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Problem Statement

Stochastic Dynamics Model

Vit =9(v) +§, &~ N(0,0)
Yi+1 = h(vjir1) +niv1, 1 ~ N(O,R).

Objective of Filtering

Define Ho = ]P)(VO)v Hj = ]P)(V]|YJ)7 Y] = (yl7 000



Propagation of Probabilities I

Using
Pit11Y) = P |v)P(v]Y;)
we obtain

Densities

P(vj41[¥41) = POp 1) [ BOal)BO|E)

P(yj+11Y))

Measures

P. Del Moral, A. Doucet and A. Jasra Sequential Monte Carlo samplers, J. Royal Stat. Soc. B 68(2006).



Propagation of Probabilities II

Using

1
Pvji]vj, yjr1) = ﬁP(J’HI‘VJH)P(VHIWi)

Vit+1|vj
we also find that
Densities

1
Pjt1|Yjt1) = )/P(VHMVJ‘J]‘H)P(WH\VJ)P(VjIIG)dVJ-

P(yj+1|Y;

Measures

A. Doucet, S. Godsill and C. Andrieu On sequential Monte Carlo sampling methods for Bayesian filtering, Statistics and
Computing 10(2000).



Sampling and Particle Filters

Monte Carlo Sampling

p1(du)

Mo
Z] Néu’ (du)a

u' ~ p.

Standard Proposal

N N N
Hip1 = Lio Py, pig = Ho-

Optimal Proposal

Mj\-’H: QjM,N, o = 5" po.



The Standard Proposal

) = po; 1l (du) Z ), j>1,
”Jl:+1 = w(“i) +§j7 uj ~ Mj ) fj ~N(0,0),

" 1 ,
W1 = oxp (=5 b1 — A, )2,

N
i _ i ~m
Wil = j+1/ > W
m=1



The Optimal Proposal (case h(-) = H-)

N
1
Y (du) = " —=8,(du), j >0,
@y = (I = KH)W(u)) + Ky + ¢, ¢~ N(0,C)
~i 1 i
Wiy = exp(—§|)7j+1 — H@D(uj”z)

N
Wit1 = W}+1/Zwﬂl
Mj‘il(d”) = (Z +15 d” )

Here
S =HQH* + R, K = QH*S™!,
C = (I — KH)Q.



EnKF (case h(-) = H-)

N
1
i (du) =" —=0,0(du), j >0,

Here Cj is the empirical covariance of the predicted particle
positions

1 = vl + ¢

and
Sis1 = HCj H* + R, Kjy = G H'S™",
Cir1 = (I = Kjp1H)Q.
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Metric on Random Measures

Let (X, F) be an arbitrary measurable space and v a priobability
measure. Then

V() == /X (1) (du).

If v1, v, are random probability measures then we introduce a metric:

d(vi,12) == (Z?EIE[(VI(@ - V2(¢))2D2-

P. Rebeschini and R. Van Handel. Can local particle filters beat the curse of dimensionality? Ann. Appl. Prob. 25(2015).

P. Del Moral. Feynman-Kac formulae: genealogical and interacting particle systems with applications 2004.
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The Standard Proposal

Recall

ti+1 = LiPp;,

= LS P g = poo-
Theorem 1

Assume that h is a bounded nonlinear function. Then there exists
k = k(Yy) such that

2\3

d(ujv Mj )

P. Rebeschini and R. Van Handel. Can local particle filters beat the curse of dimensionality? Ann. Appl. Prob. 25(2015).

Py is proposal for of pjt1.

)



The Optimal Proposal
Recall

Wir1 = Qjltj,

whey = 5" Qi g =5 po.

Theorem 2

Assume that 1) is a bounded nonlinear function and h(-) = H- is
linear. Then there exists k = K(Y)) such that

N2 o B
d(uja 1 ) < N
D.T.B. Kelly and A.M. Stuart. In preparation (2016).
Qj factors into followed by conditioned

dynamics when applied to a sum of Dirac measures.
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The EnKF

Theorem 3
Assume that )(-) = M- and h(-) = H- is linear. Then there exists
k = k(Yy) such that

K
d(pj, 1) )? < =

F. Le Gland, V. Monbet and V.-D. Tran. INRIA Report 7014(2009).
The paper also identifies the limit of ,u]’.V obtained in the nonlinear,

non-Gaussian setting and shows that it is not ;. Suggests using EnKF
as a proposal for
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Autonormalized Importance Sampling (IS)

7 and 1 probability measures in the arbitrary measurable space
(X, F). Assume ;1 < 7 so that

1(du) = g(u)m(du) / /

Applying the Monte Carlo sampling operator twice gives

m(gg) o m(¢8) |

_ LN
()~ Tl )

() =

17



IS Convergence

Thus we have the approximation of /: defined by, for u’ ~ 7,

N ZNI - gl
po= W', W=
i=1 Zk:lg(uk)

Define p := :gg;g € [1,00].

Theorem 4

d(uN, n)* < <p.

2| &

Thus p, and its dependence on the problem at hand, is key.

S. Agapiou, O. Papaspiliopoulos, D. Sanz-Alonso and A.M. Stuart. arXiv.1511.06196
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IS for Filtering
Filtering

Signal: vy = Mvy + N(0, Q), vo ~ N(0,P) = Po.
Data: y1 = HVI +N(O,R) . Flnd ]P(V]’yl).

: Top Route: dynamics, then inverse problem.

: Bottom Route: inverse problem, then dynamics.

) B P(viy1)

1 -
% P(voly1) Dynamics >

C. Snyder. Particle filters, the “optimal” proposal and high-dimensional systems. In Proceedings of the ECMWF Seminar on

Data Assimilation for Atmosphere and Ocean, 2011. 20



Inverse Problem: Standard Proposal

Filtering

Signal: v = Mvy + N(0, Q), vo ~ N(0,P) = Po.
Data: y; = Hv; +N(0,R). Target: ;u:=P(vi|y).

Behaviour of filtering model determined by inverse problem
yi=Ku+n, u~N(0ZX), n~NOT),
with
e Target n=P(v|y;): K=H,T' =R, ¥ = MPM* + Q

e Proposal 7y, = P(v)).
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Inverse Problem: Optimal Proposal

Filtering

Signal: v = Mvy + N(0, Q), vo ~ N(0,P) = Po.
Data:  y1 =Hv; +N(O,R). Target: p:=P(voly1).

Behaviour of filtering model determined by inverse problem
yi=Ku+n, u~N(0ZX), n~NOT),
with
e Target 1 = P(vly;) : K=HM,T'=HQH*+ R, X =Q

e Proposal g, = P(vy).
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Linear Bayesian Inverse Problems in Hilbert Space

Interested in recovering u € H from datay = Ku +n € H.

Bayesian Inverse Problem

Prior (proposal): u ~ 7 = N(0, %)

uly ~ p=N(m,C).
Data:y=Ku+ne€), n~N(0,T)
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Linear Bayesian Inverse Problems in Hilbert Space

Interested in recovering u € H from datay = Ku +n € H.

Bayesian Inverse Problem

Prior (proposal): u ~ 7 = N(0, %)

uly ~ p=N(m,C).
Data:y=Ku+ne€), n~N(0,T)

Letyg = F_%y and § = T"2KX>. Then
Equivalent Bayesian Inverse Problem

Prior (proposal) : uy ~ mop = N(0,1)

uolyo ~ 1o = N(mo, Co).
Data: yo = Sup + 10 € Yo, 10 ~ N(0,1)
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Intrinsic Dimension

Eigenvalues of A := §*S = S1/2K*T1k21/2,

efd = Tr ((1 +A)—1A> T =Tr(A)

(efd) Spiegelhalter, Best, Carlin, Van der Linde, Bayesian measures of model complexity and fit, 2002.

(7) Bengtsson, Bickel, and Li, Curse-of-dimensionality revisited: Collapse of the particle filter in very large systems, 2008.

Lemma 5

1
mT Sefdg T.

efd=Tr (X — C)S7") < min{d,,d,},
T=Tr((T-0C)C").

S.Agapiou, O.Papaspiliopoulos, D. Sanz-Alonso and A.M. Stuart. arXiv.1511.06196



Link Between 7, efd, p and ;1 < 7

Theorem 6

Let v(du,dy) = P(dy|u)m(du) and assume A bdd. Equivalent:
1) efd < oc.

i) 7 < oo.

iii) Forv-a.a. y, j/(du) o< g(u;y)m(du) and

0<7(g(:;y)) < oo.

iv) It holds 0 < g(u;y) < oo v-a.s. and for v-a.a. y

7 (8(:1)?)

SRR

S.Agapiou, O.Papaspiliopoulos, D. Sanz-Alonso and A.M. Stuart. arXiv.1511.06196

25



Link Between 7, efd, p and ;1 < 7

efd < oo

p
&
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Ordering by 7
Filtering

Signal: vy = Mvy + N(0, Q), vo ~ N(0, P) = Py.
Data: y; = Hv; +N(O0,R). Target: P(uly;), u = (vo,v1).

S | R 2H(MPM* + Q)> | (HQH" + R)"*HMP>

Recall that A = §*S, efd = Tr ((1 +A)“A> .7 =T (A).

Theorem 7

Tst = Top
28



Diagonal Example: Small Noise and High Dimensions

M=H=1eR™ andR = rl, Q = gI, with r, ¢ > 0.

: . 2 4ar—
Stationary regime P, = @ 1,

Chorin and Morzfeld. Conditions for successful data assimilation, 2013.
Va*+4qr+gq Va*+4qr—q
Ag = —7T——1, Ap = —F7—1
2r 2(g+r)
Outside stationarity: P = pl, with p > 0 then
Ay =" a,= P01

r :q—i—r
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Diagonal Example: Small Noise and High Dimensions

Regime Param. eig(Ay) | eig(Aoyp) Dst Pop

Noise r—0 r O o(l1)
r=qg—20 1 1 o(1) o(1)

Larged | d — o0 1 1 O( O(

Table: P = P..

Regime Param. eig(Ay) | eig(Aop) Dst Pop

Noise r—0 1 o( O(1)
r=qg—0 (9( (’)(

Larged | d — oo 1 1 O( O(

Table: P = pl.

30



Table of Contents

Conclusions

31



Highlights

® GENERAL FRAMEWORK
e Standard and optimal filters converge in the large N limit.

e Cost determined by embedded importance sampling problem.

® INVERSE PROBLEMS
e Established connection between notions of dimension: efd and 7.
e Linked intrinsic dimensions to importance sampling through p.

e Link with absolute continuity in Hilbert space setting.

® FILTERING
e Theory from inverse problems determines proposal performance.
e Optimal proposal has lower dimension than standard proposal.

o Effect of dimension and small noise can be studied.
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