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Introduction

« A posteriori diagnostics »: diagnostics made after the analysis.

A noncomprehensive list of references on the subject!

� Bennett 1992: Jmin, …
� Talagrand 2000, 2010, 2015: « a posteriori diagnostics », Jmin, DFS, …
� Desroziers and Ivanov 2001, Chapnik et al 2006, Desroziers et al 2009, 
� Michel 2014: « a posteriori diagnostics », Jmin, DFS, σo, σb tuning …
� Fisher 2003: DFS, …
� Desroziers et al 2005: diagnostics in observation space …
� Todling 2015, Howes 2015: diagnostic of model error, ...
� Waller et al 2015: study of observation space diagnostics …
� Ménard 2000, 2015a, 2015b: study of « a posteriori diagnostics » …

� …
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General framework

� Statistical linear estimation

xa = xb + δx = xb + K d = xb + BHT (HBHT+R)-1 d,

with d = yo - H (xb ), innovation, K, gain matrix,

B et R, covariances of background and observation errors.

� Also solution of the variational problem

J(δx) = δxT B-1 δx + (d – H δx)T R-1 (d – H δx).
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Jmin / χχχχ2

� Value of the cost function at its minimum
Jmin = Jb(δxa) + Jo(δxa)

= (Kd )T B-1 (Kd ) + ((I–HK)d)T R-1 ((I–HK)d)
= dT (HBHT+R)-T HBHT (HBHT+R)-1 d + dT (HBHT+R)-T R (HBHT+R)-1 d
= dT (HBHT+R)-1 d
= dT D-1 d.

� Statistical expectation of Jmin
E(Jmin) = E(dT D-1 d)

= Tr(D-1 E(d dT))
= p, number of observations, if D = E(d dT).

� Unnecessary: HBHT = α HB t HT and R = α Rt , δxa optimal but E(Jmin) = p / α!

� Statistical distribution of Jmin
� Gaussian d: Jmin follows a χ2 distribution of order p, with mean p and var. 2p.
� Central limit theorem: Jmin follows a N(p,2p) law, if p is large.
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Expectation of subparts of J min

� Jb part
E(Jb

min) = Tr(HK)
= total DFS (Degrees of freedom for Signal)
= number of degrees of freedom,
provided by observations, to deviate from background.

� Jo part
E(Jo

min) = p - Tr(HK)
= total DFN (Degrees of freedom for Noise)
= number of degrees of freedom ,
provided by background, to deviate from observations.

� Jo subparts
E(Jo

i, min) = pi - Tr(ΠΠΠΠi HK ΠΠΠΠi
T),

ΠΠΠΠi selection of subset of observations i, with number pi. 

� Tr(ΠΠΠΠi HK ΠΠΠΠi
T) = DFSi

= partial number of degrees of freedom,
provided by observations i, to deviate from background.
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Computation of subparts of J min
in a variational assimilation

� Matrix K is not explicitely computed in a variational assimilation.

� Computation of Tr(ΠΠΠΠi HK ΠΠΠΠi
T) with a Monte Carlo procedure

Tr(ΠΠΠΠi HK ΠΠΠΠi
T)= Tr( ΠΠΠΠi

T ΠΠΠΠi HK )
= E( δyo

i
T Ri

-1 Hi K δyo )
= E( δyo

i
T Ri

-1 Hi δxa(δyo) ),

with δyo = N(0, R). 

(Desroziers and Ivanov 2001, Desroziers et al 2009, Michel 2014)
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DFSi computation 
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Tuning of error variances

� Normalization of Ri : so
i
2 Ri

Coef. so
i
2 diagnosed with so

i
2 = E[Jo

i(xa)] / ( E[Jo
i(xa)] )opt

= E[Jo
i(xa)] / ( pi – Tr(Pi HK P i

T) ).

� Normalization of B : sb2 B

Coef. sb2 diagnosed with sb2 = E[Jb(xa)] / ( E[Jb(xa)] )opt

= E[Jb(xa)] / Tr(HK).

(Desroziers and Ivanov 2001, Chapnik et al, 2004, Desroziers et al 2009)

� Equivalent to Maximum-likelihood estimation (Chapnik et al 2006, Menard 2015)

f(d|s) = 1 / ((2p)p det(D(s))1/2 exp (-1/2 dT D(s)-1 d),
where D(s) is the covariance matrix of innovations with parameters s.

Optimal parameters s are those that minimize the Log-likelihood
L(s) = -log ( f(d|s) ).
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Jmin diagnostics: mean σσσσo / σσσσb

σσσσot = 1 (Lot = 0 km) / σσσσbt = 1 (Lbt = 500 km)

niter niter

σo2 / σb2 σo2 only

σo2 only
wrong σb2

σo2 only
wrong σb2
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Diagnostics in observation space 

� Observations / background departures
d = yo - H (xb).

� Observations / analysis departures
doa = yo - H (xa) = yo - H (xb + K d ) 

~ (I-HK) d
~ R (HBHT+R)-1 d.

� Background / analysis departures in observation space
dba = H (xb) - H (xa) = H (xb) - H (xb + K d ) 

~ HK d
~ HBHT (HBHT+R)-1 d.

� A posteriori diagnostics
E[doa dT] = R (HBHT+R)-1 E[d dT] = R (HBHT+R)-1 (HBtHT+Rt) = Rt

E[dba dT] = HBHT (HBHT+R)-1 E[d dT] = HBHT (HBHT+R)-1 (HBtHT+Rt) = HB tHT.
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Diagnostics in observation space
d = yo – H (xb)

doa = yo – H (xa)

dba = H (xb) – H (xa)

E[doa dT]    = R

E[dba dT]    = HBHT

E[dba doaT]  = HAHT

<εεεε, εεεε’> = E[εεεε εεεε’T]

yo

εεεεa

εεεεo

xt xb 

xa

d

doa

dab

(Desroziers et al, 2005)

εεεεb
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Diagnostics in observation space:
practical implementation

� Difficulty

No multiple statistical realizations of d, doa , dba for a given analysis!

� An ergodicity hypothesis is necessary

Average over time, space, subset of observations…

� Practical computation

(σoi)2 = 1 / pi Σk=1,pi ( yoi
k – H i

k(xa) ) ( yoi
k – H i

k(xb) ),

where pi is the number of observations in subset i.

� Easy to implement, especially to try to diagnose observation error covariances!
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Diagnostics in observation space: mean σσσσo / σσσσb

σσσσot = 1 (Lot = 0 km) / σσσσbt = 1 (Lbt = 500 km)

niter niter

σo2 / σb2 σo2 only

σo2 only
wrong σb2

σo2 only
wrong σb2
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Convergence of σσσσo, σσσσb

Lb = 500 km
Lo =       0 km

Lb =   250 km
Lo =       0 km

σo2 / σb2

niter niter
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ΛΛΛΛo specified spectral variances (obs. error)

ΛΛΛΛot true spectral variances

Diagnosed spectral variances:

ΛΛΛΛo’ = ΛΛΛΛo ( ΛΛΛΛbt + ΛΛΛΛot ) / ( ΛΛΛΛb + ΛΛΛΛo )
~ ΛΛΛΛo ΛΛΛΛot / ΛΛΛΛo

~ ΛΛΛΛot.

Spatial mean of variance:

vo’ = Σ Λo’(n) ~ vot.

Spectral interpretation

n wave number n

(Λbt+Λot)/(Λb+Λo)

Λot / Λo

Λot

ΛoΛo
Λot

1
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Mis-specification of correlation in R (Lo = 0 km)
σσσσot =1 (Lot =100km) / σσσσbt =1 (Lbt =500km)

σo / σb diagnosisσo diagnosis only

niter niter

σo2 / σb2
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IASI inter-channel error correlations

(Bormann et al, ECMWF, 2010)
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Diagnostic of model error
in 4D-Var [ tk-1, tk]

� Observations / background departures at time tk
dk = yo

k - Hk(Mk(xb
k-1))

~ yo
k - Hk(Mk(x t

k-1)) - Hk Mk εεεεb
k-1

~ yo
k - Hk(x t

k+εεεεm
k)) - Hk Mk εεεεb

k-1

~ εεεεo
k - Hk εεεεm

k - Hk Mk εεεεb
k-1.

� Observations / analysis departures at tk with analysis at tk-1 but using yo
k

doa
k = yo

k - Hk(Mk(xa
k-1))

~ εεεεo
k - Hk εεεεm

k - Hk Mk εεεεa
k-1.

� A posteriori diagnostics
E[doa

k dk
T]   = E[(εεεεo

k - Hk εεεεm
k) dk

T] - E[(Hk Mk εεεεa
k-1) dk

T] 
= Rk + HkQkHk

T - E[(Hk Mk εεεεa
k-1) dk

T]
= Rk + HkQkHk

T, if optimal ( E[εεεεa
k-1 dk

T]=0 ).

(also see Todling 2015)
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Lag-innovation correlation 
as a diagnostic of optimality

� Innovations used by analysis k-1
dk-1 ~ εεεεo

k-1 - Hk-1 εεεεb
k-1.

� Innovations used by analysis k
dk = yo

k - Hk ( Mk ( xb
k-1 + Kk-1 dk-1 ) )

~ yo
k - Hk ( Mk ( x t

k-1 ) + Mk ( εεεεb
k-1 + Kk-1 dk-1 ) )

~ yo
k - Hk ( x t

k + εεεεm
k + Mk ( εεεεb

k-1 + Kk-1 dk-1 ) )
~ εεεεo

k - Hk em
k - Hk Mk ( εεεεb

k-1+ Kk-1 dk-1 ).

� Covariance of innovations
E[dk dk-1

T] ~ Hk Mk ( Bt
k-1 Hk-1

T - Kk-1 E[dk-1 dk-1
T] )

~ Hk Mk ( Bt
k-1 Hk-1

T E[dk-1 dk-1
T] –1 E[dk-1 dk-1

T] - Kk-1) E[dk-1 dk-1
T]

~ Hk Mk ( Kt
k-1 - Kk-1) E[dk-1 dk-1

T].

� E[dk dk-1
T] = 0

Additional diagnostic of optimality (Ménard 2015)?
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σo2 only
Lo =0km
Lot =100km

|Tr(E[dk dk-1
T])/p|

Diagnostics in observation space: mean σσσσo / σσσσb

σσσσot = 1 (Lot = 0 km) / σσσσbt = 1 (Lbt = 500 km)

σo2 / σb2 σo2 only

niter niter

σo2 only
wrong σb2
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Conclusion

� Jmin diagnostics linked with basic foundations of BLUE estimation
� Give contributions of observations to the correction of background.
� Can be used to tune weights of R and B matrices.

� Observation space diagnostics
� Rather easy to implement.

� Well adapted to try to estimate R.

� Give apparently reasonable results in many cases.

� We need something else to validate tunings
� Impact on forecasts (compared to future independent observations).
� Compare tuned analysis to independent observations.
� Use (adapt) lag innovation correlation diagnostic.


