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Introduction

« A posteriori diagnostics »: diagnostics made after the analysis.

A noncomprehensive list of references on the subject!

Bennett 1992: J .., ...

Talagrand 2000, 2010, 2015: « a posteriori diagnostics », J_..., DFS, ...

Desroziers and lvanov 2001, Chapnik et al 2006, Desroziers et al 2009,
Michel 2014: « a posteriori diagnostics », J_._, DFS, @°, a® tuning ...

Fisher 2003: DFS, ...

Desroziers et al 2005: diagnostics in observation space ...

Todling 2015, Howes 2015: diagnostic of model error, ...

Waller et al 2015: study of observation space diagnostics ...

Ménard 2000, 2015a, 2015b: study of « a posteriori diagnostics » ...

min’?
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General framework

= Statistical linear estimation
X2 =xP+dx =xP+Kd=xb+BHT(HBH™+R)1d,
with d = y° - H (x?), innovation, K, gain matrix,

B et R, covariances of background and observation errors.

= Also solution of the variational problem

J(5%) = 8T B1 8x + (d — H )T R (d — H ).
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‘Jmin / X2

= Value of the cost function at its minimum
Jin = JP(0x?) + Jo(dx?)
= (Kd)T B-1 (Kd) + ((IFHK)d)T R ((I-HK)d)
=dT"(HBH™+R) THBHT (HBH™+R)1d + dT (HBHT+R)'TR (HBH™+R)1 d
=dT"(HBH™+R)1d
=dTD1d.

= Statistical expectation of J ;.
E(J =E(TD1d)
=Tr(D1 E(DdT))
= p, number of observations, if D =E(ddT).

min)

= Unnecessary: HBHT=a HB'HTand R = a R, d&x2optimal but E(J,.)) = p / a!

= Statistical distribution of J ...
v Gaussian d: J_;, follows a x? distribution of order p, with mean p and var. 2p.
v" Central limit theorem: J_ follows a Mp,2p) law, if p is large.

Page 7 /27



E(3b

E(Jo

Expectation of subparts of J i,

J° part

min

) = Tr(HK)

= total DFS (Degrees of freedom for Signal)
= number of degrees of freedom,
provided by observations, to deviate from background.

Jo part

min)

=p - Tr(HK)

= total DFN (Degrees of freedom for Noise)
= number of degrees of freedom ,
provided by background, to deviate from observations.

Jo subparts
E(J% min) = P; - Tr(M; HK M7,

[, selection of subset of observations i, with number p..

Tr(M. HK MN.7) = DFS,
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= partial number of degrees of freedom,
provided by observations i, to deviate from background.



Computation of subparts of J i,
In a variational assimilation

= Matrix K is not explicitely computed in a variational assimilation.
= Computation of Tr(N, HK IM.") with a Monte Carlo procedure
Tr(M, HK NN =Tr( M." M. HK)

= E(dy% Rt H;K dy°)

= E(0y°" Rt H, dx3(dy°) ),

with dy° = MO, R).

(Desroziers and lvanov 2001, Desroziers et al 2009, Michel 2014)
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DFS; computation
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Tuning of error variances

= Normalization of R;: s°2 R,

Coef. s°2 diagnosed with s°2 = E[J°(x?)] / ( E[J%,(x?)] )Pt
= E[3%(x®)] / (p;— Tr(P; HK P;T) ).

= Normalization of B: sP2 B

Coef. sP? diagnosed with sP2 = E[J°(x®)] / ( E[JP(x?)] )ort
= E[JP(x3)] / Tr(HK).

(Desroziers and lvanov 2001, Chapnik et al, 2004, Desroziers et al 2009)
= Equivalent to Maximume-likelihood estimation (Chapnik et al 2006, Menard 2015)

f(d|s) = 1/ ((2p)r det(D(s))2 exp (-1/2 dT D(s)1 d),
where D(s) is the covariance matrix of innovations with parameters s.

Optimal parameters s are those that minimize the Log-likelihood
L(s) = -log (f(d|s) ).
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J

min

diagnostics: mean o° /agP

g% =1 (L% =0 km) / gP =1 (LbPt = 500 km)
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Diagnostics In observation  space

= Observations / background departures
d =y°-H(xb).

= Observations / analysis departures
doa =yo-H(xa) =yo-H (xP+Kd)

~ (I-HK) d

~R(HBHT+R)1 d.

= Background / analysis departures in observation space
dba =H (xP) - H (x&) =H (x*) - H (x*+ K d)

~HK d

~HBHT (HBHT+R)1 d.

= A posteriori diagnostics
E[d°2adT] = R(HBHT+R)1 E[d dT] = R(HBHT+R)1 (HBHT+R!) = Rt
E[d°2dT] = HBHT (HBH™+R)1 E[d dT] = HBHT (HBHT+R)-1 (HB'H™+R?!) = HB'HT.
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Diagnostics In observation  space
— /O _ b
y° d =y°—H (xP)
doa — yO —H (Xa)
doa db2 =H (x°) — H (x?)
d E[d2adT] =R
80
E[dbadT] = HBHT
x(l
ca E[dba doaT] = HAHT
dab
1 = E lT
xb4 \xt <g, €> [ €]

eb
rage 15/27 (D€Sroziers et al, 2005)



Diagnostics In observation  space:
practical implementation

= Difficulty

No multiple statistical realizations of d, d°a, dPa for a given analysis!
= An ergodicity hypothesis is necessary

Average over time, space, subset of observations...

= Practical computation

(0°)2 =1/p, Tyt pi (YO — HL(x®) ) (¥ = H (")),

where p; is the number of observations in subset .

= Easy to implement, especially to try to diagnose observation error covariances!
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Diagnostics in observation space: mean o°/ o®
ot =1 (Lt =0km) / o =1 (LP' =500 km)

—
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Convergence of o©°, a”

0'02/ 0—b2 ‘ = '_I_’_l
5.0 5l
: =
niter niter
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Spectral interpretation

/\° specified spectral variances (obs. error) NSt

; 2 0]

/\°! true spectral variances N\° s— ———————— A
hY

Diagnosed spectral variances: Sy

NO = /\o(/\bt+/\ot)/(/\b+/\o)
~ N\° A°t/ A°

~ t
- /\O ' \(/\bt+/\ot)/(/\b+/\o)

\ 1
wave number n
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Spatial mean of variance:

/\ot / /\o

Vo' = %AO’(n) ~ Vot



Mis-specification of correlation In R (L° =0 km)
o°t =1 (L° =100km) / ¢® =1 (LP* =500km)

0'02/ O‘bz § ; o -I ———————————— ! _ e
niter niter
o° diagnosis only 0°/ o® diagnosis
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|ASI Inter-channel error correlations
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Diagnostic of model error
In 4D-Var [t t,]

= Observations / background departures at time t,
de = Y% H(M(XP 1))

~ Y%~ HiM(Xy 1)) - H M, €8 4

~ YO~ Hi (X +em)) - H M, €% 4

~ &, - HeM - HM, €% .

= Observations / analysis departures at t, with analysis at t,_, but using y°,

doa, = yo, - H (M, (x3,))
~ &% - H g™ - H M, €, ;.

= A posteriori diagnostics

E[d°% d, "] =E[(e°- H.e™) d,'] - E[(H M, &) d\]
=R+ HQH," - E[(H M, €, ) d, ]
=R+ HQH,T, if optimal ( E[e?,_, d,T]=0).

(also see Todling 2015)
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Lag-innovation correlation
as a diagnostic of optimality

= Innovations used by analysis k-1
~ - b
Ay ~ €%~ Hiq %1

= Innovations used by analysis k

de =Y%- H (M (XP + K 1dy))
~ Yo - H (M (XY 1) + M (€8 + K1 dy i)
~ Yo%~ He (X +em + My (€% + Ky dy;))
~ &y -Heem - H M, (€%, + Ky dy ;).

= Covariance of innovations

E[dk dk-lT] ~ H M, ( Btk-l Hk-lT - Ky E[dk-l dk-lT] )
- Hk I\/Ik ( Btk-l Hk-lT E[d k-1 dk-lT] -1 E[d k-1 dk-lT] B Kk-l) E[d k-1 dk-lT]
~H M, (KYy ;- Ky) E[dy 4 dk-lT]'

" E[d,d,,"]=0
Additional diagnostic of optimality (Ménard 2015)?
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Diagnostics in observation space: mean o°/ o®
ot =1 (Lt =0km) / o =1 (LP' =500 km)
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Conclusion

J., diagnostics linked with basic foundations of BLUE estimation
Give contributions of observations to the correction of background.
Can be used to tune weights of R and B matrices.

Observation space diagnostics

Rather easy to implement.

Well adapted to try to estimate R.

Give apparently reasonable results in many cases.

We need something else to validate tunings

Impact on forecasts (compared to future independent observations).
Compare tuned analysis to independent observations.

Use (adapt) lag innovation correlation diagnostic.
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