where the variance of the lateral distance of the unscal
tered photons to the lidar axis is

, . dx = . 10
and the total unscattered energy reaching rangs Cx (10)
Pu(r) = Pyexp[—23(r)]. Note that the factor of 2 in the Note thatC< was written as( by H06, which is not strictly correct.




Thus the evolution o€% depends on the evolution 6f.

The propagation angle of photons within the distribution
under consideration is only changed by QSA forward-
scattering events, because wide-angle scattered photons
are lost from the distribution. As the distribution propa-
gates through the medium, the effect of forward-scattering
is to increase the variance of photon propagation angle.
HO6 showed that the standard deviation of the scattering
angle may be defined & = A/(mag), whereag is the
equivalent-area radius of the size distribution such that
maZ = (G), and(G) is the mean cross-sectional area of
the scattering particles. Thus the evolution(dfis gov-
erned by

dZz = a9e%dr. (15)

Note that in this equation there has been a cancellation
of the factor of 2 due to the use of an equivalent medium
by the factor of 1/2 due to the fact that only half of the
extinguished energy ends up in the forward lobe.

In practice, the variablez? and@? are defined at dis-
crete points in range, so it is necessary to numerically in-
tegrate (12), (14) and (15) forward together. It is assumed
that the values at range gatea and ©?, are constant
between the ranges_ 1, andri..,,. Before the photons
FiG. 2: Schematic of the trajectory of a single photon (thicle)ifn h_ave encou_ntered any QSA scatterers, the three variables
one of the two directions perpendicular to the lidar axisn(tertical {2, C% ands? are the same as for the unscattered distri-

line). At ranger the photon has a distanaefrom the lidar axis and an p,tion and are determined by the geometry of the instru-
anglelx with respect to it. It is then scattered by an an@le If it is = S5

subsequently scattered back towards the lidar, then trettésing co- MenNt such thaf? = 7, = pi, C* = CF = rpf and

angle” is denoted byx. Note that thex axis has been exaggerated wittg? = SZU = r2pt2r (Hoga_n 2006)_ Given the values of these

respect to the axis in this diagram, as in practice all of these angles a{gyriables at half-gate— 1/2’ we may calculate them at

small. The same diagram could be drawn in theplane to define the half-gatel - 1/2 foll First int te (15

variablesy, Zy, 8, andy,. -gatel +1/2 as follows. First we integrate (15) across
the range gate to get

Hence 1o = Gy +0O7AN, (16)
dx? = 2xdx = 2x,dr. 11 _
L _( ) whereAr; = riz1, — ri_12. Next we substitut€? =
Taking the mean over all outgoing photons yielas & ?H/z + af'©2 x (r —ri_y2) into (14) and integrate:
2xLxdr. By definingC% = xx + y{,, we obtain
12
S _ 73
ds? = 2C%dr. (12) Gl = Glipt /r | ¢2dr
—= _ S 72 272
Thus the evolution 08 depends on the evolution of the = Gl + 83y 0n +ale7Ar /2. (17)
covariance ternC%. To calculateC%, we first consider

Likewi [ i f (12 i
the evolution of(x(x). By definition lkewise, by integration of (12) we obtain

ip = ?i_1/2+2C|551/2Ni

d(x¢x) = Lxdx + xdiy. (13)
+ By 0r7 +ale?ar /3. (18)

Substituting (10) into the first term on the right hand side o ) ) )
and averaging over all photons yielde(g = 2dr. The Due to modifications made to these variables in section

second term on the right hand side of (13) has disaﬁac-’ it is necessary to define the “sequential” form of (9) as
peared in the averaging process, becad&erebrefsents |f’.+1/2 _ FA’._l/z exp(alAr). (19)

the change in propagation angle due to a scattering event,

which is uncorrelated to the position The definition Therefore, sequential application of (16)—(19) allos

=2+ Cthenyields 72, C% and<? to be calculated at each half-gate.
- The strength of this method is that arbitrary orders of
dC% = Z2dr. (14) scattering are represented without having to model each of
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x 10 tinctly “leptokurtic”. The disagreement is especially ev-

= Explicit ;\0'15 ident fors < X/2, indicating that apparent backscatter
6 Hogan (2006) || 'g would be significantly underestimated. This is despite the
‘.“;‘5 _ paussan 4 Gaussian having both the correct energy (i.e. the total area
=k ~_Receiver FOV || ¢ 0.1 under the curve in Fig. 3b) and variance.
24t @ A more sophisticated representation of the photon dis-
g é tribution is clearly needed. The gray solid line in Fig. 3
‘;3 \ = shows the approximation employed by HO6, which used
T2l 2005 an explicit treatment of double-scattering (correspogdin
w A\ B to a Gaussian for each of the possible locations at which
! @) \ § : photons could be forward scattered) but treated all higher-
0 0 1 order scatterings by a single Gaussian. The distribution
O | ateraldistance s () O Laeraldsances oy IS represented significantly better. It is now shown that

almost the same performance can be achieved with only
FiG. 3: (a) Lateral distribution of outgoing forward-scateygnoton en- tWo GaussiansH, and Ep), thereby avoiding the nested
ergy (normalized by the transmitted energy) for light thas penetrated loop required by HO6.

to an (equivalent-medium) optical depth of 3 in a homogesenadium The problem with the single-Gaussian representation
with a forward-scattering lobe of widt® = 0.015. The initial pho- . . . — .

ton distribution has a lateral standard deviatiorp@f = 5 m. (b) The is that although its variancg, is calculated exactly, this
same but after azimuthal integration (i.e. multiplication 2rs). The variable is often dominated by the contribution of pho-
thick black line is from an explicit calculation taken to firder scat- tons that have escaped from the receiver field-of-view and
tering, consisting of the sum of over 8000 Gaussians, reptig) each contribute nothing to the apparent backscatter. What is re-
of the possible combination of the ten range gates in whichatgn . . . o

could be forward scattered. The remaining solid and dashes tepre- duired is some way to model just those photons within the
sent the various approximations discussed in the text. Oitediline at field-of-view. This is achieved by carrying out the proce-

s = 7.5 mindicates the receiver field-of-view half-width correaging dyre described in section 2b twice, the second time with
to a footprint full-width ofX = 15 m. an adjustment after each range gate to ensure that implied

width of the single GaussiaB, does not exceed the re-

them explicitly. The use of the differential equation (15§eiver foo_tprint Wldth _at that helght If it does then each
and its subsequent integration over a range gate in (gé he variables is adjusted to remove those photons that

even allows a photon to be scattered several times witHff"® Scattered too far outside the field-of-view. So at half-
a single range gate. gatei + 1/2, application of (16)—(19) yields the variables

describing the full distributiof?, &2, C% andZ2. These are

c. Estimation of the shape of the forward-scattered dist§Sed to calculate the corresponding variables of the single
bution GaussianR,, $2,, C& andZ?,) via (7) and (8) but without

The previous subsection has shown how the ene|I 0" terms. Note thaCSZ. andZ? are weighted averages
and variance of the full photon distribution may be cal- an analogous expression tp (8.) may be used. The width
culated exactly. The simplest strategy for estimating t gthe forward-scattereq distribution |s.then.tested tp see
contribution of multiple scattering to apparent backsmat it exceeds the half-width of the receiver field-of-view,
would be to treat all forward-scattered photons as a sin 2 = Prof (whert_ar Is the range t_o ga@e+ 1/2) and if
Gaussian of energl, and spatial variance?,, and esti- oes then a scaling factdris defined:
mate these variables from (7) and (8) (i.e. neglecBng S —

&, etc). This approach is tested in Fig. 3, which shows f— { (Prol)*/Sa; Fa < (pfOVr)i . (20)

the forward-scattered photon distribution calculated “ex 1 Fa > (Provl)

plicitly” for a simple homogeneous cloud, along with sev- = ,

eral approximations. The explicit calculation considerdd!'S iS then used to scale the variance and total energy as
all possible ways that a multiply scattered photon couf@llows:

arrive at its destination by recursive application of Egs. — —

15-18 in HOG6, thereby producing the distribution that is 523 - fsfa; (21)
implicitly represented by the Eloranta (1998) method. Pa — fPy, (22)

Since the return journey after backscattering in the
equivalent medium is in vacuum, the apparent backscahere (22) ensures that when the variance is reduced, the
ter is proportional to the area under the curve in Fig. 3igak energy (i.eE, ats = 0) is preserved. The appropri-
up to the vertical dotted line, which denotes the halfte way to scalé2, andC% is less obvious, since these
width of the receiver footprintX/2. It can be seen thatvariables depend on the joint distribution of the four vari-
the single-Gaussian approximation (the gray dashed limbjesx, y, {x and{,, and in particular the-{, andy-{,
does not well match the true distribution, which is digorrelations (no other correlations exist). Using a method



of Monte Carlo sampling from two bi-variate Normal disreceiver. In the equivalent medium, the return journey of
tributions, it has been found that the appropriate scalingsy backscattered photons is in vacuum, so the only pho-
are tons that can be detected by a telescope with a half-angle
" <. field-of-view of py, are those with a lateral distance of
Ea — fC _ (23) ¢ < provt (corresponding to the area under the curve to
2, «— (fp*+1-p323, (24) the left of the dotted line in Fig. 3b). Thus we have

where the correlation coefficient between position and di- Pol E, (r,9) sds

rection is given byp = C¥(s%,4,)~Y2. Equation 24 has B = ﬁlF(r)op,er—d7
logical limits: in the case that position and direction are 0 u(r,5)sds
uncorrelatedg = 0), sampling photons by their position . A . ]
has no effect on the variance of their directiori_épis un- and similarly fory. In (26), the “anisotropic backscatter

féﬁtor“ F can be used to account for a anisotropic phase
f

(26)

changed. Conversely, if they are perfectly correlated th . X . i .
sampling photons by position has the same fractional nction near 1$Q as descnbe_d In se_ctlon 3. However if
fect onZZ. as it does oI the phase function is close to isotropic near18&n we

a a s{mply useF = 1.

After these scalings have been performed at half-gate L : : o
i +1/2, the variables describing the unscattered distribu- Substitution of the appropriate Gaussian distributions

tion are added back on using (7) and (8), and the pro %f—the form in Eq. 4) for botiks, andg, yields

dure in section 2b is repeated to obtain the variables of the _ ~ A1 exp(—p,r2/2)
full distribution at half-gate + 3/2, and so on. Thus we Ba(r) = Ba(r)F(r)Pu(r) 1 f°‘2’ Za ,  (27)
obtain a profile of, ands?, describing a single Gaussian — eXp(—Pioy/Pir)

whose width is constrained by the receiver field-of-view. = . . A . :

The photons removed from the distribution may still COI‘?‘-nd S'”,"'a”y fo.er' I_n SOme cases .the lidar receiver op-
tribute to the backscatter by being forward-scattered bagRtes in the diffraction limit, n which case the.recewer
into the receiver field-of-view. Their energy and widggatem would be better descrlb?d as a"Gausglan/ ef 1
(f’b and?b) may be calculated from (7) and (8) using thEalf—mdth Prov, rather than as a “top-hat” function used
original calculation ofP and &, i.e. without the scaling above. In this case one should use:
expressed in Egs. 21-24. Thus we have two Gaussians . A . 1+ p2/p2
with which to represent the forward-scattered photon dis- Ba(r) = Bu(N)F (PN —=— -
tribution. This is represented by the black dashed line in 1+ Sa/Piof
Fig. 3 and can be seen to be very similar to the HO6 distéiz.e part 2 for further details.

bution up to the receiver half-width. However, the calcu- | praciice, the extinction and true backscatter coef-
lations described in this section areN)(efficient rather fcients will be input on a discrete grid, and care must

than the OK) required by the H06 method. be taken to ensure that the calculated apparent backscat-
_ It should be stressed that other methods are possleis the mean for each layer. This is particularly true
within the PVC framework. For example, if higher ac the optical depth of any individual layer is of order or
curacy were requ3|red than shown by the approximatiofgater than unity because then substantial attenuation oc
in Fig. 3, and OK°) efficiency could be tolerated, then &g within a single layer. We also need to deal with the

promising approach mightbe to use an the explicitmethgthjem thaP and< are calculated on a different grid to
of Eloranta (1998)) for double and triple scattering, but {9 tinction and true backscatter. The numerical details of

represent all higher-order scatterings by a single Gawssigyy this is overcome are presented in the appendix.
using the PVC approach.

(28)

3. Accounting for anisotropic phase functions near

- 180°
The apparent backscattt can be expressed as the .
sum of the contributions from single and multiple scatter- FOT Singly scattered photons to be detected, they must
ing be scattered through exactiyradians, so the backscat-

N ter coefficient is sufficient to determine the intensity of

A B =Bt BatPot--, (25 the return echo. For QSA multiple scattering, small-angle
whereB; = Bexp(—29) is the attenuated backscatter du@rward-scattering events on the outward or return jour-
to single scattering (expressed in terms of true backscatieys mean that photons scattered in the backward direc-
coefficient and the optical depth to the point of obsettion by an angle less thanmay also be detected by the re-
vationd), and the remaining terms correspond to the diseiver. Hence we need to consider the shape of the phase
tributions used to describe the forward-scattered photdosction in the backward direction, and the distribution of
in section 2. To determin@, we need to know the frac-nearst scattering angles that can result in a photon being
tion of photons in distributiori, that are detected by thedetected. This enables the teFmn (26) to be estimated.

d. Calculation of apparent backscatter
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FIG. 4: The scattering phase function of a gamma distributidistfape FIG. 6: The scattering phase function at 08 for distributions of ice
parameter 2) of water droplets for three commonly used hdave- particles of different habits. The thick grey line corresgs to individ-
lengths and three values of effective radiug) ypical of liquid water ual aggregates from Baran et al. (2001); above a maximumrdiioe
clouds. The calculations were performed using Mie theory. (Dm) of 25 um there is no dependence on size so distributions of such
particles would have the same phase function. The remalimiag are
from Yang et al. (2000) for gamma distributions of shape petar 2,

1 with various values of effective diametedd).
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FIG. 5: Droplet scattering phase function in the vicinity of treeckward 00,25 012 0,i5 011 0,65 0
direction, normalized by the backscatter vap{&), versus the scattering Scattering co—angle 16 (radians)

co-angle normalized b (defined in the text). The thin lines correspond
to the same wavelengths and effective radii as in Fig. 4,enthié large FiG. 7: The Yang et al. (2000) phase functions shown in Fig. 6, but

dots correspond to the double-Gaussian fit discussed ilpse®a and after normalizing by the backscatter valpén) (thin lines). The large
represented by (29). dots correspond to the inverse-exponential fit discusssedtion 3a and
represented by (30).

a. Parameterizing the phase function near 180

We first consider the scattering by distributions of ligng co-angle” is defined ag = 11— 6. Figure 5b shows
uid water droplets. Figure 4 shows the scattering phake phase functiop(6) near® = 1, normalized by the
function for three common lidar wavelengths and thalue atd = 1t Note that backscatter coefficient in units
range of effective radius typically found in stratocumwf m= sr-! is defined af = p(m)/41. The abscissa has
lus (Miles et al. 2000). The phase function can be seeraiso been normalized, using the varialediscussed in
exhibit a peak in scattering for scattering andletose to section 2b. It can be seen that the halo always peaks at
1, while at smaller angles the scattering decreases befpre ©.
reaching a secondary peak corresponding to the “halo” The exact shape of the halo depends on the width of
phenomenon. We seek to parameterize the phase functi@ndroplet size distribution, which we would not expect
near@ = 1. Following van de Hulst (1957), the “scatterto be able to retrieve remotely, so instead we parameterize



the shape of the phase function as the sum of a constaeh from the position and propagation angle, the scat-

and two Gaussians: tering co-angle that results in a photon returning to the
receiver can be determined.
p(Tt—y)/p(m) = Up + Uy exg— (V1y/©)?] Consider first the componentpin thex-direction,y.
+ U exg—(Vay/©)7], (29) From Fig. 2 it can be seen that for a single phoyon-

{x — X/r. Taking the square of both sides and averaging
whereU, = 0.2,U; = 0.3,U, = 0.5,V, = 4.0 andV, = over a distribution of photons yields

0.4. This is represented in Fig. 5 as the thick dashed line. = e 35 5,2
It can be seen to fit the actual normalized phase functions Y& = ({x = X/1)2 = G+ %/r" — 2xGy/r. - (31)

to within around 30%. Noting that the two components of co-angle are related

In the case of ice particles, there is some disagreemgy? =2 = \2, and similarly for the other quantities, we
in the literature regarding the nature of the phase functiqgin

with observations te_nding to show m_uch more fe_:atureless V=0 +F/r? — 2C%r. (32)

and flat phase functions than scattering calculations based i ) o

on idealized ice particle shapes. This is illustrated in Fi§his operation may be applied to any distribution of pho-

6: the thin lines show calculations by Yang et al. (2006)"S (€.9.E or Ea in Eq. 6) to obtain the corresponding

for three different shapes over a range of sizes, while tffiance of the co-angle. In practice it is sufficiently ac-

thick line shows the smooth phase function fitted to obs&Mrate and numerically convenient to calculx;ﬁépr the

vations by Baran et al. (2001). This discrepancy is like§Pmbined distributiorE, + Es, thereby producing one

to be due to the fact that most ice clouds are dominatétlue ofF that may be applied in (27) to obtain bdth

by irregular aggregates, possibly compounded by factarsdfy,. Likewise, this value may be applied in other PVC

such as roughened surfaces, aerosol inclusions and disttgorithms, e.g. HOG6.

tions between parallel faces (Baran 2004). The variance expressed by (32) includes all photons
Of principal relevance to this paper is the nature of thieat have experienced QSA forward scattering and are

phase function nedd = 1. Here the Baran et al. (2001Yyeturned to the instrument, even if their returning angle

phase function is isotropic, which can be explained by tieeoutside the receiver field-of-view. To select photons

irregular particles lacking the azimuthal symmetry necesithin the field-of-view an exactly analogous procedure

sary for constructive interference, which is the cause tof (24) is applied: if$2 > pz,r? then the following scal-

the peak in the phase function for spheres. By contrasg is performed:

the Yang et al. (2000) phase functions all exhibit an up- -

turn within 5> of backscatter. Figure 7 shows that when V — <p2@ 11 p2> 7, (33)

normalized by the value at backscatter, all the Yang et al. &

(2000) phase functions collapse on to approximately g qe this timep is the correlation coefficient between
same curve, which is well fitted by the following eXPreSyosition and scattering co-angley — CH(F )12

sion: where the term representing the corresponding covari-

ance is derived in a similar way to (31) and is given b
T —)/P(T) = (1~ W) + Wexp(—y/¥0),  (30) oo cam gor yto (31) and s given by

whe'r eW = 0.89 andy, = 0‘.038.' Unlike thgz nearepeak c. Calculation of anisotropic backscatter factor
for liquid droplets shown in Fig. 5 and indeed the for-

ward lobe for both liquid and ice particles, the peak in the The final step in this section is to calculate the
ice phase function apparently shows little dependenceRjfkscatter correction factér. If the normalized phase

particle size or wavelength (vi@). Its cause is thereforefunctionin the neardirection is written ap(t—y) /(T
difficult to determine. and the distribution of scattering co-angles is descrilyed b

G(y) then we have a convolution

b. Calculation of the distribution of photon co-angles that = p(mt—y)
F=2n / 0 G(y) ydy. (34)
0

contribute to the returned power p

is assumed that the distribution of scattering co-angles

Using an approach similar to section 2b, we now ca}t
culate the variance of the distribution of the photon scal ; )
) X : . iS described by a Gaussian of the form
tering co-angles, weighted by their contribution to the re-
turned power. When coupled to knowledge of the phase 1 V2
function nea® = T, such as the parameterization of (29), G(y) = =y exp(—?> ;
theF term in (26) may be calculated. Note that as we are
considering the equivalent medium, we need only coand the phase function for liquid water droplets may be

sider forward scattering events on the outward journegpproximated by (29), so that integration of the resulting

(35)



expression yields 7 ‘ ‘ T

= New algorithm
U, U, gl --- Platt approximation u=0.75
F=Uy+ — + — . (36) Si - _
2 /02 2 /02 —— Single scattering (u=1)
LHYVi/0F 14 yV;/0 5l Wide field-of-view limit (u=0.5)
This may be substituted into (27). See the appendix | Eloranta to 7th order

how to cope with the fact that is calculated at half-gates
while © is available at full gates.

An additional consideration is the contribution fron: cu3’
molecular scattering, the phase function of which Tt
isotropic in the backward direction (i.& = 1). This 2r
is incorporated by making the average of the moleculal =
and particulate contributions, weighted by their respecti 17 \ / , —

(.

t (km)

backscatter coefficients.
In the case of irregular ice particles, the isotrop 0 e =] 5 = a

phase function ned = 1t predicted by Baran (2004) im- 10 10 10 -1 _110 10

plies simplyF = 1. To apply the Yang et al. (2000) phase Apparent backscatter (M = st *)

functions we integrate (34) over (30) to yield

FiG. 8: Comparison of the calculated apparent backscattehéoste-

nario described in section 4 for a footprint at cloud topXof 10 m.
Fa=(1-W)+W[1-gn/?expg®erfc(g)], (37)

whereg = (y?)¥/2/2y, and erf¢-) denotes the comple-To fully explore the accuracy of the new method, it has
mentary error function. It is important to note that evemeen compared with the Eloranta (1998) model for a wide
with the Yang et al. (2000) phase functioftsis close to range of values. The footprint is related to the telescope
1 for most ice clouds. This is because the equivalent-atesf-angleps,, by X = 2rpsy. In each case the laser half-
radius for most ice clouds exceeds &fl, corresponding angle beam divergence has been segbito= (2/3)piov-

to a forward-lobe widtl® of typically less than 0.003 ra-Figure 8 shows the results for a footprint of 10 m. The
dians. After several forward scattering events, the widtiew algorithm agrees with Eloranta’s model to within 5%
of the co-angle distribution is at most a few times largér the ice cloud and to within 10% in the liquid cloud and
than®. In Fig. 7 it can be seen that for such small cdelow, despite being much more efficient.

angles, the phase function is only slightly reduced from For comparison, the simpler method of Platt (1973) is

its backscatter value. shown for an appropriate value pfand the performance
is much poorer; in particular, this method is unable to rep-
4. Testing of the algorithm resent the fact that close to the top of the cloud the pho-

tons largely stay within the field of view of the receiver,
but further down in the profile they progressively escape,
To evaluate the performance of the method, we coparticularly in the cloud-free areas. It should be noted tha
pare against the method of Eloranta (1998), taken to 7hwoth the new algorithm and the method of Platt (1973) are
order scattering. A test case is constructed consisting@(N) efficient. The other lines in Fig. 8 show the two lim-
a liquid cloud from 1 to 1.5 km, witth = 3 km~* and its within which QSA calculations must fall: the single-
as = 10 um, and an ice cloud from 3.5 to 6 km withscattering limit equivalent tp = 1, and the wide field-of-
o = 0.6 km! andag = 50 um; hence both cloudsview limit equivalent tou = 0.5.
have an optical depth of 1.5. Her&; is the equivalent-  Toillustrate the behavior over a full range of lidar foot-
area radius, defined as the radius of a sphere that pests, Fig. 9 shows the percentage error in the new al-
the same cross-sectional area as the mean cross-sectgoréthm with respect to the Eloranta (1998) model taken
area of the actual size distribution. This scene is ofe- 7th order (treated as “truth”). It can be seen that the
served by a spaceborne 532-nm lidar at an altitude ro&in error is in the liquid cloud for footprints less than
700 km. Molecular scattering is assumed to follow a0 m. This is associated with a tendency to slightly un-
inverse-exponential profile with scale height 8 km andderestimate the peak in the spatial distribution of forward
surface backscatter coefficient of61x 10~ m~!sr-!. scattered photon shownin Fig. 3. For footprints more typ-
All calculations are performed with a vertical resolutioital of spaceborne lidars (e.g. 90 m for Calipso and sev-
of 50 m. eral hundred meters for LITE), the error is much reduced,
The strength of the multiple scattering dependsiplying that this algorithm is well suited to spaceborne
strongly on the width of the lidar telescope footprkt lidar.
on the cloud, which varies by several orders of magni- Figure 10 evaluates the HO6 model. The performance
tude between ground-based and spaceborne instrumenlittle better than the new algorithm in all conditions,pre

a. Comparison against other methods
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FIG. 12: Percentage error associated with neglecting the shiaje

K?i( == . phase function in the near-18@irection for the case shown in Fig. 9.
1+ X ~ \’D' N CoTTTTT T 2 This was calculated assuming the parameterization of timg ¥ al.
9\\ N » o (2000) phase functions shown in Fig. 7 for the ice cloud, dmedpga-

» :t\ N rameterization of the Mie phase functions shown in Fig. Sffierliquid
8.1 1 10 100 1000 Cloud

Lidar footprint at cloud top (m)

FiG. 10: As Fig. 9 but for the H06 model. b. The role of the near-180phase function and wide-
angle scattering

It is useful to know under what conditions it is satis-
factory to apply the simple QSA algorithm, and when it is
necessary to include the effects of anisotropic phase func-

sumably due to the fact that double scattering is calculatezhs in the backward direction and wide-angle scatter-
more accurately. Figure 11 shows how Eloranta’s mode{. To determine the effect of the shape of the nearr180

performs when truncated at 4th-order scattering, typicaphase function, calculations have been performed for the
the highest order that could realistically be incorporatedse shown in Fig. 9 using the new algorithm, adopting
into a retrieval algorithm. It can be seen that substantthe Mie parameterization in the liquid layer (Egs. 29 and

errors occur for optically thick liquid water cloud wher86) and the parameterization of the Yang et al. (2000)
observed using a footprint typical of a spaceborne lidarphase functions (Egs. 30 and 37) in the ice layer. Fig-

10



6 \ \ \ be taken immediately below cloud where wide-angle scat-
tering is important.

5l i In the case of liquid clouds observed from space, there
is a need to include both anisotropic phase functions and
wide-angle scattering if the return is to be modeled accu-

’§4 rately. It should be stressed that with an optical depth of
< soz 1.5, the liquid cloud in this example is less optically thick
£3r X % than most such clouds in reality, for which the error asso-
2 v ciated with using a QSA-only model will be much larger.
2r 0\ The greater dominance of wide-angle scattering for foot-
AN prints of several hundred meters is in agreement with the

29— large amount of multiple scattering observed by the LITE

1,
Wﬁoﬁ lidar (Platt and Winker 1995).
1oe )8

8.1 1 10 100 1000 5. Calculation of the Jacobian
Lidar footprint at cloud top (m)

In variational retrieval schemes (e.g. Delanoé and

FiG. 13: Percentage error in apparent backscatter between ac@gA Hogan 2007), not only must the forward model provide
model and a model that includes both QSA and wide-angleest@t the apparent backscatter at each gate, it should also pro-
;0' the case shown in Fig. 9. This was calculated using themedel \iqq the Jacobian matrix, consisting of the partial deriva-
or QSA scattering and the time-dependent two-stream appegion . .
described in Part 2 for wide-angle scattering. The liquiouds was tives of apparent backscatter at each gate with respect to
assumed to have an asymmetry factor of 0.85 while the icadolmas  the input “state yariables“ such as extinction coefficiént a
assigned a value of 0.7. Both had a single-scattering albEdoity. every gate, i.e@Bj’/aai. To fill the elements of ail x N

matrix is clearly at least an ©) process, so this must

be done as efficiently as possible if the calculation of the
ure 12 shows the results in terms of the error associa&gobian is to be commensurate in speed with ti) ©f-
with not representing this effect. The difference in the idgiency of the main algorithm. An approximate Jacobian
cloud is at most around 7%, while in the liquid cloud iay be calculated by making use of the Platt (1973) ex-
exceeds 50% for receiver footprints greater than arouprgssion (Eq. 3). First we rewrite (3) in a simple discrete
20 m. There is no difference in the molecular scatterifigrm and in terms of the natural logarithm of backscatter:
regions since the shape of the phase function in the back- -
ward direction does not affect the way that photons are INB = InBj—2n;5,_12 (38)
forward-scattered as they propagate. There are two rea- '
sons why one should usually expect smaller differences
in ice clouds than shown in this case. First, the assumed
particle radius of 5@um is at the lower end of what is typi-
cal of cirrus clouds, and larger particles lead to a narro . . o N
forward lobe and hence a smaller scattering co-angle getion of \firlables calculateq within the a.lgon.thm.
an effective backscatter coefficient more similar to the d¢- = N(Bi/B7)/(23j-1/2). Making the approximation
tual value. Second, as discussed in section 3a, the YA 9ni/0ai = 0, the Jacobian can be calculated from

j—1
In B] — 2”1 Z a;Ar;. (39)
i=1

guation 38 is used to calculatg at each gate as a

et al. (2000) phase functions may not be particularly ref?®) t0 obtain -
resentative of most ice clouds in nature, which have a flat- dInp; — _2n,0r (40)
ter phase function in the backward direction (Baran 2004). oaq; =

Figure 13 depicts the error resulting from neglecti
the contribution from wide-angle scattering. For foot-
prints less than 100 m the only significant error is in the
molecular region just beneath cloud base, where puf%
stretching of several hundred meters enhances the returnThis paper has presented a fast model for calculat-
The lack of any significant error within the ice cloudsg the multiply scattered lidar returns from clouds in the
for footprints less than 100 m indicates that ice-clouglasi-small-angle regime. It is shown to be one of a fam-
retrieval algorithms (e.g. Donovan et al. 2001; Delandig of possible methods based on the “photon variance-
and Hogan 2007) will be accurate from space with a simevariance” (PVC) modeling approach, which includes
ple QSA-only multiple-scattering model that also assumige method of Hogan (2006). It is applicable to ice-cloud
an isotropic phase function in the backward directionbservations by both ground-based and satellite lidar pro-
Nonetheless, if the molecular scattering below the cloudiisied that the receiver footprint is less than around 100 m.
to be used as an optical depth constraint then care shdtdd larger footprints or for observations of liquid clouds

ri < j,andaln fa?/aai = 0 otherwise.

eConclusi ons
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it should be supplemented by the wide-angle scatteringighboring half-gatesf_1,» andM;..1/2), since itis only
model presented in Part 2. Benchmark calculations halependent itself on variables at half gates. The exception
been performed and the execution time is found to 0 in (36) which is taken at gatefor calculatingF at

of the order 16* s for a profile composed dff = 100 both half-gates.

points, with the execution time being proportionalltb High-resolution runs of the algorithm have revealed
It is therefore suitable for direct application as the “fothat in most cases it is a reasonable assumption to as-
ward model” in combined radar-lidar observations of iceime thai varies exponentially between two half-gates,
clouds from space (e.g. Donovan et al. 2001; Delanoé ared M(r) = Mil_*l’/'zM{il/z, wherer’ = (r — ri_y2)/Ar;
Hogan 2007), where execution time is critical due to thi¢ the normalized distance between half gates 1/2

high rate at which data are being recorded. andi + 1/2. Noting that we may also Writél(r’) =

A difficulty in the past has been how to rigorously agg, exp[—2(8_1/» + wArir')], (41) becomes
count for anisotropic phase functions in the near<1&o
Bi exp(—20_1/2)

rection. Here it has been shown that by parameterizing

o

the phase function of droplets and idealized ice particles B = Ar,

near 180, and by careful modeling of the variance of the 1 Mi1/2

scattering “co-angle” in large-angle scattering evehis, t X / exp [(In IVES ZGiAri) f'] dr’,(43)
0 i—1/2

effect can be accounted for. In liquid clouds it is found
to reduce the apparent backscatter by up to 50%. In {gRich has the solution

clouds composed of pristine crystals the effect is much
P P 4 Mi_1/2 — Miy1/2 €xp(—20iAr;)

less, but in any case observations suggest that most cirrgg — p, exp(—25;_1/2) .
clouds are dominated by irregular particles for which the 2041 — In (Miy1/2/Mi_1)2)
phase function is nearly isotropic in the vicinity of ¥80 _ (44)
(Baran 2004). This is straightforward to calculate at each gate.
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