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|
Data Assimilation by feedback nudging

[Azouani-Olson-Titi ‘13, Azouani-Titi ‘14]

du _
dt
dii _
dt

F(u) know only Jyu(t), to <t
F(a) — pJp(a — u) IC arbitrary
Under certain conditions on p, Jp,

lla(t) —u(t)|| =0 as t— oo atexprate
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-
2D Rayleigh-Bénard

%—uAu+(u-V)u~l—Vp:19e2
%—ﬁAﬂ—i—(u'V)ﬁ—u-egzO
V-ou=0

u, =0 at z2=0 and x5 =1,
u, ¥, p are periodic, of period L, in the z;-direction.
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Data assimilation using velocity data only (Farhat-J.-Titi, Phys D 2015)

%—?—yAu+(u-V)u+Vp:19e2
%—f—ﬁA19+(u~V)19—u-e2:O

5t — AL+ (@ V)i + Vp = ey — pu (i — u)
G — AU+ (i V)0 — ii- ey = 0

If o > C and ph? < vthenast — oo

lu(t) — a(t)]| 2 + Hz?(t) - 6(t)HL2 50 atexprate

Intl. Symposium Data Assimilation, Reading July 18,2016 4/18



Simplest case, J;, =proj onto first |1/h| Fourier modes

Use ||Jn(w) —w| 2 < coh|lw|n and ucih? < v to extract dissipation

— (T (w), w) = —p(Jp(w) — w,w) — w2,
Cauchy-Schwarz

2
< pllIn(w) —wllpzllwllz — p|wlza

Young'’s
27,2
pcgh 2 B 2
< B0 el = 5 Tl
14
S =
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]
Gronwall Estimate

Setw=u—1,¢(=9—1.
Take (w egn,w) + (£ eqgn, &)

Use y L
2 2
—p(n(w),w) < 3wl = 5 1wl
d 2 2 . 2 2
= (lwllZz + €032 ) + A mingw, &} (lollFa + )32 <
4 4e 2 4c 4 2
%€ P TTE S
(o + ol + o 100 =) s
take u big to make this <0
w2 + [|€]|%> decays like et mintvslt X — smallest e-val
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]
Resolution needed

4 4C 4 9
M +*IIUIIH1+ P [93r <p and ph®<wv

probably worst term

. ) 1
For Pr = L 1, this would mean in terms of Ra = —
K VK

2 Ra®? (9|3
[Foias-Manley-Temam 1987] On the global attractor

1917 < ae® a=0@w2), b=0r"")

7/26Ra’7/2 7/2

> Ra SO h < Ra~ /e 1t
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-
Computational results, w/ Hans Johnston, U.Mass

w=—-V X u, ut = Vi, w = At

Ow 00

00
0w . . . 00 -
¥ —vAL+ (- V)o = e — pJp(@ — w)
o0 .

usual BC: temperature = 1 on bottom, 0 on top
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Ra = 2p5e7 OMu 192x96
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Velocity: nfmodes=6 Ra=2p5e7 192x96 Temperature: nfmodes=6 Ra=2p5e7 192x96

mom “|

5 \ | 5| \ |
10 \ = 4 = ncmodes 10 = 4 = ncmodes
8 \\ —5 K \ —5
i \ — o =
— 8 —
= >
= .n10[ =16 ] = 1510 | —16 ]
10 48 10 48
1015+ e -“‘“‘*'—-—-T 1035} . L% et
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time time
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|
Another computational test on Rayleigh-Bénard

[Altaf-Titi-Knio-Zhao-McCabe-Hoteit 2015]

Low Rayleigh numbers

Finite volume elements .Jj (¢ Z o(zr)xQ, (2

diam(Qy) < h, U, =Q=10,2] x [0,1]

Assimilation with velocity alone is effective, but temp alone is not
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Data assimilation in porous medium using temperature data only
(Farhat-Lunasin-Titi 2015)

du
o = Rad
{g§t+u+Vp aves Vou=0,
S — A+ (u-V)) —u-ex=0
oa | - . 3
7 Vp = Ra?d
Qo tate : V.a=0
5 — A+ (0 V)I — - ex = —pJp(d — V)
For 1 sufficiently big, uh? < v
~ 2
lu(t) = @l + 9@ - 9| , 0
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]
Still other works

@ Azouani-Titi ‘13: 1D reaction-diffusion equation

@ Azouani-Olson-Titi ‘13: 2D NSE

@ Bessaih-Olson-Titi ‘14: 2D NSE, noisy data

@ Farhat-Lunasin-Titi ‘14: 2D NSE, velocity data in one direction

@ Albanez-Lopes-Titi ‘14: 3D NSE-«

@ Markowich-Titi-Trabelsi ‘15: 3D Brinkman-Forchheimer-Darcy
@ Foias-Mondaini-Titi ‘15:  Statistics of data assim, 2D NSE

@ J-Sadigov-Titi ‘15:  Damped, driven KdV

@ J.-Martinez-Titi ‘16:  Subrcritical SQG

@ Farhat-Lunasin-Titi ‘16: 3D planetary geostrophic, temp data only
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|
Data Assimilation (classic) [Charney-Halem-Jastrow ‘69]
Given pi(-), where u () = p1(-) + qi(+) for projs P, @ = I — P, solve

d ,
—2 4+ vA@+ QB +a2) = Qf.  ax(to) =1 (typically =0)

[Olson-Titi ‘03] cond on f s.t. ||p1(t) + q2(t) —ui(t)|| > 0ast — oo
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-
Determining modes

Foias-Prodi 1967
Foias-Manley-Temam-Tréve 1983
Constantin-Foias 1985
Constantin-Foias-Manley-Temam 1985
Hale-Raugel 2003

A projector P onto Fourier modes is determining if

||Pv(t) — Pu(t)|| =0 = |lv—u|| -0 as t— o
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[Jones-Titi ‘93] For 2D NSE num det modes < G = |2f>l
VEAL

[Olson-Titi‘08] Numerical evidence that num det modes much smaller

d

TZI +vAu + B(up) = f
d
% + vAus + B(Puip + Qua) = f

waveno.s of modes in force € [10, 12]
Given G, find min num modes in P such |u; —uz| - 0ast — oo
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Gr(f) FFT At CFLmax | - P ne
12,500 5122 0.16 0.2362 20.2 0 0
25,000 5122 0.16 0.4188 289 8 24
37,500 5122 0.16 0.7083 348 20 68
50,000 5122 0.16 0.9467 408 26 88
62,500 5122 0.08 0.2757 458 29 9

125,000 5122 0.01 0.1217 60.0 34 108
250,000 5122 0.01 0.2061 74.7 26 88
500,000 5122 0.01 0.3328 104.4 25 80
750,000 5122 0.01 0.4569 99.6 25 80
1,000,000 5122 0.01 0.5453 1136 25 80
1,250,000 5122 0.005 0.3276 1127 25 80
1,500,000 5122 0.005 0.3892 123.0 25 80
1,750,000 5122 0.005 0.4280 123.6 25 80
2,000,000 5122 0.005 0.4380 1374 25 80
2,500,000 5122 0.005 0.5161 129.1 25 80
3,000,000 5122 0.005 0.5663 148.8 25 80
4,000,000 5122 0.005 0.7060 164.6 25 80
6,000,000 7682 0.00125 0.3455 178.7 25 80
8,000,000 7682 0.00125 0.4452 189.3 25 80
12,000,000 7682 0.00125 0.5302 2272 25 80
16,000,000 7682 0.00125 0.7002 257.1 25 80
24,000,000 1,024? 0.000625 0.5016 262.8 25 80
36,000,000 1,0242 0.000625 0.7345 3326 25 80
48,000,000 1,0242 0.0003125 0.4303 3442 25 80
60,000,000 1,024? 0.0003125 0.4984 3788 25 80
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